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g-Deformed and \-parametrized A-generalized
logistic function induced Banach space valued
multivariate multi layer neural network
approximations

George A. Anastassiou

Abstract. Here we research the multivariate quantitative approximation of Ba-
nach space valued continuous multivariate functions on a box or R, N € N, by
the multivariate normalized, quasi-interpolation, Kantorovich type and quadra-
ture type neural network operators. We investigate also the case of approxima-
tion by iterated multilayer neural network operators of the last four types. These
approximations are achieved by establishing multidimensional Jackson type in-
equalities involving the multivariate modulus of continuity of the engaged func-
tion or its partial derivatives. Our multivariate operators are defined by using a
multidimensional density function induced by a g-deformed and A\-parametrized
A-generalized logistic function, which is a sigmoid function. The approximations
are pointwise and uniform. The related feed-forward neural network are with one
or multi hidden layers.
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1. Introduction

The author in [2] and [3], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically defined
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neural network operators of Cardaliaguet-Euvrard and ” Squashing” types, by employ-
ing the modulus of continuity of the engaged function or its high order derivative, and
producing very tight Jackson type inequalities. He treats there both the univariate
and multivariate cases. The defining these operators ”bell-shaped” and ”squashing”
functions are assumed to be of compact support. Also in [3] he gives the Nth order
asymptotic expansion for the error of weak approximation of these two operators to a
special natural class of smooth functions, see chapters 4-5 there. The author started
with [1].

Motivations for this work are the article [14] of Z. Chen and F. Cao, also by
(4)-[13], [13], [16].

Here we perform a ¢-deformed and M-parametrized, ¢, A > 0, A > 1, A-
generalized logistic sigmoid function based neural network approximations to con-
tinuous functions over boxes or over the whole RY, N € N and also iterated, multi
layer approximations. All convergences here are with rates expressed via the multi-
variate modulus of continuity of the involved function or its partial derivatives and
given by very tight multidimensional Jackson type inequalities.

We come up with the "right” precisely defined multivariate normalized, quasi-
interpolation neural network operators related to boxes or RY, as well as Kantorovich
type and quadrature type related operators on RY. Our boxes are not necessarily
symmetric to the origin. In preparation to prove our results we establish important
properties of the basic multivariate density function induced by the g-deformed and
A-parametrized A-generalized logistic sigmoid function.

Feed-forward neural networks (FNNs) with one hidden layer, the only type of
networks we deal with in this article, are mathematically expressed as

Nn(ac):cha(<aj-att)—&—bj)7 zeR®, seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection weights,
¢; € R are the coefficients, {(a; - x) is the inner product of a; and z, and o is the acti-
vation function of the network. In many fundamental network models, the activation
function is a kind of logistic sigmoid function. About neural networks read [17] - [19].

2. Preliminaries

We consider the g-deformed and A\-parametrized function

1
:m, x € R, where g, A >0, A > 1. (2.1)
This is an A-generalized logistic type function.

We easily observe that

Pg (2)

P (+00) =1, g (—00) = 0. (2.2)
Furthermore we have
1 14 AN —1
Lrepa o) =1- 1+ 1A%~ 11l
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1 gz
A 1 1

= = x’
R T ltgAN = ¢an (@)

proving
Por (@) =1 =915 (=)

We also have that .

Pq,A (0) = m

Consider the activation function

1
Gy (x) ::5(@q7>\(x+1)—<pq’,\(m—l)), z €R.
Then 1
A (m2) =5 (pgn (o +1) = g (-2 = 1))
1
5(1 pra(@—1)=1+p1, (x—I—l))
1
=5 (pral@+D) —p1a @ = 1) =G1, ().
That is
Gq,k(*;’r):G%)\(l’), vVaelR
We have

o (@) = ((1 + qu,\z)ﬂ)/

= 1(14gA) 2 gAY A (2)) = gA(In A) (1 4+ gA™7) A~ >

So that ¢4, is a strictly increasing function over R.
Hence it holds
gh(InA)
(14 qA- M) Are
B gh(InA) B gh(InA)
- (1 4 q2A—2/\x T QqA—Aac) Are T (A)xac + qQA—A:c T Qq)'

90(1)\( )

That is )
P (@) = gA (In A) (A + g2 A + 2¢)
Therefore it holds

589

(2.6)

(2.7)

0. (2.8)

(2.10)

ol (1) = gA(InA) (—1) (AN + 2 A + 2q)’2 ((InA) AMX + ¢ (In A) A= (=)

— q)\2 (IHA)2 (A)\m +q2A—)\m + 2q)_2 (q2A—)\z _ A)\x) .
That is

O (1) = g2 (In A)? (AN 4+ AN 42¢) 7 (A — A7) € C(R).

We have

PATT AN S 0, 0ff PATN > AN ff g7 > AP iff g > AN

iff logqq > Az, iff z <

log 4 q
A=

So, ¢yl (z) >0, for x < 19849 and there gy is concave up.

