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Existence of positive solutions to impulsive
nonlinear differential systems of second order
with two point boundary conditions
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Abstract. In this paper the authors consider the existence of positive solutions
to a two point boundary value problem for nonlinear second-order impulsive
systems. They use a vector version of Krasnosel’skii’s fixed point theorem in
cones in their proofs. Examples are provided to illustrate the results.
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1. Introduction

The existence of positive solutions to second order impulsive differential equa-
tions and systems has been studied by many authors such as in [7, 9, 10, 11, 12].

Liu et al. [10, 11, 12] studied the existence of one and multiple positive solutions
to two point boundary value problems for systems of nonlinear second-order singular
impulsive differential equations by using fixed point index theory. In [7], He inves-
tigated the existence of positive solutions to second order periodic boundary value
problems with impulse actions by applying fixed point index theory.

The existence and location of positive solutions for ordinary differential systems
has been studied in [4, 8, 13, 14] by using a technique based on a vector version of
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Krasnosel’skii’s fixed point theorem in cones. In [8], Herlea considered the system of
first order equations with integral boundary conditions

ull(t) = fl(ta Uy, u2)a

ué(t) = fQ(ta U1, u2)a

u1(0) — arui (1) = g1fud],
(0) = agua(l) = 92[“2},

where f;, fo € C([0,1] x R2,R") and g, : C[0,1] — R, i = 1,2, are linear functionals
given by

1
gilu) :/ u(s)dy;,, 1=1,2
0

with g;[1] < 1 and ~; € C[0,1] is increasing and satisfies 0 < a; < 1 — g;[1] for
i = 1,2. Herlea obtained the existence and the location of positive solutions by using
a vector version of Krasnosel’skii’s fixed point theorem in cones.

Precup [14] also used the vector version of Krasnosel’skii’s fixed point theorem to
study the existence and localization of positive solutions of the nonlinear differential
system

uf (t) + fi(t, ur,uz) =0,
UIQ( )+f2(t ul,u2) =0,
u1(0) = uy (1) =0,
UQ( )—UQ( ):O

Other authors have recently studied the existence of solution for system of im-
pulsive differential equations using vector versions of fixed point theorems, such as in
[1, 3,2, 5, 6].

With this background in mind, in this paper we examine the existence and
location of positive solutions of the two point boundary value problem for the system
of nonlinear second-order impulsive differential equations

—uy(t) = fi(t, ur(t), ua(t)), teJ,

_U/QI(t) = fQ(t’ul(t)vu2(t))v telJ',

—Au'l |t:tk: Il7ku1(tk)7 k= 1,2, e, M, (1 1)
_AU’IQ |t:tk: IQ7kU2<tk>, k= 17 2) e, Mm, '

auy (0) — fuj(0) =0, aug(0) — fub(0) =0
yn(1) + 8 (1) = 0, yus(1) + (1) = 0,

where o, 8, 7,6 > 0, p=pBy+ay+ad >0, J =[0,1,0 < t;] <tg < - <
tm < 1, J = J\{t1,t2,-~- ,tm}7 fi S C(J X R x R,R), I@k S C(R,R), 1 =1,2,
ke {1,2,---,m}. Here, Au/ |i—s, = uq () — w1 (t),) and Aul |i—p, = u2 () —ua(ty,),
where u (t]) and ub(t]), (v} (t;) and uh(t;)) denote the right (left) hand limits of
u} () and uh(t) at t = ty, respectively.

Motivated by the work mentioned above, here we study the existence and loca-
tion of positive solution of the system (1.1) using the vector version of Krasnosel’skii’s
fixed point theorem in cones given in [13]. As we will see, this approach allows the
nonlinear terms and impulses in the system to have different types of behaviors in
their variables.
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2. Preliminaries

In this paper we need the following concepts. For a normed linear space (X, |- ||),
a cone K C X is a closed and convex set with K \ {0} # 0, AK C K for all A € RT,
and K N (—K) = {0}. A cone K in X induces a partial order relation in X that we
will denote by =<; we write v < v if and only if v — u € K. We say that u < v if
v—u€ K\ {0} and u Avif v—u ¢ K\ {0}. Finally, v > v means v < u.

