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A class of harmonic univalent functions associated
with modified ¢—Catas operator
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Abstract. Using the modified ¢g—Catas operator, we define a class of harmonic
univalent functions and obtain various properties for functions in this class.
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1. Introduction

A function f = u + v , continuous and defined in a simply connected complex
domain D is called harmonic in D if both u and v are real harmonic in D. If h, g are
analytic in D, then f can be written in the form

f=h+3, (L1)

where, h and g are the analytic and co-analytic parts, respectively. The necessary
and sufficient condition for f to be locally univalent and sense-preserving in D is that
[h'| > |¢'| in D (see [17]).
The class of harmonic, univalent, and orientation preserving functions, of the
form (1.1) defined in € = {z : |z| < 1} is denoted by H, for which f(0) = f/(0)—1 = 0.
Thus, for f =h+g € H , h and g can be expressed in the form:

o0 o0
h(z)=z+2akzk, g:Zbkzk, |b1] < 1,
k=2 k=1

Received 17 October 2020; Accepted 02 December 2020.
© Studia UBB MATHEMATICA. Published by Babeg-Bolyai University

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License.


https://orcid.org/0000-0002-3911-0990
https://orcid.org/0000-0001-9398-4042
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/

736 Adela O. Mostafa and Mohamed K. Aouf

then f is of the form:

z) = z—l—Zakzk—i—Zbkzk. (1.2)
k=2 k=1

If the co-analytic part ¢ = 0, then H reduces to class S of normalized analytic
univalent functions.

Let H denotes the subclass of H consisting of functions f = h +g such that h
and g given by

2)=z+ Zakzk, g=(-1)" Zbkzk, |b1] < 1. (1.3)
k=2 k=1

Recently, several researchers studied classes of harmonic functions (see Aouf [3],
Aouf et al. [8, 10, 11], Dixit and Porwal [18], Porwal and Dixit [26, 27]).

For f € §, and 0 < g < 1, the Jackson’s g—derivative is given by [22] (see also
[2, 4, 7, 12, 19, 20, 21, 28, 30, 31, 32]):

£(2)=f(a2)
Dofz) =4 oz 70 cg), (1.4)
0 z2=0
where .
1—gq
[]qzl_ (0<g<1).

As ¢ — 17, [k], = k and, so Dy f(z) = f'(2).

For f(z) € 8,6, > 0 and ¢q € (0,1), Aouf and Madian [5, with p = 1] defined
the ¢g—Catas operator by:

LEDf=) = fa),

LEOf(z) = (1=0)f(2)+ Dy(2'f(2)) = 14(6,1) f(2)

[l+ 12!t
_ Z+Z g +0([ kjli [l+1]q)akzk

S D (.0f(2)

M8, f(z) = (1—6)1,?_1(5,l)f(z)+W

(n € N,N={1,2,.}).

That is
(0,0 f(2) =z + Za;ﬁk(é, Dagz® .(n € No = Nu{0}), (1.5)
k=2
where
o™ (5,0) = [[l + 1], + 6([Ek++1iq —[1+1],) . (1.6)

From (1.5) we have:

20¢' Dy (I3 (8,1 f(2)) = [l + g Iy (8,0 f (2) = {(1 = 8)d’ + [Ug}I5'(8,1) f(2),6 # 0.
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Note that:
(i) limg 1 13 (6,0) f(2) = I"(6,1) f (2), (see [14]);
(ii) 17(1,0)f(2) = Dy f(2) (see Govindaraj and Sivasubramanian [21] and [9]);

(iii) 15'(0,0)f(2) = D5, f(2) :

{feS Dy f( 7z+z [1+46(k], — )" akzk},

which reduces to Al-Oboudi operator when ¢ — 1—, (see [1]) which is the Salagean
operator when 6 = 1 (see [29] and [6]);

(iv) 13(1,0)f(z) = I,/(1)f(2) which when ¢ — 1— reduces to I}'f(z) (see Cho
and Srivastava [15], see also [16]).