(2.11)

(2.12)
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1 .
When z > 2842 we have ¢y \ (z) <0 and ¢, is concave down.

Of course |
0g4 4
Solq/)\ ( )\A ) = 0

S0, ©g.x is a sigmoid function, see [12].
We have that

Gl () = 5 (o (2 1) =y (2~ 1)),

We got that ] , is strictly increasing for z < lOgA 1 Letz < logA % 1, then

lgAq
N

Hence ¢}  (z +1) > ¢, y (¥ —1). Thus G , > 0, i.e. Gg y is strictly increasing over
(—OO, IOg)\Aq _ 1)

Let now = > log)\Aqul,thenerl >zr—1> logAq ;and @)\ (z+1) < ¢\ (z—1), by

r—1l<z+1<

<,0;,A being strictly decreasing over (logA u —|—oo) Hence G’ 2 <0, and Gy, is strictly
decreasing over (k)gTAq, +oo> .

LetnowlogTAq—lgxglongq—i—l.Wehavethat

1
ANOEE I CANCESIBREANEREY)

- q/\2 (lnA)2 (qQA—/\(m-l-l) _ A)\(z-‘rl)) (QQA—A(;E—I) _ A)\(z—l))
= 2 (AA(J:-‘,—I) + @2 A-Ma+1) 4 Qq)Q (AA(J;—1) + 2 A AM==1) 4 2q)2
(2.13)
_ qAZ (1HA)2 (q2 _ AQ)\(:E-‘,-I))

2 (A)\(.’L'-‘rl) + A=) 4 2q)2 AM=+1)

- (qz _ AQ/\(gc—l))

(A)\(.r—l) + qQA—A(m—l) + 2q)2 AXz—1)

_ q>\2 (1nA)2 (q_AA(erl)) (q+AA(z+1))
= 2 (A)\(x+1) + 2A-Na+1) 4 2q)2 ANaz+1)

- (in)\(zfl)) (quAA(zq))
(ANE=1) 4 2 A=A@-1) 4 Qq)Q AMz—1)

By logTAq <z+lelogrg<i(z+1)eq< AN o g AN+ <,
By o < a9 11 o3 1 <10 o \(z-1) <logyq & ACD <go

q-— A)\(at—l) > 0.

Clearly, when logA 1 _1<z< logA 4 41 by the above we get that G , (z) <0,
that is G , is concave down there.

Clearly G, is strictly concave down over (log%q -1, log;‘ 14+ 1) )
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Overall Gy, is a bell-shaped function over R.
Of course it holds G7 | (logA q) <0.
We have that

log 4 q 1 log 4 q log 4 q
G;’A( v ) T2 (T T e (T

A(ln A) { 1 B 1 }

o 2 ’\(logAAq+1)+q2‘4_*(logﬁ4q+1)+2q AA(logAAq_1)+q2A_A(logAAq_l)+2q
(2.14)

g\ (In A) PO (50 (“’%%1) (5 )

2 <A>\(10g{«, q+1)+q2A )\ gAqJrl +2q> B logAq + o4 A(lUgfq—1)+2q>

(2.15)
_¢\(In4) [ A+ Pq AN — gAY — P A ]
2 (gA* + ¢?q P A + 2q) (¢A* + ¢?q 1A= + 2q)

_gA(InA) gA=> 4+ gA> — gAN — gA™? —0 (2.16)

o 2 (qAN + qA=> +2q) (¢A* + qA=> +2¢) | ’

So 1849 g the only critical number of Gy over R. Therefore G (bgTAq> is the

maximum of G .
We calculate it:
We have that

log 4 q 1 log 4 q log 4 q
Gq,,\( )\A >:2(§0q,)\( )\A + 1) =g )\A -1

1 1

o v (2.17)
1+qA7/\( A H) 14+ qgA™ A( 3 1)
1 1 1 11 1
2\ 14qg A 14qgtAY)  2\14+4> 144>
1 AN — A AN
S22 \(14+ANA+AN) 204+ 1)
The global maximum of Gy is
logaq\ AN —1
Gq)\< 3 >_2(A>‘—|—1)' (2.18)
Finally we have that
1
I Gy (#) = & (02 (+99) — 90 (+50)) =0, (219)
and 1
Gy () = 5 (93 (~50) 92 (~20)) = 0. (2.20)

Consequently the z-axis is the horizontal asymptote of Gg x. Of course Gy (z) > 0,
VzelR
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We need
Theorem 2.1. It holds
Y Gualw—i)=1, VzeR, Vg A>0, A>1. (2.21)