Consider two cones K and K5 in X and the corresponding cone K := K7 X Ky
in X2, We use the same symbol < to denote the partial order relation induced by
K in X% as we do for K; or Ky in X. In X2, u = (uj,u2) < v = (v1,v2) means
u; <v; fort=1,2. Forr, R € Rf_ with r = (r1,72) and R = (R1, Rs), we will write
0<r<Rtomean 0 < ry < Ry and 0 < ro < Rs. Also, we set

(Ki)m,Ri = {U S Kl T < ||7.LH < RZ}, 7= 1,27

K.p:={ue K:r; <||ul| <R; fori=1,2},
and we see that K, p = (K1), r, X (K2)r,.R,-
The following vector version of Krasnosel’skii’s fixed point theorem in a cone
[13, Theorem 2.1] will be used to obtain our main existence result.

Theorem 2.1. Let (X, ||-||) be a normed linear space, K1, Ko C X be two cones in X,
K:=K xKy,r,RER" withO<r <R, and N : K, p — K given by N = (N1, N3)
be a compact map. Assume that for each i € {1,2}, one of the following conditions is
satisfied in K. g:

(@) Ni(u) Aui if |luil =r; and Ni(u) # i of |usl| = Ri;

(b) Ni(u) # wi if [Juill =ri and Ni(u) Au; if ||lwill = R;.
Then N has a fized point u in K with r; < ||lu;|| < R; fori € {1,2}.

3. Main Result

We first formulate problem (1.1) as a fixed point problem for a vector-valued
mapping N = (N1, Ny). Then, u := (uy, us) will satisfy an operator system

u; = Ni(ug,u
L M) @)
in the vector conical shell K, r with v € K and
r1 < flua]] < Ry, 72 < lug|| < Ro.
We denote by G(t,s) the Green’s function for the boundary value problem
(1) =0,
az(0) — B2'(0) = 0, (3.2)

~vz(1) + dz'(1) = 0.
It is given explicitly by

G(t,s) = L (v+d—7)(B+as), 0<s<t<l
e P (ﬂ + Olt)(’)/ + — 75)’ 0<t<s<l1.
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The function G(t,s) is positive and satisfies the properties (see [10, p. 552], [11, p.
3775)):

G(t,s) < G(s,s), forallt, se€|0,1], (3.3)
0<oG(s,s) < G(t,s), t€ab], s€]0,1], (3.4)

where a € [0,t1], b € [tn,1] and 0 <o = min{uj’%, %} <1

In this paper, we consider the space
PC(J,RY)={x:[0,1] — R |z, € C(J,R),k=1,...,m,

z(t;) and z(t]) exist, k=1,...,m, and z(t; ) = z(¢)}.
We see that PC(J,R") is a Banach space with the norm

[zl pc = sup [(t)].
teJ
Let P be the cone of all nonnegative functions in PC([0,1],RT).

Definition 3.1. A pair (u1,u,) € PC(J,RT)x PC(J,R") is called a solution of system
(1.1) if it satisfies system (1.1).

The following lemma is obvious.

Lemma 3.2. The vector (uy,us) € PC(J,R") x PC(J,R") is a solution of the differ-
ential system (1.1) if and only if (u1,uz) € PCY(J,RT) x PCL(J,RY) is a solution
of the integral system

ul(t):/o G(t, 5) o (5, u1(s), ua(3))ds + 3 Gt ) I (s (1)),

k=1
(3.5)