Motivated with the definition of modified Salagean operator introduced by Ja-
hangiri et al. [23], Mostafa et al. [24], defined the modified Catas operator by

I"(8,0) f(2) = I" (8,1) h(z) + (=1)" 1™ (,1) g(2),

where
o [(1+1+5( N"
I" (5, ) h(z) = 2 ]€Z<l+1> agz
and
. = (1 1+6(k—1)\"
o) = 03 () net
k=1 +
Now, we define the modified g—Catas operator by:
17 (6,1) f(2) = I3 (8,1) h(2) + (=1)" I3 (6,1) 9(2), (L.7)
where
I} (6, h(z) = 2+ Y _ o (6, Daxz"
k=2
and

z) = Z oy 1 (9, Dbz
k=1

For 1 < g < %,n € Mo, 0,1 > 0,q € (0,1) and for all z € &, let G7'(6,1, 3) denote the
family of harmonic functions f of the form (1.2) and satisfying:

6,0 f(2)

Choosing different values of n,l,d, 8 when ¢ — 1—, we obtain many subclasses
of Gy (4,1, B) for example:
(1) Putting 6 = 1, then it reduces to the class Sy (n,l, 8) studied by Porwal [25].

(2) Putting 6 = 1 and ! = 0, then it reduces to the class Si(n,8) studied by
Porwal and Dixit [27];
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(3) Putting n = 0,/ =0 and 6 = 1, then it reduces to the class Ly (8) studied
by Porwal and Dixit [26];

(4) Putting n = 1,1 =0 and § = 1, then it reduces to the class My (B) studied
by Porwal and Dixit [26];

(5) Putting n = 0 and n = 1 with [ = 0,5 = 1, g = 0, then it reduces to the
classes N'(B3) and M(f3) studied by Uralegaddi et al. [33].

Also we can obtain the following subclasses:

i) G4(0,0,8) = Gg(6,8) :

n+1 k) z —_
Re {W} < B,D} (8) f(2) = DI (6) h(2) + (—1)" D2 (6) g(z);
i) G7(1,0,8) = G2'(B) :
VDrie) (< Dal () = Dik(:) + (1" Do

iii) G(1,1,8) = G2 (1, B) :

Re {L?“(l)f(Z)

() f(2) } < B, I f(2) = I (DA(2) + (=1)" Tp(D)g(2).

Let fo(& [, 3) be the subclass of G;'(4, 1, B) consisting functions f = h+79g such
that h and g given by (1.3).

2. Main results

Unless otherwise mentioned, we assume in the reminder of this paper that, 1 < g <
3.n €N, 6,1>0,q€(0,1), oy 1.(0,1) is given by (1.6) and f is of the form (1.3).

Theorem 2.1. Let f = h+g be given by (1.2). Furthermore, let

o (00 {1+ g + 6k + g — 1+ 1]g) — Bl + g}
2 T+ 1,51 ol

N i Tk (6D {10+ Hg + 6k + 1 — [T +1]g) + Bl +1]4}

[ +1],(8-1) |br| < 1. (2.1)

k=1

Then f (z) is sense-preserving, harmonic univalent in € and f (z) € G7' (5,1, B).
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Proof. 1f z1 # z5, then

’f(zl)—f(@) > 1_’9(21)—9(22) —1_ k=1
h (21) —h (2,’2) h Zl) —h (22) (Zl o Zé) + Z a (Z{C . Zé)
k=2
> ki |bxl
k=1
1— Z k |ak|
k=2
¢, (GO +6([k+Hq = [141]o)+A[I+1]4 } b |
> 1_ [+1]4(8-1) k >
- 1 Tk (OO +([k+H—[141]q) —BlI+1]4} =7
- Sy x|

which proves univalence. f (z) is sense-preserving in £ since

’h'(z)‘ >1- 3 klal2*
k=2

o1 ik lag| > 1— i oy k(6,1 {1+ g+ 6([k + g — [I +1]g) — Bl + 14} a

[+ 1,6 -1)
ad + 1+ 0([E+ g — 1+ 1]q) + B[L+ 1]q}

zg T+ \b|>;k|b\
>3k bel |57 = 19’ ()]

Now to show that f € G7'(6,1; 3), we may show that if (2.1) holds then (1.8) is satisfied.
Using the fact that Re {w} < f if and only if |w — 1] < |w + 1 — 20|, it suffices to
show that

1341 (6,0) f(2)
13 (6,1) f(z)
1341 (8,0) f(2)
Iy (6,0) f(2)