Proof. We observe that

(oo}

D (g (@ — i) — g (& — 1 — 1))
—1
_Z Pa,\ — Pax (m_l_i))+Z(‘Pq,k(x_i)_wq,k(x_l_i))-
1=—00
Furthermore (NeZ")
Z (g (@ — 1) — g (# —1—1)) (2.22)
=0
\*
= )\hm (pgr (@ —1) —@gr(@—1—1)) (telescoping sum)
—00
i=0
= /\lli)noo (@ (@) = pgn (x = (A" +1))) = @g,x (2) -
Similarly, it holds
—1 —1
Y @en(z—i) = @ga(e—1-0)= lim_ (gr (& =) =g (& —1—1))
1=—00 i=—A*
= lim (g (@ +X) = 0g0 (2) = 1 = g (). (2.23)
Therefore we derive
> (pga(@—i)—pgr(w—1—i) =1, Vz R, (2.24)
and
Y (pgr@+1-i)—gua(z—i) =1, VR (2.25)
Adding the last two equations we get
> (paa(z+1—i)—@gr(w—1—-1i) =2, Yz €R. (2.26)
Since )
G (1) = 5 (Pga (@ +1) —pgn(z—1)),

2
we have that

Gan (&= 1) = 5 lpaa (2 + 1= ) gy (2~ 1= )], (227)
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giving
> Goalw—i)=1.
Thus -
Y Gur(nw—i)=1,¥neN, VzeR. (2.28)
Similarly, it holds
Y Gii@—i)=1,VzeR, (2.29)
But G1 y (w—i) 2 Goa(i—2), Y2 €R.
Hence -
> Geali—xz)=1,VzeR, (2.30)
and -
Y Gealita)=1,VzeR, (2.31)
O
It follows

Theorem 2.2. It holds
| Gt =1 =045 2.8

Proof. We observe that

s 00 J+1 00 1
/ Gq,,\(x)dz:.Z/ Goa (@) dr= Y /0 Gor(@+j)de  (2.33)

— 00

So that G, is a density function on R; A,¢ > 0, A > 1.
We need the following result

Theorem 2.3. Let 0 < o < 1, and n € N with n'=® > 2. Then

oo

1 1 (i
Z Gq7>\(na:—k)<max{q,}A>\(nl_a2)_7A ( )’

q
k=—o0
{ Dnx — k| >ntme

where g, A\ >0, A > 1; v := max{q,%}.

(2.34)
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Proof. Let x > 1. That is 0 <z — 1 < x + 1. Applying the mean value theorem we
obtain

1
Gon (@) = 5 (g (2 +1) = g (2 — 1))
1 A
=20 () =g\(Ind) — 2.35
52 ¢4 () = aA( )(1+qA*)‘5)2 (2.35)
where 0 <z —-1<é<ax+1.
Notice that
Gar () <gA(InA) A < gA(InA) ANV v g > 1, (2.36)
Thus, we observe that
o0
> Gy (Inz — k)
k= —o0
Dnx — k| >nte
< gA(InA) Z AAMnz=k=1) < o) (In A)/ AAE D gy
k= —o0o nl-o—1
s na — k| > ntm
(2.37)
[} (y=A2) S
=g\ (In A)/ A™Md(2) Y=Y ¢ (In A)/ A7Ydy
nl—a_9 nl-a_2
~Co [T cmaanay o[ aa) o (ai)
nl-a—2 nl-®—2
— AN Az T2 (et —2) q
G )—q(“‘ S )‘qA " - e
We have proved that
Z g (Inz — k) < Pmia gy (2.38)
k= —o0
:nw — k| > nlme
forn'=® >2 neN; \,g>0, 4> 1.
If (nx — k) > 0, then
3 Gor(nz —k) < ——L (2.39)
a, AM(nio—2)" :

k= —o0
s nx — k| > ntme
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Similarly, it holds

o0

1
Z Gé)\ (|nl’ — k|) < W, )\,q > 0, A > 1. (240)

k= —o0
:nw — k| > ntme

Assume now that nx — k < 0, then

> Gy (nz — k) & 3 G1x (= (n —K))
k= —o0 k=—o0
tna — k| > ntme s nx — k| > ntme
Aq>0,A>1 (2.41)

< AN 2)
Therefore, it holds (by (2.39), (2.41))

- 1 1
Z Gy (nz — k) < max {q, q} i) (2.42)
k=—00
s nx — k| > ntme
where g, A > 0, A > 1.
The claim is proved. O

Let [-] the ceiling of the number, and |-] the integral part of the number.

Theorem 2.4. Let z € [a,b] C R and n € N so that [na] < [nb|. For ¢ >0, A > 0,
A > 1, we consider the number A\q > 2o > 0 with Ggx (20) = Ggx (0) and Ay > 1.
Then

1 1 1
< maz ) =K (q). (2.43)
[nb] G (A

ST Gy (nz — k) a2 (%) G (A)

k=[na]

Proof. By Theorem 2.1 we have

Y Guale—i)=1,VzeR VAqg>0 A>1,

i=—00

and by (2.30), we have that

> Geali—a2)=1,VzeR, VAqg>0A>1 (2.44)

1=—00

Therefore we get

> Gallz—il)=1,VzeR, VAqg>0 A> L (2.45)

1=—00
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Hence

00 [nb]
L= Y Gea(nz—k))> Y Goa(lnz —k|) > Gy (Inz — ko) ,

k=—0c0 k=[na]

V ko € [[na], [nb]]NZ.

