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Subclass of analytic functions on g-analogue
connected with a new linear extended multiplier
operator

Ekram E. Ali

Abstract. Using a new linear extended multiplier ¢-Choi-Saigo-Srivastava opera-
tor D" (u, 7) we define a subclass ©' (1, 7, N, M) subordination and the newly
defined g-analogue of the Choi-Saigo-Srivastava operator to the class of analytic
functions. For this class, conclusions are drawn that include coefficient estimates,
integral representation, linear combination, weighted and arithmetic means, and
radius of starlikeness.
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1. Introduction and preliminaries

Let A denote the normalized analytical function family f of the form:

o
F&)=s+) ap’, s €D, (1.1)
V=2
in the open unit disc D :={¢ € C: |¢| < 1}. Let S C A be a class of functions which
are univalent in D. If f and h are analytic in D we say that f is subordinate to
fi, denoted f(s) < A(s), if there exists an analytic function w, with @(0) = 0 and
|ow(s)| < 1 for all ¢ € D, such that f(s) = A(w(s)), ¢ € D. In addition, if 7 is univalent
in D, then the next equivalent ([8, 22] and [23]) holds:

f(e) < h(s) & f(0) =7(0) and f(D) C A(D).
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For f given by (1.1) and A of the form

o0
ns)=s+> by’ s €D,
9=2
the well-known convolution product is

(f*h)(s) =<+ Y _ apbys”, s €D.
v=2

The class S*(9) of starlike functions of order ¢, is said to include a function

feAif
!
Re (gf (<)> >5, (0<8<1).
f)

We observe that the class of starlike functions, S*(0) = S*, holds true. An

analytic function % with %(0) = 1 is definitely in the Janowski class P[N, M], iff
1+ Ng¢

h

(6) = 1+ Mg

The class P[N, M] of Janowski functions was investigated by Janowski [16].

(-1<M<N<I1).

Scholars have recently been inspired by the study of the g-derivative, it is useful
in mathematics and related fields. Jackson [13, 14], presented the g-analogue of the
derivative and integral operator and also suggested some of its applications. Kanas
and Raducanu [17] provided the g-analogue of the Ruscheweyh differential operator
and looked into some of its features by using the concept of convolution. Aldweby
and Darus [1], Mahmood and Sokol [20], and others looked into various sorts of
analytical functions defined by the g-analogue of the Ruscheweyh differential operator
see [2, 3, 7, 12, 15, 18, 21, 24, 29, 30] for further details.

The primary goal of the current study is to express a Choi-Saigo-Srivastava
operator g-analogue based on convolutions. It also offers a few intriguing applications
for this operator at the outset.We will now discuss the essential concept of the ¢-
calculus, which was created by Jackson [14] and is pertinent to our ongoing research.

Jackson [13, 14] defined the g-derivative operator D, of a function f:

flas) = f(5)
(¢—1)s
Remark that if the function f is in the type (1.1), thus, it implies

Dyf(s) = Dy (g + Z a0§ﬁ> =1+ Zw]qaﬂdﬁla (1.2)
9=2 9=2

Dqf(<) == 0qf(s) = , g€ (0,1), s #0.

where [9], is

1—

qﬁ v—1
[19]11 = 1_q :1+Nz_:1q’i7 [O]q :207

and
lim [9], = 9.

q—1-
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The definition of the g-number shift factorial for every non-negative integer ¢ is

1, if ¥9=0,
[ﬂ,q]!:{ [1q][2,4][3,q].....[9,q], if ¥€N.

By combining the notion of convolution with a definition of the g-derivative,Wang et
al. introduced in [30] the g-analogue Choi-Saigo-Srivastava operator IZ gt A=A,

12 5(S) i= f(s) * Fgat1,6(S), s €D (a>—1, f>0), (1.3)
where
-1 1
Frat1,(s) =<+ Z ﬂ+ ()a +(g)+ )¢
S 19
Za—i—lq , s €D, (1.4)

Y=

where [f3, g]y is the g-generalized Pochhammer symbol for § > 0 defined by

la lf 19 = 0
[5’%9::{ 8, B+1],...[B+09—1],, if YeN. (15)
Thus,
I, —<+Za+1q ags?, ¢ €D, (1.6)
while
I52f(s) =<Dqf(s) and If,f(<) = f(s).