-1

<1. (2.2)
+1-28

The L.H.S. of (2.2):

f’; o (6,0 {lL+ g + 8k + g — [+ 1]q) — [ + g} axz*

+(=1)m 1§ o@D L+ 1)+ 0([k + 1y — L+ 1]g) + [+ 1]} brak

k=1

21 = B)z+ 35 ok (6D {0+ 1q + (0 + Uy — [+ 11a) + (1 = 2B)[1 + 1]} axs"

k=2

D™ S oG+ g + 3[R+ g — [+ 1g) — (1= 28)[L+ 1g} Bz

k=2
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+ 3 ol (0,0 {l+ g + 0(k + g — [+ 1]g) + [+ 1} bl |2

{ > o k(8,0 {1+ g + 8([k + g — [+ 1g) — [+ 1o} ar] |2|*
1

S oo
28— 1) = 5 hel@D AL+ o+ 8((k + U — [+ 1) = 28 = DI+ 1} a1
fkias,m,z){[uquakwq — 1) + (28— DI+ 14} bl 21
io— 0,0 {0+ g+ 0k + g — [+ 1) — [0+ 1]} k]
+ 50 o (00 Ll + g + (0 + g — L+ 1]0) + L+ 1]g} [bx]
< =! ,
1

Eod
[
)

- 22031@(571) {4+ 1g+6(k+1g — [+ 1]g) + (28 = DI+ g} [b]

{ 28— 1) — 3 o (8.0) (L + Vg + 8k +Ug — 1+ 1]) — (26 — DI+ 1]} fa]

which according to (1.8) is bounded by 1. The harmonic univalent function of the
form

= 3 (B-1[l+1],
flz) = 2+ ; o (& DAL +1]g +6([k + g — [ +1]g) — B[l + 1]q}$kzk
3 (8- 1)l +1], -
S S 7 (e e e o (SR

k=1 4

where > |zi|+ > |yx| = 1, shows that the coefficient bound given by (2.1) is sharp.
k=2 k=1

It is worthy to note that the function of the form (2.3) belongs to the class G;' (9,1, 3)
&) (o)

for all > |zk| + > |yx| < 1 since (2.1) holds. O
k=2 k=1

Theorem 2.2. A function f € fl(d,l,ﬂ) if and only if

ifffj,k(& DA+ g + 0k +1q — [0+ 1]g) = B+ 1]g} [axl (2.4)
k=2

+ 507 (.0 L1+ g+ 6([k +1g — 11+ 1g) + Bl + g} (bl
k=1

< (B=DE+ 1,
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Proof. Since @n(é, l,8) C G;(6,1, ), we only need to prove the "only if” part. The
condition (1.8) is equivalent to

(B—-1)z— 122 a0, ) {lL+1]g + 6([k + Ug — [ + 1) = Bl + g} lax| 2

(1P 3 0 (1 U+ 00kt = 14+ 1J0) + B+ g} o]

24 30 o (80) lar] 2% + 30 (=1)2"~ 1oy (8,1) [bx| 2F
k=2 k=1

The above condition must hold for all z, |z] = r < 1. Choosing the values of z on the
positive real axis where 0 < r < 1, we must have

B-1) - kiﬂ?,k(&l) {[+1]q +6(lk + g — [+ 1]q) = B+ g} lar| "

= > ogr(O D {1+ g+ 8([k + Ug — [0+ 1g) + Bl + 1g} [ox|
Re h=2 - _ > 0.
1= 2 ogn(0 D) laxr=t = 3, 07 (8 ) x| r™~

(2.5)

If condition (2.4) does not hold, then the numerator in (2.5) is negative for r suffi-
ciently close to 1. Hence there exist zo = 79 € (0,1) for which the quotient in (2.5)
is negative. This contradicts the required condition for f (2) € G, (8,1, 3). This com-
pletes the proof of Theorem 2.2. O

Theorem 2.3. Let f(2) € G, (5,1,5). Then for |z| = r < 1,we have

1 (B=D+1]q _ (B+DlI+1] 2
A+ buDr = o (oz;,z<6,z>{[z+1]q<1—5>+aql+1} o 2 GD{I+1]g (1= ) +5aF 1} “’1‘) "
< f)I <