We can choose kg € [[na], |nb]] NZ, such that |nz — ko| < 1.

Notice that |nx — ko| could be § lOgTAq. If 0 < |nx—ko| < logT“q

(2.46)

, by down

concavity of G4 » over R, we can choose z € [logTAq, +00) such that G, » (Jnx — ko|) =

Gy (2). If |nz — kol > logTAq we just set z := |nxz — ko|. Next, we can choose large
enough A\, > 1, and such that A\; > zp > 0 where G\ (20) = Gg,x (0). Clearly, it is

2 < 2p < Aq.
log, g

Since Gy, is decreasing over [=524, +00) we get that

G (I —kol) = Ggx (Ag) -

Consequently,
[nd]
Z Gy (Inz — k) > Gga (Ag)
k=[na]
and
1 < 1
nb ’
k_%] Gonllna—ip >

VA qg>0A>1.
If ne — k > 0, by (2.47), we get

1 1

Tb] <G o) VAqg>0 A>1.
S Gea(nz—k) M
k=[na]
We have also that
1 1
o] < , VA, qg>0; A>1.
S Giy(na—k)  Gia (1)

k=[na]

Let now nz — k < 0, then

1 2.7) 1 (2é9) 1
[nb] ~ |nb) )
¥ G- 5 o cmeory Gaa(h)
k=[na] k=[na] *

VAqg>0A>1.

(2.47)

(2.48)

(2.49)

(2.50)



g-Deformed and A-parametrized A-generalized logistic function

Consequently, it holds

1 1 1

< max

0] M) ’
S Gy (na — k) (G (3y)
k=[na]

VA qg>0A>1.
The claim is proved.

‘We make

Remark 2.5. (i) We also notice for ¢ > 1 that

[nb] [nal—

= > Gea(nb—k) Z Gy (nb—k) + f: Gy (nb—

k=[na] k=—o00 k=|nb]+1

> Gga(nb—|nb] —1)
(call e :=nb— |nb],0<e < 1)

=Ga(e=1)=Ga(-(1-¢)=G1 (1 -¢)

(0<;<1 and0<1l-e<1)
(G%)\ is decreasing on [0, 4+00)).

>G1,(1)>0.

1,
Therefore
[nb]
i - - > : .
dim (1 kzr:quMnb k)| >0, ¢>1,A>0; A>1

(ii) Let now 0 < ¢ < 1, then we work as in (i), and we have

[nb]
> Gar(mb—k)> G, (1—¢)

k=[na]

(e:=nb—|nbl,0<e<1).

Thatlsf>1andchoose)\ 0<1—6<1<)\ Where)\> —4e —

First assume that 1 —¢ € [flogTAq, +00). Hence
Gl)\ (1 —5) > Gl)\ (X) > O,

by G; . being decreasing on [_M Foo).

If 0<l—e<— logA 4 then we use the concavity-bell shape of Gy .

997

(2.51)

k)

(2.52)

(2.53)

(2.54)

log, g

(2.55)
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So, there exists z. € (—logTAq,—#oo) such that G%,/\ (1—-¢) = G%,,\ (2e). We
also consider zg € (fl%TAq,Jroo) such that G%J\ (20) = G%J\ (0). Clearly it holds
flogTAq < 2ze < 79 and we choose X : zg < . Therefore, it holds

Gy (1—¢)= Gy 0) > Gy (A) >0,

by G1 \ being decreasing on [-18a 1 o).
Again it holds

Lnb)
i — — <
lim (1 k;]Gq,A(nb E)]| >0, 0<qg<1,A>0,A>1. (2.56)
=|na

(iii) Similarly, (¢ > 0)
[nb| [na]—1

1- Z Gy (na—k) = Z Gy (na—k)+ Z Gy (na—k)
k=[na] k=—o00 k=|nb]+1
> Gy (na — [nal + 1)
(call n:=[na] —na, 0<n<1) (2.57)

=Gy (1—n), etc
Acting as in (i), (ii) we derive that

[nb]

Jim {1 k;ﬁ;ﬂ Gy (na—k)| >0. (2.58)
Conclusion: (i) We have that
[nd)
ngrfwk rz ] Gy (nx — k) #1, for at least some z € [a,b], (2.59)
where A\, g > 0.