Definition 1.1. [4] For 1 > 0, and 7 > —1, with the aid of the operator I ; we will
define a new linear extended multiplier ¢-Choi-Saigo-Srivastava operator D(T:g (1) :
A — A as follows:

DY, 7)£(s) =:DE 4 (1, 7)f(s) = £(5),
D% () f(<) = (1 o ) IZ 5 f (o) + T“ﬁqu (Ig’ﬁf(g))

_ -1 T+14+p ([0, —1) 9
ngZ:<04—4—1(]191 T+1 aos s

where t >0, 7> -1, meNy,a>—-1,>0and 0 < g < 1.

If f € A given by (1.1), from (1.6) and the above definition Thus, it implies

DY (u,7) f(s) = c+Zqu (9, 1, T)ags”’, s €D, (1.7)
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where

NG (0, p, ) =

[Bialo-1 T4 L+ p (] —D\"
([ ) . (1.8)

o+ 13 Q]ﬂ—l T+1
From (1.3) and (1.8), then

DA (1 m)f(6) =
[(12,5£6) 91 ()) o5 (T2 £(6) w0 ()| 5 £0),

n—times

(1= )
(1=9)(1 —q9)

Remark 1.2. The operator D' (11, 7)f(s) should be noticed that the following gen-
eralizes a number of other operators previously covered, for instance:

(i) Forq =17, a =1, 8 =2, and 7 = 0, we obtain the operator D};’ investigated
by Al-Oboudi [5];

(i)Ifg—>1",a=1 =2 pu=1and 7 = 0, we obtain the operator D™
introduced by Salagean [27];

(i[ii% Taking ¢ — 17, @ = 1 and 8 = 2, we obtain the operator I"™ (X, k) studied
Catas [9];

(iv) Considering a = 1, 8 = 2 and 7 = 0, we get D};'; presented and analysed
by Aouf et al. [7];

(v) Fora=1,8=2, u=1and 7 = 0, we obtain the operator S;* investigated
by Govindaraj and Sivasubramanian [12];

(vi) If ¢ — 1~ we obtain Dmfﬁ presented and investigated by El-Ashwah et al.
[l forg=2,s=1, a1 =8, aa =1,/ =a+1;

(vi)) If ¢g > 17, a = 1, § = 2 and u = 1, we obtain the operator I, 7 > 0,
investigated by Cho and Srivastava [10];

(viii) Given ¢ - 17, p =7 =0 and m = 1, we get Igé’ﬁ presented and analysed
by Wang et al. [30];

(ix) Given ¢ =+ 17, =1 — @, f =2, and 7 = 0, we obtain the operator D};»*
investigate by Al-Oboudi and Al-Amoudi [6];

(x) fa:=1—pand 8 =2, we get D;’fé’f"” investigated by Kota and El-Ashwah

where

pp-(s) =

[18];

(xi) Given =2, up =0 and 7 = 0, we obtain the g-analogue integral operator
of Noor I, , presented and investigated by [29];

(xii) If ¢ = 17, 3 =2, u = 0 and 7 = 0, we get the differential operator I’
studied in [25, 26];

(xiii) Forg - 17, 8 =2, « :==1—a, p = 0 and 7 = 0, we obtain the Owa-
Srivastava operator I1_q 2 presented and analysed in [28].

