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univalent functions and obtain various properties for functions in this class.
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1. Introduction

A function f = u + iv , continuous and defined in a simply connected complex
domain D is called harmonic in D if both u and v are real harmonic in D. If h, g are
analytic in D, then f can be written in the form

f = h+ g, (1.1)

where, h and g are the analytic and co-analytic parts, respectively. The necessary
and sufficient condition for f to be locally univalent and sense-preserving in D is that
|h′| > |g′| in D (see [17]).

The class of harmonic, univalent, and orientation preserving functions, of the
form (1.1) defined in E = {z : |z| < 1} is denoted by H, for which f(0) = f ′(0)−1 = 0.

Thus, for f = h+ g ∈ H , h and g can be expressed in the form:

h(z) = z +

∞∑
k=2

akz
k, g =

∞∑
k=1

bkz
k, |b1| < 1,
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then f is of the form:

f(z) = z +

∞∑
k=2

akz
k +

∞∑
k=1

bkzk. (1.2)

If the co-analytic part g ≡ 0, then H reduces to class S of normalized analytic
univalent functions.

Let H denotes the subclass of H consisting of functions f = h+ g such that h
and g given by

h(z) = z +

∞∑
k=2

akz
k, g = (−1)n

∞∑
k=1

bkz
k, |b1| < 1. (1.3)

Recently, several researchers studied classes of harmonic functions (see Aouf [3],
Aouf et al. [8, 10, 11], Dixit and Porwal [18], Porwal and Dixit [26, 27]).

For f ∈ S, and 0 < q < 1, the Jackson’s q−derivative is given by [22] (see also
[2, 4, 7, 12, 19, 20, 21, 28, 30, 31, 32]):

Dqf(z) =

{
f(z)−f(qz)

(1−q)z z 6= 0

0 z = 0
(z ∈ E) , (1.4)

where

[k]q =
1− qk

1− q
(0 < q < 1).

As q → 1−, [k]q → k and, so Dqf(z) = f ′(z).

For f(z) ∈ S, δ, l ≥ 0 and q ∈ (0, 1), Aouf and Madian [5, with p = 1] defined
the q−Catas operator by:

I0q (δ, l)f(z) = f(z),

I1q (δ, l)f(z) = (1− δ)f(z) +
δ

[l + 1]qzl−1
Dq(z

lf(z)) = Iq(δ, l)f(z)

= z +

∞∑
k=2

[l + 1]q + δ([k + l]q − [l + 1]q)

[l + 1]q
akz

k

...

Inq (δ, l)f(z) = (1− δ)In−1q (δ, l)f(z) +
δ

[l + 1]qzl−1
Dq(z

lIn−1q (δ, l)f(z))

(n ∈ N ,N = {1, 2, ...}).
That is

Inq (δ, l)f(z) = z +

∞∑
k=2

σnq,k(δ, l)akz
k .(n ∈ N0 = N ∪ {0}), (1.5)

where

σnq,k(δ, l) =

[
[l + 1]q + δ([k + l]q − [l + 1]q)

[l + 1]q

]n
. (1.6)

From (1.5) we have:

zδqlDq(I
n
q (δ, l)f(z)) = [l + 1]qI

n+1
q (δ, l)f(z)− {(1− δ)ql + [l]q}Inq (δ, l)f(z), δ 6= 0.
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Note that:
(i) limq→1−I

n
q (δ, l)f(z) = In(δ, l)f(z), (see [14]);

(ii) Inq (1, 0)f(z) = Dn
q f(z) (see Govindaraj and Sivasubramanian [21] and [9]);

(iii) Inq (δ, 0)f(z) = Dn
δ,qf(z) :{

f ∈ S : Dn
δ,qf(z) = z +

∞∑
k=2

[1 + δ([k]q − 1)]
n
akz

k

}
,

which reduces to Al-Oboudi operator when q → 1−, (see [1]) which is the Salagean
operator when δ = 1 (see [29] and [6]);

(iv) Inq (1, l)f(z) = Inq (l)f(z) which when q → 1− reduces to Inl f(z) (see Cho
and Srivastava [15], see also [16]).

Motivated with the definition of modified Salagean operator introduced by Ja-
hangiri et al. [23], Mostafa et al. [24], defined the modified Catas operator by

In (δ, l) f(z) = In (δ, l)h(z) + (−1)
n
In (δ, l) g(z),

where

In (δ, l)h(z) = z +

∞∑
k=2

(
l + 1 + δ(k − 1)

l + 1

)n
akz

k

and

In (δ, l) g(z) = (−1)n
∞∑
k=1

(
l + 1 + δ(k − 1)

l + 1

)n
bkz

k.