(ii) Let [a,b] C R. For large n we always have [na] < |nb]. Also a < % <b, iff
[na] < k < |nb|. In general it holds

[nb]
> Gealnz—k) <1 (2.60)
k=[na]
We make
Remark 2.6. We introduce
N
Zan (@1, an) = Zg (@) = [[ Gaa (23), 2= (21,...,2n) €RY, (261
=1

Ag>0,A>1 NeN.
It has the properties:
(i) Zya(z) >0, V2 e RN,
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(i)
Z Z))\(.’L‘—k)lz Z Z Z Zq’,\(ajl—kl,...,xN—k:N):L

k=—o00 k1=—00 ko=—00 kn=—o0
(2.62)
where k := (k1,...,kn) €ZN,V 2 € RV,
hence
(iii)
> Zya(nz—k) =1, (2.63)
k=—o0
VzeRN; neN,
and
(iv)
/ Zga(x)de =1, (2.64)
RN
that is Z, is a multivariate density function.
Here denote ||z|| = max {|z1],...,|zn|}, z € R, also set oo := (o0, ..., 0),
—00 := (—00,...,—00) upon the multivariate context, and
[na“ = ([naﬂ PR [naN]) )
(2.65)
Lnbj = (LanJ PR LnbNJ) )
where a := (a1,...,an), b:= (b1,...,bn).
We obviously see that
[nb] [nb] N
Z Zgx(nx—k) = Z (H Gy (nx; — kl)>
k=[na] k=[na] \i=1
[nb1] [nbn] N N [nb;]
= Z Z (HGQ’/\ (na:z —k‘i)> = H Z Gq’/\ (na?i —k‘i)
ki=[na1] kn=[nan] \i=1 i=1 \k;=[na;]
(2.66)
For 0 < 8* <1 and n € N, a fixed z € R, we have that
[nb]
Z Zgx (nx —k)
k=[na]
[nb] [nb]

— > Zyx (nz — k) + > Zgx (nx— k). (2.67)
{ k = [na] { k= [na]

15 —2lle < 55+

1
oo>n/3*

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition ||% — :UHOo > n% implies that there exists at least one % — xT’ > n%,
where r € {1,...,N}.
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(v) By Theorem 2.3 and as in [10], pp. 379-380, we derive that

[nb] _)\(n175*72)
> Zgx (nz — k) <~7A , 0< B <1, (2.68)

k = [na]
1w =l > 55
withn e N:n!=F" > 2 z ¢ Hf\;l [a;, b;] .
(vi) By Theorem 2.4 we get that

N
0< Z;Eanmﬂ k) < (K ()", (2.69)

Vaze (Hf\il [ai,biD, n € N.
It is also clear that

(vii)

o0

S Zyn(na — k) < yA (777 (2.70)

L s

0<pB*<1l,neN:n'F >2 zecRN.
Furthermore it holds

[nb)
lim > Zga(nz—k)#1, (2.71)
k=[na]

for at least some z € (Hf\il [ai,bi]) .
Here (X, ||||A/) is a Banach space.

Let feC (Hfil (@i, by ,X) , o= (x1,...,ZN) € vazl [ai,b;], n € N such that
[na;] < |nb;],i=1,...,N.
We introduce and define the following multivariate linear normalized neural net-

work operator (z := (21,...,2N) € (Hf\;l (@i, bl]))
nb
ZIE Hna] (k) Zq»)‘ (nx - k)
[nb
S o Zas (n2 — k)
[nb1] [nb2] [nbn] E N
. Zlm:l[nal] Ekzﬁﬁmz] Zk}v N(naN] (7 tr TN) (Hi:l qu)‘ (TL.’L‘l - kl))
- nb; ’
H?Ll ( IE.L-:[JnaJ GCI)\ (TLCL'Z - Z))

An (fyx1,..2n) = Ap (fyx) =

(2.72)
For large enough n € N we always obtain [na;| < [nb;],i=1,...,N.
Also a; < % < b, iff [na;] <k; < [nb;|,i=1,...,N.
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When g € C (Hz 1 lag, bz]) we define the companion operator
[nb]
A (g,) := E’f [na] g( ) Zgx (nx —k)
n 3 Z}Eanna] (nx ~ k)

Clearly ﬁn is a positive linear operator. We have that

_ N
A,(1,z)=1, Ve (H [ai,bi]> .

i=1

Notice that A, (f) € C (HZ 1 lai, by ,X) and A4, (g) € C (Hz 1 [az,bl]> .
Furthermore it holds

Lnbj Hf H Zgx(nz—k)
1A, (f, )]l < s el : — A, (I11l, ),
! Sk a1 Za (na — k) (141, )

VxEval[az, bi] .
Clearly |[fIl, € € (I, [as: 1)

So, we have that
l4n (£, 2, < A (511, )
Vo eI, fanbl, ¥ n e N,V f e C (TIY, [aibi] X ).
Let ¢ € X and g € C (T[T, [ai,bi]), then cg € C (TT, [aibi), X )

Furthermore it holds
A, (cg,z) = cAy ( VxEHaZ,

Since A, (1) = 1, we get that
A, (c)=¢, VceX.
We call ﬁn the companion operator of A,,.