1 m
ug(t) = /0 G(t,8)f2(s,u1(s),uz(s))ds + ZG(t,tk)Ilk(ug(tk)).
k=1

Let N : P2 — P2 be the completely continuous map N = (Ny, No) given by

1 m
Ni(u(®) = | Glt.s)fils,uls), v(s))ds + 3 Glt, ) Ll (te) i = 1,2.
0 k=1

Then (3.5) is equivalent to the fixed point problem
u=N(u), u€ P2
Ifve P,
1 m
wilt) = / G(t, 5)o(s)ds + 3 Glt, 1) L (s (1),
0

k=1
and if w;(t') = ||ui|| pc, then in view of (3.4), for every ¢ € [0,1], we have

w(t) > a/o G(s,s)v(s)ds + 0 Y Gltr, te) Lok (uiltr)).

k=1
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It ¢ £ty for k=1,2,--- ,m, then

ui(t) > /Gt 5) ds-i—aZGtk,tk)lk(ul(tk))

k=1

> / G(t',s) ds—i—aZGt ti) Lk (ui(ty)) = oui(t') = o|jul| pc.

k=1
Ift/ =ty for k=1,2,--- ,m, then

ui(t) > / G(s,s) ds—l—aZGt tie) L (i (te)

k=1

> / G(t',s) ds—i—oZGt ti) Lk (ui(ty)) = oui(t') = o|jul| pc.

k=1
Define the cones K; in P by

K; ={u; € P:u;(t) > o|lu||pc for all t € [a,b]}, i =1,2,

and the product cone K = K; x Ky in X2. Then N(K) C K. Before we state our
main result we introduce the following notations. For any «y, 5; > 0 with «; # 3;, let
r; = min{«;, f;}, R = max{a;, B;}, and
yi =min{ fi(t,ur,uz): a <t <b, of1 <uy < P, ory <ug < Ry},
2 = min{ fo(t,ur,uz) : a <t <b, ory <uy < Ry, 0Pz <ugx < Pa},
Iy = max{fi(t,u1,u2): 0<t <1, oaq <uy <ay, org <us < Ro},
Iy = max{f2(t, u1,u2)
Also, let

:0<t<1, ory <up < Ry, oo <ug < anl

B =max{G(t,s) : 0<t<1, 0<s<1},
A =min{G(t,s):a <t <b, a<s<b},

A= 1g]1€1n {mln{fl k(u1) 1 oB1 <up < Bi}},

)\2 = 121116111 {mln{IQ k(ug) 0’,62 < Ug < B2}}a

A= lr<r}ca<x {max{I1 x(u1) : o1 <u; < a1}},

Ay = 13}3}( {max{Is k(u2) : cas <us < az}}.

Theorem 3.3. Assume that there exist oy, B; > 0 with a; # B;, i = 1,2, such that

BTi+Aim) <ai, AMyi(b—a)+ A im)> S,
BTy + Aom) < g, A(72(b— a) + Xam) > fa.

Then (1.1) has a positive solution v = (uy,us) with r; < ||u;l|lpc < Ry, @ = 1,2,

where r; = min{ay, B;}, R; = max{a;, B;}. Moreover, the corresponding orbit of u is
included in the rectangle [ory, R1] X [ora, Ra).

(3.6)
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Proof. If w € K, g, then 1 < |Ju1]lpc < Ry and r2 < ||luz||pc < Ra, so from the
definition of K,

or1 < ||uillpc < R and ore < ||uz|lpc < Ra,

for ¢ € [a,b], that is, for ¢ € [a,b], u(t) € [or1, R1] X [o72, Ra]. Also, if ||u1|pc = a1,
then uy(t) < oy for ¢t € [0,1], and

oaq <ui(t) < aq for all t € [a,b].
We wish to show that for every u € K, r and each ¢ € {1,2}, we have

|luil| pc = v implies u; A N;(u),
|lui||pc = Bi implies u; % N;(u).