Now, we define the modified q−Catas operator by:

Inq (δ, l) f(z) = Inq (δ, l)h(z) + (−1)
n
Inq (δ, l) g(z), (1.7)

where

Inq (δ, l)h(z) = z +

∞∑
k=2

σnq,k(δ, l)akz
k

and

Inq (δ, l) g(z) =

∞∑
k=1

σnq,k(δ, l)bkz
k.

For 1 ≤ β < 4
3 , n ∈ N0, δ, l ≥ 0, q ∈ (0, 1) and for all z ∈ E , let Gnq (δ, l, β) denote the

family of harmonic functions f of the form (1.2) and satisfying:

Re

{
In+1
q (δ, l) f(z)

Inq (δ, l) f(z)

}
< β. (1.8)

Choosing different values of n, l, δ, β when q → 1−, we obtain many subclasses
of Gnq (δ, l, β) for example:

(1) Putting δ = 1, then it reduces to the class SH(n, l, β) studied by Porwal [25].

(2) Putting δ = 1 and l = 0, then it reduces to the class SH(n, β) studied by
Porwal and Dixit [27];
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(3) Putting n = 0, l = 0 and δ = 1, then it reduces to the class LH(β) studied
by Porwal and Dixit [26];

(4) Putting n = 1, l = 0 and δ = 1, then it reduces to the class MH(β) studied
by Porwal and Dixit [26];

(5) Putting n = 0 and n = 1 with l = 0, δ = 1, g ≡ 0, then it reduces to the
classes N (β) and M(β) studied by Uralegaddi et al. [33].

Also we can obtain the following subclasses:

i) Gnq (δ, 0, β) = Gnq (δ, β) :

Re

{
Dn+1
q (δ) f(z)

Dn
q (δ) f(z)

}
< β,Dn

q (δ) f(z) = Dn
q (δ)h(z) + (−1)

n
Dn
q (δ) g(z);

ii) Gnq (1, 0, β) = Gnq (β) :

Re

{
Dn+1
q f(z)

Dn
q f(z)

}
< β,Dn

q f(z) = Dn
q h(z) + (−1)

n
Dn
q g(z);

iii) Gnq (1, l, β) = Gnq (l, β) :

Re

{
In+1
q (l)f(z)

Inq (l)f(z)

}
< β, Inq (l)f(z) = Inq (l)h(z) + (−1)

n
Inq (l)g(z).

Let Gq
n
(δ, l, β) be the subclass of Gnq (δ, l, β) consisting functions f = h+ g such

that h and g given by (1.3).

2. Main results

Unless otherwise mentioned, we assume in the reminder of this paper that, 1 ≤ β <
4
3 , n ∈ N0, δ, l ≥ 0, q ∈ (0, 1), σnq,k(δ, l) is given by (1.6) and f is of the form (1.3).

Theorem 2.1. Let f = h+ g be given by (1.2). Furthermore, let

∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q}
[l + 1]q(β − 1)

|ak|+

+

∞∑
k=1

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q}
[l + 1]q(β − 1)

|bk| ≤ 1. (2.1)

Then f (z) is sense-preserving, harmonic univalent in E and f (z) ∈ Gnq (δ, l, β).
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Proof. If z1 6= z2, then

∣∣∣∣f (z1)− f (z2)

h (z1)− h (z2)

∣∣∣∣ ≥ 1−
∣∣∣∣ g (z1)− g (z2)

h (z1)− h (z2)

∣∣∣∣ = 1−

∣∣∣∣∣∣∣∣
∞∑
k=1

bk
(
zk1 − zk2

)
(
zk1 − zk2

)
+
∞∑
k=2

ak
(
zk1 − zk2

)
∣∣∣∣∣∣∣∣

> 1−

∞∑
k=1

k |bk|

1−
∞∑
k=2

k |ak|

≥ 1−
σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

[l+1]q(β−1) |bk|

1− σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

[l+1]q(β−1) |ak|
≥ 0,

which proves univalence. f (z) is sense-preserving in E since∣∣∣h′(z)∣∣∣ ≥ 1−
∞∑
k=2

k |ak| |z|k−1

> 1−
∞∑
k=2

k |ak| ≥ 1−
∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q}
[l + 1]q(β − 1)

|ak|

≥
∞∑
k=1

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q}
[l + 1]q(β − 1)

|bn| ≥
∞∑
k=1

k |bk|

>

∞∑
k=1

k |bk|
∣∣∣zk−1

∣∣∣ ≥ ∣∣g′ (z)∣∣ .
Now to show that f ∈ Gnq (δ, l;β), we may show that if (2.1) holds then (1.8) is satisfied.
Using the fact that Re {w} < β if and only if |w − 1| < |w + 1 − 2β|, it suffices to
show that