For convenience we call
[nd]

A (fa)= > f( ) x(nx — k)

k=[na]

[nb1] [nb2 ] [nbn | ey
— Z Z Z f< ><HG“ n; — i)>,

ki=[nai] ka=[naz] kn=[nan]
Ve (Hl 1[al,b]>.
That is A (f )
* ,x
A, (fa l‘) = [nb]

> kena] Za.x (N — k)

601

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)
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Ve (Hfil [ai,bi}), n € N.

Hence

A5, (£,2) = £ (@) (SN oy Zoo (nz = )

Ay (f,x) — = 2.80
(f.0) ~ (&) ANy (2.80)
Consequently we derive
(2.69) N Lnb)
A0 (f2) = F @), < (K@) A5 (fre) = f(x) Y, Zea(nz—k)||
k=[na]
AY(2.81)

Ve (Hl 1 [““bl}) .
We will estimate the right hand side of (2.81).

For the last and others we need
Definition 2.7. ([11], p. 274) Let M be a convex and compact subset of (RN, H'||p),
p € [1,00], and (X, H||7) be a Banach space. Let f € C' (M, X). We define the first

modulus of continuity of f as

wi (f,0) := sup If (@)= f W), 0<d<diam(M). (2.82)
z,y € M :
lz—yll, <6

If 6 > diam (M), then
w1 (f,9) = w1 (f,diam (M)) . (2.83)

Notice wy (f,d) is increasing in § > 0. For f € Cp(M,X) (continuous and
bounded functions) wy (f,d) is defined similarly.
Lemma 2.8. ([11], p. 274) We have wy (f,6) = 0 as 6 1 0, iff f € C(M,X), where

M is a conver compact subset of (RN, H~||p), p € [1,00].

Clearly we have also: f € Cy (RY,X) (uniformly continuous functions), iff
wi (f,6) = 0 as § | 0, where wy is defined similarly to (2.82). The space C (RY, X)
denotes the continuous and bounded functions on R¥.

N
Let now f € C™ (H [ai,bi]), m, N € N. Here f, denotes a partial derivative

i=1
N

of f, a = (a1,...,an), s € Zy,i=1,...,N, and |a] := >  a; = [, where | =
i=1

0,1,...,m. We write also f, := g;,{ and we say it is of order [.

We denote
Witm (fash) = I‘nzlxi( w1 (fa, h) . (2.84)
Call also

I falloem = max {[lfalloc} (2.85)
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where |[|-||  is the supremum norm.

When f € Cp (RN,X) we define,
B, (f,x) := B, (f,21,...,2N) := Z ! (S) Zyx(nx —k)

N
Z Z Z f<k1 k2 kN) <HGq7,\ (nxi—ki)>, (2.86)

kl_—oo k‘g — 00 kN — 00
neN,VzeRY, N eN, the multivariate quasi-interpolation neural network opera-

tor.
Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural

network operator

Co (f,2) = Co (frn,vay) = 3 (nN/knf(t)dt> Zor (nx — k)

n

k=—o00
o 0o 1+1 ko+1 ky+1
> Z (nN/ /k o f(tl,...,tN)dtl...dtN>
2 EN

o0
=— kg —0o0

(2.87)

N
(HG (nx; — Z)) ,
=1

neN, VzeRN.
Again for f € Cp (RN X ) , N € N, we define the multivariate neural network

operator of quadrature type D, (f,z), n € N, as follows
On) € NV r = (ry,...,7n) € Zf, Wy = Wy, py,..ry > 0, such

Let 6 = (91,...7
(4 [P
that S w, = Y > ... > Wy pgon =1; k€ ZYN and
r=0 r1=0ro.=0 rny=0
Sk (f) 3= O ke oo o Zwrf ( )
91 92
k1 7“1 ka 1o kn N
_ZZ Zwr1T2 TNf< n+n€7’n+n€>7 (288)
r1=07r2=0 ry=0 2 N
where § := (%’%""’%)'
We set
(f,x) =Dy (fyx1,...,xN Z Onk () Zgx (na — k) (2.89)
k=—oc0
o) e} e} N
Z Z Z Onker kz,n ko () (H Gy (na; — k’z)> ,
i=1

k1=—00 ko=—00 kn=—00

vV x e RV,
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In this article we study the approximation properties of A,,, By, Cy, D, neural
network operators and as well of their iterates, that is acting with multilayer neural
networks. Thus the quantitative pointwise and uniform convergence of these operators
to the unit operator I.

3. Multivariate general Neural Network Approximations

Here we present several vectorial neural network approximations to Banach space
valued functions given with rates.
We give

Theorem 3.1. Let [ € C<H1 1[al,b],X), 0<p*<1,¢gA>0 A>1 2 ¢€
(Hf\;l [ai,bi]) , Nyn € N with n*=%" > 2. Then
1)
| An (f,x) - f(x)ll7
<@ for (5.5 ) #2007 ig | = s
and
2)
140 () =71, <2 (3.2)

|
We notice that lim A, (f) ”—‘ f, pointwise and uniformly.
n—oo

Above wy is with respect to p = oco.