1 (B=D)[i+1]q (B+D+1]q 2
(L Jba)r + oy,2(80) (UZ;?;"(6,l){[l+l]q(1fﬁ)+5ql+1} * ou2GD{I+1]g(1-8)+o'+1} |b1|) "

(2.6)

The results are sharp with equality for f(z) defined by

— = 1 (B=1)[1+1]q (B+1)[1+1]4 -2
f(z)= ZiblZig;z(&l) (UZ':’;”'(é,l){[lJrl]q(lﬁ)+6ql+1} T o2 (GO (1-5)+6q" T} |b1|)z ’
(2.7)
where
[l+1]q+5ql+1 n
ol'5(6,1) = { (2.8)
a2 [+ 1]

Proof. We only prove the right-hand inequality and the proof of the left-hand is
similar and will be omitted. Let f(z) € G (3,1, 3).Taking the absolute value of f we
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have:

[F < (A bal)r +17 Y (Jax] + [bx])
k=2

(L o)+ (B=1[+1], Z <0q2<6 D+ 11— ) +oq™
og2(8, DI+ 1]g(1 — B) + d¢' 1} £ B-=1D[+1]q

*03/’2<5’l){<[zla+-11]f[gl+]i)qu} Ibk|) r2
S (L 1bapr+ 0"2(5l){([f+11]) CEOETE Z( ey e |
+“””"*‘““ZZ”?MJTJ] )48+ g} |, |)
< (W b+ et s (1 (28 oil) r°
= (A Jba)r + (a;zz<5,1>{(5+_11Jl[21+—1]5>+5ql+1} "0 l){([llif]) o 1]) g |b1|) r’
This completes the proof of the Theorem 2.3. g

Theorem 2.4. The function f (z) € aqn(5, 1, B) if and only if

f(2) =) (whe(z) +nrgr(2)), (2.9)
k=1
where hy(z) = z,
) (B - Dii+1, )
() = 24 o G T Ty o+ 0y — L+ 1y~ AT+ Ty P 2%
(2.10)
and
_ _1\" 1 (6_1)[l+1]q z _
S () PR [ ey e 1 AR
(2.11)

Ve > 0,m, > 0, Z (e +mk) =1 and the extreme points of the class gq (6,1,8) are
{hi} and {gx} .
Proof. Suppose that

fz) = (Yehe(2) + rgr(2))
k=1
_ = (8- D[+ 1],
- ”,;ozkw,l){[z+11q+6<[k+nq—[Z+11q>—/3w+11q}”’“2k
I (8=t +1],

o O D{[l+ g +0([k +1lg — L+ 1g) + Bl + 1]q}”’;k
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Then

i o7 1 (B0 {141 +8([k-+1]g—[14+1]g) —BlI+1]4 )} (B—D[i+1]g
-+, o DI 1+ (kg —[[F1]g)— BT 1]43 'k

k=2

TGO+ g+8([k+1g—[14+1]g)+B[1+1]4} (B—1)[1+1]
+Z - EEyE=p (ag,k<6,1>{[l+1]q+6([k+l1qffm]q)+6w+11q}"k)

Z’Yk-i-an:l—’Yl <1
k=2 k=1

and so f(2) € G, (6,1, ).
Conversely, if f (z) € G, (6,1, ), then
|CL|< (B_l)[l+1]q
o O DA+ g+ 6([k + g — [+ 1g) = B+ 114}

and
T og k(6D 1 + 6([k + g — [[+1]g) + Bl + 14}
Setting
ol (O, D1+ 1]+ 0([k + 1] — [+ 1]g) — Bl + 1]4}
= —2F z z z g (k=2,3,...)
(B =Dl +1]q
and 0.k OO+ +0([k+H]g — [1+1]g)+BlI+1]4 }
o7 1 GO [I4+1] g8 (k41 g —[1+1] ) +BlI+1]
= —2F B=D+1, |br| (k=1,2,...),
we have 0 <, <1 (k=2,3,..) and 0 < <1 (k=1,2,...),
M=1=Y %m—» m>0,
k=2 k=1
then, f(z) can be expressed in the form (2.9).
For harmonic functions of the form:
_z+Z|ak|z + (=)~ 1Z|bk|zk (2.12)
and
G (z —z+Z|dk|z + (=) 1Z|ck|zk (2.13)
the convolution of f and G is given by
(f*G)(z) =(Gxf) —z+Z|akdk|z +Z|bkck|zk O

The next theorem shows that the class gq (6,1, 8) is closed under convolution.