If ||ui||pc = a1 and uy < Ny(u), then
Ul(t) < Nl(u)(t) < B(Fl + Alm) <oy

for ¢ € [0, 1], which leads to the contradiction oy < .
If ||ui||pc = 81 and ug > Na(u), then for t € [a, b], we obtain

up(t) > Ni(u)(t) > / G(t, s) f1(s,u1(s), u2(s))ds + ZG(t,tk)Il,k(ul (tx))

k=1
> A(y1(b—a) + \im) > B,

yielding the contradiction 81 > £;1. Hence, (3.7) holds for ¢ = 1. In a similar way we
can show that (3.7) holds for i = 2. By Theorem 2.1, we see that N has at least one
nonzero fixed point in K. Therefore, system (1.1) has at least one positive solution.
This completes the proof of the theorem. O

Analogous to the discussion by Precup in [13] and [14], we examine the situation
where f; and fs are independent of ¢, i.e., suppose f1 = fi1(u1,u2) and fo = fo(ug,us).
If f1, fo, Ik, and o g, k =1,2,.....,m, satisfy various monotonicity conditions, then
we can obtain specific estimates for v1, 2, I'1, I's, A1, A2, A1, As. As examples, we
have the following cases.

Case 1. If f; and f> are nondecreasing in u; and ug, and I  and I5 j are nondecreasing

respectively in u; and us for k =1,2,...,m, then
Iy = fi(o, Ra), Y1 = fi(opr,0m2),
[y = fo(R1, a2), Y2 = fa(or1,002),

A = 11§r}%xm{11,k(a1)}, A = Q}félm{ll’k(aﬁl)}v

A2 = max {Ig,k(ag)}, )\2 = min {12,16(0-62)}

1<k<m 1<k<m

Case 2. If f1 is nondecreasing in v and us, f> is nondecreasing in u; and non increasing
in ug, and on the other hand I; j, are nondecreasing in u; and I j are non increasing
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in ug for k =1,2,...,m, then
Iy = fi(a, Ra), 71 = fi(oB,0m2),
I'y = fa(Ri,00), Y2 = fa(or1, B2),

A1 = 1max {Il k(al)} )\1 = 1211111 {Il k(O‘ﬂl)}

Ay = max {Lak(oaz)}, A= g}clg {2k (B2)}-

Case 3. If f1 is nondecreasing in u; and non increasing in us, fo is non increasing in
u; and nondecreasing in ug, and on the other hand I , are non increasing in »; and

I, are nondecreasing in ug for k =1,2,.....,m, then
Iy = fi(aa, ora), 7 = fi(op1, Ra),
F2:f2(07"1,a2), ’72:f2(R1,052),

A = Enax {l (o)}, A= énin {Lx(B1)}s

Ay = 1I<I}€a<X {Lp(a2)}, A= 1g}lcln {Iox(cp2)}

Case 4. If f; and f, are nondecreasing in u; and nonincreasing in us, and I; j are

nondecreasing in u; and I ; are nonincreasing in uy for £ =1,2,...,m, then
= fi(a1,or2), 71 = fi(oB1, Ra),
[y = fo(Ry,002), Y2 = fa(or1, Ba),
A = &nax {LLxln)}, M= énm {1 x(cp1)},
Ay = (ax {Lok(oaz)}, A= lg]lclg {I2.1(B2)}-

4. Examples

We conclude this paper with two examples to illustrate Theorem 3.3 in the
Cases 1 and 4 above.

Example 4.1. Consider the second-order impulsive system

ull () + uf +u§ =0, 0<fh<e<l, #%, 0<t<l,
uf(t) +u§ 4+ uf§ =0, 0<f<e<l, t#1i o0<t<i,
=AUy i—1=cy/u (1), c>0,
—Au, li—1=d us(3), d>0,
u1(0) —u(0) =0, (1) — ’1( ):0

4.1

We can establish that system (4.1) has at least one positive solution u = (u,us).
Here,

filur,u2) = U? +us,  folur,uz) = ui +ugv

)=o) o (o) ()
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System (4.1) is equivalent to the integral system
ul(t) = fol G(t, s)[ 1(8)? + uz(s)%)ds + cG i
fo t,s)[u1(s)® +uQ(s)9]ds+dG % Ug (i)
where G(t, s) is the Green’s function