Proof. We observe that

[nb]
A(z) = A, (f,2) = f(2) Y Zgx(nz—k)
k=[na]
[nb] i [nb]
= Z f(n>Zq)‘ nr—k Z (@) Zgn (nz — k)
k=[na] k=[na]
[nd] k
- > (r(%) —f(x)) NG (33)
k=[na]
Thus
[nb] L
@l < X |7(2)-1@| zZito-n
k=[na] v
[nd] k
= Z Hf (n) — f(@)|| Zga(nz—k)

1
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Lnb]

k
o2 r(G)-r@)| znee-n
{ k= [n 1 !
15 =2l > 7=
[nb]|
(2.63) 1
Sa(fo) i), X Zwe-n
k = [na)
1% - wH > o=
(2.68)
Lo (1) #2207 g (3.4)
So that
B@I, <o (e ) + 2047077 s | (35)
Now using (2.81) we finish the proof. O

When X = R, next we discuss the high order of approximation.

N
Theorem 3.2. Let f € C™ (H [ai,bi]), 0<pB*<1l,n,mNEN,n# >3 A>1,

=1

N
A>0,¢>0,2¢€ (H [a“bi]). Then

i=1

<H — ) ) (3.6)
i=1\ lal=j Hal i=1

N ™ max ”b - a”m ||f0¢Hmax A(nt—8"-2
<(K(q)) {le,m (fcm n5*>+< - 2vA ( i

A (f,2) = £ (@)] < (5 (g)" (3.7)

m N _g* o
[ 5 [} [+ (- )]

=1

N7 1 b _ m max B nl—ﬁ*—z
+.me?(h7m)+C el 155, )MA% %_
m:mn ’ n m:

|4 -] <@ (3:8)
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Sl Do LA lnﬁl*ﬁ(H(bi_ai)ai),yAA(Mw)}

=t \lal=i \ JJa! i=1
=1

N™ max Hb_a” HfOé”maX nNm™ A(nt-B"-2
+W 1,m <f0/a 5*> < m 2")/A ( ) .

N
iv) Assume fo (x0) =0, foralla:|a|=1,...,m; z¢ € (H [a;, 1]> Then

A (£,0) = f (w0) (3.9)

m b— o max Nm _a(pt-8"-2
S(K(Q))N{mfZW Lm (fm ) <” e |7|;:! [ )2%4 A(nt" )},

notice in the last the extremely high rate of convergence at n=? (m+1),

Proof. As similar to [10], pp. 389-391, is omitted. O

We continue with

Theorem 3.3. Let f € Cp (RV,X), 0< B* <1,z €RY, ¢>0,A>0 4>1,
N,n e N withn'=#" > 2, wy is for p=co. Then

1)
1B (f.) = £ @, < n (£ ) 42047 s = v @10)

2)
HHBn (f)—fIIWHO<> < A (n). (3.11)
Given that f € (C’U (RN, X) NCp (RN,X)), we obtain li_)m B, (f) = f, uniformly.

Proof. We have that

By() = £@) 2 Y £(%) Zuntnr =0~ £@0) 30 Zuatua =) (12)

R =
- k_fjoo <f (fj) — <z>> Zgr (na — ).
Hence
1B. (f2) — f (@), < ki@ () -r@ Zun (=)
- 2 r(E)-re| zewn

{ k=—oc0 v
1% ==l <o
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> k
L 7 —k
o2 r(3)-r@)| znee-n
k= —o0 K
15 -2l > 7=
(2.63) 1 ©
Sa(foe )L, X Zue-s
k= —o0
1% =2l > o=
(2.70) 1 _2(nt-8"—2
< (£ ) 20 (3.13)
proving the claim. 0

We give

Theorem 3.4. Let f € CB(]RN,X), 0<p*<l,zeRY ¢g>0 A>0 A4>1,
N,n € N with n*=#" > 2, wy is for p=co. Then

1)
1 (0 = 7 @, < (£ 2+ ) +20a 0 g | =,
(3.14)
2)
[=AGENN EPHOE (3.15)

Given that f € (C’U (RN,X) NCg (RN,X)) , we obtain ILm Cn (f) = f, uniformly.

Proof. We notice that

LESY kp41 kat1 Ey+1
/f(t)dt:/ ’ / ' / C ft e, tN) didts . dty
k1 ka kN

k
w o[ w k k k w k
:// / f(t1+1,t2+2,...,tN+N>dt1...dtN/ f<t+>dt.
0 0 0 n n n 0 n

(3.16)
Thus it holds (by (2.87))
C,(f,z) = k;m (nN/O f <t + n) dt> Zgx(nx—k). (3.17)
We observe that
|Cn (f,2) — [ (2)]l,,
— k;oo <nN /0; f (t + z) dt> Zgx (nz —k) — k;mf (7) Zgx (nx — k)

k=—o00

i ((W/jf(ﬁfl) dt) —f(x)) Zyx (nz — k)
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<f <t+ fl) - f(a:)) dt) Zgx (na — k)

f(t+fl>f(x)

f(t+z> - f(x)
+ i <nN/O7IL f<t+z)f(x)