∣∣∣∣∣∣∣∣∣
In+1
q (δ, l) f(z)

Inq (δ, l) f(z)
− 1

In+1
q (δ, l) f(z)

Inq (δ, l) f(z)
+ 1− 2β

∣∣∣∣∣∣∣∣∣ < 1. (2.2)

The L.H.S. of (2.2):

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− [l + 1]q} akzk

+(−1)n+1
∞∑
k=1

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + [l + 1]q} bkzk
2(1− β)z +

∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + (1− 2β)[l + 1]q} akzk

+(−1)n+1
∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− (1− 2β)[l + 1]q} bkzk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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≤


∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− [l + 1]q} |ak| |z|k

+
∞∑
k=1

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + [l + 1]q} |bk| |z|k
2(β − 1)−

∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− (2β − 1)[l + 1]q} |ak| |z|k

−
∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + (2β − 1)[l + 1]q} |bk| |z|k

<


∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− [l + 1]q} |ak|

+
∞∑
k=1

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + [l + 1]q} |bk|
2(β − 1)−

∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− (2β − 1)[l + 1]q} |ak|

−
∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + (2β − 1)[l + 1]q} |bk|

,

which according to (1.8) is bounded by 1. The harmonic univalent function of the
form

f(z) = z +

∞∑
k=2

(β − 1)[l + 1]q
σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q}

xkz
k

+

∞∑
k=1

(β − 1)[l + 1]q
σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q}

ykzk, (2.3)

where
∞∑
k=2

|xk|+
∞∑
k=1

|yk| = 1, shows that the coefficient bound given by (2.1) is sharp.

It is worthy to note that the function of the form (2.3) belongs to the class Gnq (δ, l, β)

for all
∞∑
k=2

|xk|+
∞∑
k=1

|yk| ≤ 1 since (2.1) holds. �

Theorem 2.2. A function f ∈ Gq
n
(δ, l, β) if and only if

∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q} |ak| (2.4)

+

∞∑
k=1

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q} |bk|

≤ (β − 1)[l + 1]q.
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Proof. Since Gq
n
(δ, l, β) ⊂ Gnq (δ, l, β), we only need to prove the ”only if” part. The

condition (1.8) is equivalent to

Re



(β − 1)z −
∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q} |ak| zk

−(−1)2n−1
∞∑
k=1

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q} |bk| zk

z +
∞∑
k=2

σnq,k(δ, l) |ak| zk +
∞∑
k=1

(−1)2n−1σnq,k(δ, l) |bk| zk


> 0.

The above condition must hold for all z, |z| = r < 1. Choosing the values of z on the
positive real axis where 0 ≤ r < 1, we must have

Re



(β − 1)−
∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q} |ak| rk−1

−
∞∑
k=2

σnq,k(δ, l) {[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q} |bk| rk−1

1−
∞∑
k=2

σnq,k(δ, l) |ak| rk−1 −
∞∑
k=1

σnq,k(δ, l) |bk| rk−1


≥ 0.

(2.5)

If condition (2.4) does not hold, then the numerator in (2.5) is negative for r suffi-
ciently close to 1. Hence there exist z0 = r0 ∈ (0, 1) for which the quotient in (2.5)

is negative. This contradicts the required condition for f (z) ∈ Gq
n
(δ, l, β). This com-

pletes the proof of Theorem 2.2. �

Theorem 2.3. Let f(z) ∈ Gq
n
(δ, l, β). Then for |z| = r < 1,we have

(1 + |b1|)r − 1
σn
q,2(δ,l)

(
(β−1)[l+1]q

σn
q,2(δ,l){[l+1]q(1−β)+δql+1} −

(β+1)[l+1]q
σn
q,2(δ,l){[l+1]q(1−β)+δql+1} |b1|

)
r2

≤ |f(z)| ≤

(1 + |b1|)r + 1
σn
q,2(δ,l)

(
(β−1)[l+1]q

σm−n
q,2 (δ,l){[l+1]q(1−β)+δql+1}

+
(β+1)[l+1]q

σn
q,2(δ,l){[l+1]q(1−β)+δql+1} |b1|

)
r2.