Theorem 2.5. For 1 < 3 < ¢ < 4, let f € G, (6,1,8) and G € G, (3,1,¢). Then
fxGeG, (5,1,8) C Gy (8,1,€).
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Proof. Since G € G, (8,1,¢) then |dy| < 1 and |cx| < 1. For f * G we have

IN

IN

<

> a;l. O,D){[l+1] g+ ([k+1q—[l4+1]q)—Bll+1]4}
> T B, * Jagdy| 2
k=2

ok (8D {[1+1] +5([k+l]q [l4+1]g)+B[1+1]4} —
+Z - —1)[I+1, |brcr| 2%

- 0k (O D{UA g +0([k+q—[141]g) —BlI+1]q} k
Z B—D+1, |lak| 2
k=2

8,0 {[l+1]q+0([k+1]q—[l4+1]q)+B[I+1] 4}
+Z = D+, [bi| 2

o 07 (D) L[]y +8([k-+]—[1+1]) — Bli+1], }
> (B-D+1, |ax]
k=2

ok (O[] +3([k+] g —[1+1]g)+B[I+1]4 }
*Z - G-I+, b |

1

)

since f € @n(é,l,ﬂ). Therefore by Theorem 2.1, f*xG € ?Z(é,l,ﬂ) C aqn(é,l,f). O

The class @n(é, [, B) is closed under convex combinations by the following theorem.

Theorem 2.6. The class ?qn(é, 1,8) is closed under convex combination.

Proof. For i=1,2,3,..., let f; € @n(é,l,ﬁ), where f; is given by

Then by using Theorem 2.1, we have

o0
For > u; = 1,0 < p; <1, the convex combination of f; may be written as

k=1

S gk (OD{[I+1]q+6([k+q—[1+1]g) —Bl+1]q}
Z B-D)I+1], |a,|
k=2

SN o (B4 +8 ()~ [+ 1))+l
+) D, = bkl =1

S =3 (zm |) sy (z y m) ¥
=1 k=2 =1 k=1 =1

(2.14)

(2.15)
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Then by (2.14), we have

o o7 (5D 48 (k1 —[141]) —Bl+11.} [
3 s e (zm )
=1

k=2

a;l, (§,l){[l+1] +5([k+l] [H—l] )+B[I+1]q} >
o (T Y (zm

;L (8,0){[l+1]q+0([k+I]q—[l4+1]q)—BlI+1] g}
ZM <Z k (B-DI+1], |a|

k=2
k)

)

0.0 {1 48[k — [ 1] )+ Bl 1])
+Z - G-I+, b

i

IN

Zﬂi =1
i=1

By Theorem 2.2, io: wifi (2) € Gy (6,1, ).
i=1

Let f(z) = h(z) 4+ g(z) be defined by (1.2) then F(z) defined by

(
1 [* 1 [*
L e yar + £ / te-1R(t)dt(e > —1),
z¢ 0 z¢ 0

F(z) =
have the representation

F(z)=z+ s lakzk + (=1t biz" (2.16)
kE+c ’ ’

k=2 k=1
Theorem 2.7. Let f(z) = h(z) + g(2) € G, (6,1, 8), then F(z) defined by (2.16) also
belongs to aqn(5, 1,5).

Proof. Since f(z) € G, (6,1,5), then (2.1) is satisfied.
Now,

i A o P (L Pl G W e WAL SO
£ (B—D+1], k+c' ®
2

e (D11 +8 (kg —[1+1])+81+1],} ¢+ 1
+Z ) B-D+1, e sl

i G o (e Pl B i O SO

< GE(ESIp
k=2
q 6,0 {ll+1]g+0([k+1] [l+1])+B[1+1]q}
+Z - R |0 |
< 1,

that is, F(z) € G, (6,1, ). O
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Remark 2.8. (i) Taking 6 = 1 and ¢ — 1—, in the above results, we obtain the results
obtained by Porwal [25].

(ii) Specializing the parameters 3,1, and n in the above results, we obtain the
corresponding results for the subclasses G;' (0, 8), G7 (3) and G7' (1, B).

Acknowledgements. The authors thanks the referees for their valuable comments..
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