S R O Y (A L T P

{ k=—o0
[

oo — nB*

(3.18)

dt) Zgx (nx —k)
v

dt) Zgx (nx — k)
v

dt) Zyx (nz — k)
,

271, _ > Za (Inz — k)

k=—00
15 2l > 7=
LY b i |
<wi (f,n+nﬂ*>+2m4 ||f||7 o (3.19)
proving the claim. O

We also present

Theorem 3.5. Let f € CB(RN,X), 0<pB <lL,zeRN, ¢g>0,A>0A4>1,
N,n € N with n* =% > 2, wy is for p= co. Then

1)
I1Da (F2) = £ @Iy < (134 7 ) + 204707 gL | =,
(3.20)
9
[1Dn (5= 11| < 2. (3:21)

Given that f € (C’U (RN, X) NCp (RN,X)) , we obtain li_>m D, (f) = f, uniformly.

Proof. Similar to the proof of Theorem 3.4, as such is omitted. O
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Definition 3.6. Let f € Cpp (RV,X), N €N, >0, A >0, A > 1, where (X, H-||7) is
a Banach space. We define the general neural network operator

Z Lok (f A (ne—k) =

k=—o00
Co (fiz), if b (f) =0 [ f(1)dt, (3.22)

Clearly I,k (f) is an X-valued bounded linear functional such that

e (DI, < (171,

Hence F), (f) is a bounded linear operator with H IE. (f)
We need

Theorem 3.7. Let f € Cp (RN, X), N >1, X\,q >0, A> 1. Then
F,(f) € Cp (RN, X).

< s

I

Proof. Tt is very lengthy and very similar to [13], pp. 167-171. As such is omitted. O

Remark 3.8. By (2.72) it is obvious that ||||A, (f < \If < oo, and
R oo v o0

N
A, (f)eC (H [a;, Z],X), given that f € C (H [ai,bi],X>
i=1
Call L,, any of the operators A,,, By, Cy, D,,.
Clearly then

22 || = 1 o0 < 020 o] <[iem]_ 329)

etc.
Therefore we get

Nzt ol | < i veen (3:21)

the contraction property.
Also we see that

Jizs @l < e ol s < iz < i)l 29
Here L% are bounded linear operators.
Notation 3.9. Here ¢ > 0, A >0, A>1, N € N, 0 < 8* < 1. Denote by

_ [ (K@), if L, = A4,, )
oN “{ 1, if L, = By, Chy, Dy, (8.26)

1
_J = 1f L,=A,, B,,
p(n):= { 7 L, oD, (3.27)
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0. C’(H[al, i, ) if L, = Ay,

2 (3.28)
Cp (RN, X), if L, = By, Cy, Dy,
and
N .
y = [LLlenbd i Ln =4, (3.29)

=1
RN, if L, = B,,C,, D,,.
We give the following combined result.

Theorem 3.10. Let f € Q,0<f* <1, 2€Y;¢>0,A>0,A>1,n, N€N with
n'=F" > 2. Then

)
I (7.0 = @I, < ox [on (o )+ 2040 i | = o,

(3.30)
where wy 1s for p = oo,
z and
(i)

HHLn( — 1l H <7(n)—0, as n — . (3.31)

For f uniformly continuous and in 2 we obtain
Jim Ly, (f) = f,

pointwise and uniformly.
Proof. By Theorems 3.1, 3.3, 3.4, 3.5. 0

Next we talk about iterated multilayer neural network approximation (see also

[9])-
We give

Theorem 3.11. All here as in Theorem 3.10 and r € N, 7(n) as in (5.30). Then
lzns = 1L|| < e ). (3:32)
So that the speed of convergence to the unit operator of L, is not worse than of L.
Proof. As similar to [13], pp. 172-173, is omitted. O
We also present the more general

Theorem 3.12. Let f€Q; ¢ >0, A>0, A>1, N, mi,ma,...,m, €E N:m3 <mso <

.<m,, 0 < B* < 1 mfﬁ* >2i=1,...,r,xz €Y, and let (Lyp,,...,Lm,) as
(Amys-- s Am,) or (Bmys---y,Bm,.) or (Cmyy.oo,Cm) o1 (Dpyy..o s D), 0 = 00.
Then

[ Lo, (Lo, o (- Ly (L, ) (@) = f (@),
< HHLW (Lonry (- Lony (Ln ) *f”va
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i=1
S CN i |:W1 (f790(m’b)) + 2’}/14'_)\(7&7‘3*72) H||f|’yHoo:|
i=1

< rex [on (om0} + 2020 g |- (3.33)

Clearly, we notice that the speed of convergence to the unit operator of the multiply
iterated operator is not worse than the speed of Ly, .

Proof. As similar to [13], pp. 173-175, is omitted. O
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