(2.6)

The results are sharp with equality for f(z) defined by

f(z)= z±b1z± 1
σn
q,2(δ,l)

(
(β−1)[l+1]q

σm−n
q,2 (δ,l){[l+1]q(1−β)+δql+1} −

(β+1)[l+1]q
σn
q,2(δ,l){[l+1]q(1−β)+δql+1} |b1|

)
z2,

(2.7)
where

σnq,2(δ, l) =

[
[l + 1]q + δql+1

[l + 1]q

]n
. (2.8)

Proof. We only prove the right-hand inequality and the proof of the left-hand is
similar and will be omitted. Let f(z) ∈ Gn(δ, l, β).Taking the absolute value of f we
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have:

|f(z)| ≤ (1 + |b1|)r + r2
∞∑
k=2

(|ak|+ |bk|)

= (1 + |b1|)r +
(β − 1) [l + 1]q

σnq,2(δ, l){[l + 1]q(1− β) + δql+1}

∞∑
n=2

(
σnq,2(δ, l){[l + 1]q(1− β) + δql+1

(β − 1) [l + 1]q
|ak|

+
σn
q,2(δ,l){[l+1]q(1−β)+δql+1}

(β−1)[l+1]q
|bk|
)
r2

≤ (1 + |b1|)r +
(β−1)[l+1]q

σn
q,2(δ,l){[l+1]q(1−β)+δql+1}

∞∑
k=2

(
σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1]q
|ak|

+
{[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q
|bk|
)
r2

≤ (1 + |b1|)r +
(β−1)[l+1]q

σn
q,2(δ,l){[l+1]q(1−β)+δql+1}

(
1− (1+β)

(β−1)
|b1|
)
r2

= (1 + |b1|)r +

(
(β−1)[l+1]q

σn
q,2(δ,l){[l+1]q(1−β)+δql+1} −

(1 + β) [l + 1]q
σnq,2(δ, l){[l + 1]q(1− β) + δql+1} |b1|

)
r2.

This completes the proof of the Theorem 2.3. �

Theorem 2.4. The function f (z) ∈ Gq
n
(δ, l, β) if and only if

f (z) =

∞∑
k=1

(γkhk(z) + ηkgk(z)) , (2.9)

where h1(z) = z,

hk(z) = z +
(β − 1)[l + 1]q

σnq,k(δ, l){[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q}
zk, k = 2, 3, ...

(2.10)
and

gk(z)=z+(−1)
n−1 (β − 1)[l + 1]q

σnq,k(δ, l){[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q}
zk, k=1, 2, ...,

(2.11)

γk ≥ 0, ηk ≥ 0,
∞∑
k=1

(γk + ηk) = 1 and the extreme points of the class Gq
n
(δ, l, β) are

{hk} and {gk} .

Proof. Suppose that

f (z) =

∞∑
k=1

(γkhk(z) + ηkgk(z))

= z +

∞∑
k=2

(β − 1)[l + 1]q
σnq,k(δ, l){[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q}

γkz
k

+ (−1)
n
∞∑
k=1

(β − 1)[l + 1]q
σnq,k(δ, l){[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q}

ηkzk.
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Then
∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1]q

(
(β−1)[l+1]q

σn
q,k

(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}γk
)

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q

(
(β−1)[l+1]q

σn
q,k

(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}ηk
)

=
∞∑
k=2

γk +

∞∑
k=1

ηk = 1− γ1 ≤ 1

and so f (z) ∈ Gq
n
(δ, l, β).

Conversely, if f (z) ∈ Gq
n
(δ, l, β), then

|ak| ≤
(β − 1)[l + 1]q

σnq,k(δ, l){[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q}

and

|bk| ≤
(β − 1)[l + 1]q

σnq,k(δ, l){[l + 1]q + δ([k + l]q − [l + 1]q) + β[l + 1]q}
.