Definition 1.3. Let —1 < M < N < land 0 < ¢ < 1. f € ©7%(u,7,N, M) if it

satisfies -
$9q(Dy 5 (1, 7) (<)) PRESG
D (u, ) £(<) 1+ M¢
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Equivalently, f € ©7" N Iy, 7, N, M) iff

§9q (D () F(9)) 1
D "(H 7)f(<)

§0q (D5 (1) f(<))
N_M( DI ()7 () )

< 1. (1.9)

We must apply the following lemma in order to validate one of our findings.

Lemma 1.4. [19] Let —1 < My < My < N1 < Ny <1. Then
14 Nig 1+ Nog
1+ Mg 14 My’
Throughout this paper, we suppose that u > 0,7 > -1, m € Np, a > -1, 3 > 0,
0<g<land -1 <M < N <1, We furthermore assume that all coefficients a,, of
f are real positive numbers.

2. Main results

Theorem 2.1. Suppose that f € A given by (1.1). Then f € ©7"f(u,7, N, M) iff

o0

[([19] +N) — (M [9] + D] R0, 1, 7)ag < N — M. (2.1)

Q;

Proof. Let (2. 1) holds. then from (1.9) we have

D (DT H (T F(S) > (9], — NS0, 1, 7)ans”
PRI | 5= (19, ~ DN
§0q(D 5 (1,7) f(<)) = m
N - M (Lt (N = Mg+ 52 (N = M 9] )R, T)ass?
22 (W], = HRGE (W, i, m)ay
(N =M)= 5> (N= M, NG5 (0, p, T)a
=2
then from (1.2), (1.7), and (2.1) this completes the direct part.
Conversely, f € ©774(u, 7, N, M) then from (1.9) and (1.7), hence
$04 (DT () f(5) S (19 DRI, 1, 7)aps”
DT e 79 Lo 0:2([ J, — DRGS0, 1, m)ay <1
o (D3 () £(5)) = m '
N =M (PTG ) ||V = M 3N = MR 0 e
Since |R(s)| < |s|, we get
> ([9], = NG, 1, T)ags?
R =2 <1 (2.2)

(N = M) 4 35 (N = M 3], W40, . 7)ags?
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60, (D2 (1,7 £(5))
DT ()7 ()
for letting ¢ — 17, we get (2.1). O

We now select ¢ values along the real axis such that is real. Then

If weset a =1, =2, and 7 = 0 in Theorem 2.1 we have:

Corollary 2.2. f € ©7"1(u, N, M) iff

a,B
S [, + ) = ], + D] 1+ (@) - 1) ap < N = M.
V=2

Theorem 2.3. Suppose that f € O (1, 7, N, M). Therefore

m,q In / 1 1+ No(t
D (. m)f(s) = exp . _ql /z (1—#]\4%) dq(t) ]
0

where |p(t)| < 1.
Proof. Let f € ©71(u, 7, N, M) and putting

B
$O(D3 (1, 7) ()

m = w(s),
Dranre
with
() < 1+ Ng

wis 1+ Mg’
equivalently, we can write

wo=-1 | 1,

N — Mw(s)
hence, there is

w(e)—1

m = (s),
such that |¢(¢)| < 1. Hence,
04(D s (1) f(5) _ 1 <1+N¢(t))
D (u, ) £ (<) c\1+Me@t) )"

Using simple calculation we get the result. O

Theorem 2.4. Let f; € ©7"(u, 7, N, M) and

fi)=c+> ays', (1=1,23,..,8).
=1

Therefore F € @;ng(u,ﬂ N, M), such that

f(o) = Zijj(§) with ch =1.
j=1 j=1
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Proof. FromTheorem 2.1, hence

o { ([0, + V) = (M [9], +1)] Nzgww)}
ay,; < 1

D N-—M

Y=2

Therefore, we get

ch §+Zaﬁ,j< —<+Zcha19J< —<+Z (chagj)

j=29=2

However,

o [([9), + N) = (M 9], + D] NZH @, 1,7)