1{ 2-t)(1+s), 0<s<t<l1

Glts) =3 (2—s)(1+t), 0<t<s<l1

Clearly B = % and A = o. In this case fi(u1,us) and fo(ug,us) are both nondecreasing
in u; and wuy, while I1 ; and I>; are nondecreasing respectively in u; and ug for g,
uy € RT, so we are in Case 1. We choose a1 = ap =: a* and 31 = By =: f*, with
B* < a* and sory =71y = 8%, Ry = Ry = o*, and v; = fi(0f*,08*), T; = fi(a*, a*),
A, =T 1(a*), \i = I, 2(c8*) for i = 1, 2. The values of a* and 5* will be made precise
in what follows. Since

lim M:O, limmzoo,
T—00 x z—0 x
lim 711’1(36) =0 and lim 712’1(30) = 00,
T—00 €T x—0 x

we may find £* small enough and o* large enough that the conditions

fi(a*va*) < L fi(o—ﬁ*vaﬂ*) > 1

a* ~ 2B’ o3 ~ 20A(b—a)’
Ii71(0é*> < 1 i 1(0‘5 ) 1
a* T 2Bm’ op* 20Am

i € {1,2}, are satisfied. Thus, condition (3.6) holds. Hence, system (4.1) has at least
one positive solution (uy, us) with 8* < ||u;||pc < o* for ¢ € {1, 2}.

Example 4.2. Consider the second-order impulsive system

1
" u14 1
t = t = <t<1
ul()+u2u+1 07 7&27 0* = a
() + —— =0, t#£%, 0<t<1,
2 1
—Au |y =] (3), (42)
—Auy |, 1= euz(3),
up(0) —u1(0) =0, wi(1) —wj(1) =0,
u2(0) + uh(0) =0, ua(1l) +uhH(1) =0.
Here we have
1
_ uq uq
fi(ur,uz) = i1 fa(ur,uz) = L
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System (4.2) is equivalent to the integral system

_ i (s)3 1 (1
ui(t) = [, G(t,s)u2 S)+1ds+G t,2 u? <2>,

_rt ul(s) 1 —uz(3)
uy(t) = [, G(t, S)uz(s) - 1ds—l—G t5)e

The Green function G(¢, s) is the same as in Example 4.1. In this case f1(u1,us) and
fa(u1, u2) are nondecreasing in u; and nonincreasing in us. Also, I1 1 is nondecreasing
in u; and I ; is nonincreasing in uy for uq, uz € RT, so we are in Case 4. We choose
ap = ag =: aF, By = Py =: f*, with * < a*. Then r; = ro = %, R = Ry = o*
and 'y = fi(a*,08%), T2 = fa(a®,00"), 1 = fi(oB", "), y2 = fo(oB*,5%), A1 =
La(a®), M = I11(08%), Ay = Iz1(0a*), Aa = I21(8*), where a* and * will be
made precise below. Since

im D@0 _ oy 2@

T—00 x Yy—>00 Y
I
lim 11(2) =0, and lim 2.1(79) =0,
T — 00 T Yy—00 Y
we may find o* > 0 large enough so that
f1(a*,0) < %7 fa(a*, 0a) < %7
* a*
Il’lga*) < 1 ILQ(UOZ*) < 1
o* T 2Bm’ o* ~ 2Bm’
Since
f1<a*’0'6*) < fl(a*vo)
a* - o
we have
fila®,oB") _ 1
a* ~ 2B
And since
lim filoz,y) . lim fo(zy) .
x—0 €T y—0 Yy
I I
lim 71’1(033) =00, lim 72’1@) = 00,
x—0 x y—0 Yy

with « fixed as above, we can choose 8 small enough that

fl(a-ﬁ*7a*) > 1 f2(06*7ﬁ*) > 1

B* ~2A(b—a)’ B* ~ 24(b—a)’
I 1 (0B%) < 1 I 2(B*) S 1
B* ~ 2Am’ B* T 2Am’

Conditions (3.6) are satisfied, hence system (4.2) has at least one positive solution
u = (u1,u2).
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