Setting

γk =
σnq,k(δ, l){[l + 1]q + δ([k + l]q − [l + 1]q)− β[l + 1]q}

(β − 1)[l + 1]q
|ak| (k = 2, 3, ...)

and

ηk =
σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q
|bk| (k = 1, 2, ...) ,

we have 0 ≤ γk ≤ 1 (k = 2, 3, ...) and 0 ≤ ηk ≤ 1 (k = 1, 2, ...) ,

γ1 = 1−
∞∑
k=2

γk −
∞∑
k=1

ηk ≥ 0,

then, f(z) can be expressed in the form (2.9).
For harmonic functions of the form:

f (z) = z +

∞∑
k=2

|ak| zk + (−1)n−1
∞∑
k=1

|bk| zk (2.12)

and

G (z) = z +

∞∑
k=2

|dk| zk + (−1)n−1
∞∑
k=1

|ck| zk, (2.13)

the convolution of f and G is given by

(f ∗G) (z) = (G ∗ f) (z) = z +

∞∑
k=2

|akdk| zk +

∞∑
k=1

|bkck| zk. �

The next theorem shows that the class Gq
n
(δ, l, β) is closed under convolution.

Theorem 2.5. For 1 ≤ β ≤ ζ < 4
3 , let f ∈ Gq

n
(δ, l, β) and G ∈ Gq

n
(δ, l, ζ). Then

f ∗G ∈ Gq
n
(δ, l, β) ⊂ Gq

n
(δ, l, ζ).
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Proof. Since G ∈ Gq
n
(δ, l, ζ) then |dk| ≤ 1 and |ck| ≤ 1. For f ∗G we have

∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1q
|akdk| zk

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1q
|bkck| zk

≤
∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1q
|ak| zk

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1q
|bk| zk

≤
∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1q
|ak|

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1q
|bk|

≤ 1,

since f ∈ Gq
n
(δ, l, β). Therefore by Theorem 2.1, f ∗G ∈ Gnq (δ, l, β) ⊂ Gq

n
(δ, l, ζ). �

The class Gq
n
(δ, l, β) is closed under convex combinations by the following theorem.

Theorem 2.6. The class Gq
n
(δ, l, β) is closed under convex combination.

Proof. For i = 1, 2, 3, ..., let fi ∈ Gq
n
(δ, l, β), where fi is given by

fi = z +

∞∑
k=2

|aki | zk +

∞∑
k=1

|bki | zk. �

Then by using Theorem 2.1, we have

∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1]q
|aki |

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q
|bki | ≤ 1. (2.14)

For
∞∑
k=1

µi = 1, 0 ≤ µi ≤ 1, the convex combination of fi may be written as

∞∑
i=1

µifi (z) = z +

∞∑
k=2

( ∞∑
i=1

µi |aki |

)
zk +

∞∑
k=1

( ∞∑
i=1

µi |bki |

)
zk. (2.15)
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Then by (2.14), we have

∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1]q

( ∞∑
i=1

µi |aki |

)

+
σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q

∞∑
k=1

( ∞∑
i=1

µi |bki |

)

=

∞∑
i=1

µi

( ∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1]q
|aki |

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q
|bki |

)

≤
∞∑
i=1

µi = 1.

By Theorem 2.2,
∞∑
i=1

µifi (z) ∈ Gq
n
(δ, l, β).

Let f(z) = h(z) + g(z) be defined by (1.2) then F (z) defined by

F (z) =
c+ 1

zc

∫ z

0

tc−1h(t)dt+
c+ 1

zc

∫ z

0

tc−1h(t)dt(c > −1),

have the representation

F (z) = z +

∞∑
k=2

c+ 1

k + c
akz

k + (−1)n−1
∞∑
k=1

c+ 1

k + c
bkz

k. (2.16)

Theorem 2.7. Let f(z) = h(z) + g(z) ∈ Gq
n
(δ, l, β), then F (z) defined by (2.16) also

belongs to Gq
n
(δ, l, β).

Proof. Since f(z) ∈ Gq
n
(δ, l, β), then (2.1) is satisfied.

Now,
∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1]q

c+ 1

k + c
|ak|

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q

c+ 1

k + c
|bk|

≤
∞∑
k=2

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)−β[l+1]q}

(β−1)[l+1]q
|ak|

+

∞∑
k=1

σn
q,k(δ,l){[l+1]q+δ([k+l]q−[l+1]q)+β[l+1]q}

(β−1)[l+1]q
|bk|

≤ 1,

that is, F (z) ∈ Gq
n
(δ, l, β). �



746 Adela O. Mostafa and Mohamed K. Aouf

Remark 2.8. (i) Taking δ = 1 and q → 1−, in the above results, we obtain the results
obtained by Porwal [25].

(ii) Specializing the parameters β, l, δ and n in the above results, we obtain the
corresponding results for the subclasses Gnq (δ, β),Gnq (β) and Gnq (1, β).

Acknowledgements. The authors thanks the referees for their valuable comments..
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