Z N ch'aw

=2
s (9], + V) = (M [9], + 1) X240, 0,7) .
aﬁj Cj A

j=2 | v=2 N-M

then I € ©" (1,7, N, M) and the proof is complete. O

Theorem 2.5. If f,h € O (1, 7, N, M), then h;(j € N) is in ©7(u, 7, N, M), such
that h; denoted by

hj(g): (1—])f(§)—;—(1+])h(§) (23)

Proof. By (2.3), then
b =<t > [(1—j>aﬁ+(1 +j>bﬂ o

2
9=2

To prove hj(s) € O, (11, 7, N, M), we need to show that

o [([9], + N) = (M ]3], + 1)] {(1  fay - (11 )by

D N 2

¥=2
For this, consider

<, [(19),+ M) - (4 [9),+ 1) L

} RS (0, p,7) < 1

Z N-—-M 2

Y=2

}Nm’q(ﬁ 1, 7)

1-j) & (Wl + N) = (M ], + 1))
— ( 2])2[ N1 }Na,b(ﬁyﬂﬁ)@ﬂ

W (G A Y BV M)
+( ;])Z[ N7 }N’(ﬁﬂ,)
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by using 2.1 we get the result. O

Theorem 2.6. Let f; € O] (1, 7, N, M) with j = 1,2,....a(a € N). Then

DM} (24

also is in the class 92’[3(”’7—’ N, M).
Proof. By (2.4), therefore

éz <<+Zaﬂ,jcﬂ> =<+Z ézaﬂ,j v, (2.5)
9=2 j=1

Jj=1

Since f; € .4 (u, 7, N, M), Through (2.5) and (2.1), there will be

hE

(1], + N) = (M 9], + )| REF W, 0,7) Zaw

3
||

1
Q|
'Mp HMQ v

Il
—

(Z (9], + N) = (M [9], +1)] N;:igw,maﬂ,j>

9=2

< (N—M)=N— M,

R+

J

the proof is completed. O

Theorem 2.7. Suppose that f € O ﬂ(,u,T N, M). Then [ € 5*(9), for |s| < r1, where

(1= 8) [([9], + N) = (M 9], +1)]
(0 =8) (N —M)

NLE (0, . 7)

T =

Proof. Let f € @a,@(,u,T N, M). To show that f € §*(d), we need

sf'(9)
o L
st'(s)

By using (1.1) along with some simple computations we have

> (455) ool " <1 (2:6)

=2
Since f € @;"”g(,u,T, N, M), from (2.1), there are

<1

< |([9],+N)—(M[J],+1)
;::2 | N ]qu(ﬁ 1, 7) las| < 1. 2.7)
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And then, (2.6) is true, if

LN x| (9], + N) = (M [9], +1)
> (f_ﬁ) Jagl[s]""t <> [ N i ]Nz’g(&u,ﬂ lag|,
=2 =2

holds, which implies that

(1=8) [([9), + N) = (M 9], +1)]
(0 =98) (N —M)

and thus we get the required result. O

<

v—1
N RIS (9, w7,

If we set « =1, f =2, and 7 = 0 in Theorem 2.7 we get:

Corollary 2.8. Suppose that f € © % (u, N, M). Then f € S*(5), for [s| < r1, where

1
9—1

(1= 8) [([#), + N) = (M 8], +1)]
(9 —=98)(N—M)

r = 1+ p ([Pl —1)™

Remark 2.9. For ¢ - 17, p = 7 = 0 and m = 1, in the above results we get the
results investigated by Wang et al. [30].

3. Conclusion

m,q

This study introduces a subclass O, ﬁ(M,T, N, M) of analytic functions on g-
analogue associated with a new linear extended multiplier g-Choi-Saigo-Srivastava
operator ng(,u, 7) in the open unit disk . We have obtain coefficient estimates, in-
tegral representation, linear combination, weighted and arithmetic means, and radius
of starlikeness belonging to the class @Z’g(u, 7, N, M). Some of the earlier efforts of

numerous writers are generalized by our findings.

Acknowledgements. The author thank the referees for their valuable suggestions to
improve the paper.
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