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Certain theorems involving differential
superordination and sandwich-type results

Hardeep Kaur, Richa Brar and Sukhwinder Singh Billing

Abstract. To obtain the main result of the present paper, we use the technique
of differential superordination. As special cases of our main result, we obtain
sufficient conditions for f € A to be ¢—like, parabolic ¢—like, starlike, parabolic
starlike, close-to-convex and uniform close-to-convex. We also obtain sandwich-
type results regarding these functions. For demonstration of the results, we have
plotted the images of open unit disk under certain functions using Mathematica
7.0.

Mathematics Subject Classification (2010): 30C80, 30C45.

Keywords: Analytic function, differential superordination, ¢—like function, star-
like function, close-to-convex function.

1. Introduction

Let H denote the class of analytic functions in the unit disk E = {z € C : |2| < 1}.
For a € C and n € N, let H[a, n] be the subclass of H consisting of the functions of
the form

f(2) =a+anz" +an12" ™ 4.
Let A be the class of functions f, analytic in the unit disk E and normalized by the
conditions f(0) = f'(0) — 1 =0.
Let S denote the class of all analytic univalent functions f defined in the open unit
disk E which are normalized by the conditions f(0) = f/(0) —1 = 0. The Taylor series
expansion of any function f € S is

f(2) =24 a9z +az2® + ...
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Let the functions f and g be analytic in E. We say that f is subordinate to g written
as f < g in E, if there exists a Schwarz function ¢ in E (i.e. ¢ is regular in |z| < 1,
¢(0) =0 and |¢(2)| < |2| < 1) such that

f(2) = 9((2)), |2 < L.

Let ® : C> x E — C be an analytic function, p an analytic function in E with
(p(2),2p'(2);2) € C? x E for all z € E and h be univalent in E. Then the function p
is said to satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(z), (p(0),0;0) = h(0). (1.1)

A univalent function ¢ is called dominant of the differential subordination (1.1) if
p(0) = ¢(0) and p < ¢ for all p satisfying (1.1). A dominant ¢ that satisfies ¢ < ¢ for
all dominants ¢ of (1.1), is said to be the best dominant of (1.1). The best dominant
is unique up to the rotation of E.

Let ¥ : C2 x E — C be an analytic and univalent function in domain C? x E, h be
analytic function in E, p be analytic and univalent in E with (p(2), 2p'(2);2) € C2 xE
for all z € E. Then p is called the solution of the first order differential superordination
if

h(z) < ¥ (p(2), 2p'(2); 2), h(0) = ¥(p(0), 0;0). (1.2)
An analytic function ¢ is called a subordinant of the differential superordination
(1.2) if ¢ < p for all p satisfying (1.2). A univalent subordinant ¢ that satisfies ¢ < ¢
for all subordinants ¢ of (1.2), is said to be the best subordinant of (1.2). The best
subordinant is unique up to the rotation of E.

A function f € A is said to be starlike in the open unit disk E, if it is univalent in E
and f(E) is a starlike domain. The well known condition for the members of class A

to be starlike is that
/
éR(Zf (Z)> >0, zc E.

f(z)
Let &* denote the subclass of S consisting of all univalent starlike functions with
respect to the origin.
A function f € A is said to be close-to-convex in E, if there exists a starlike function
g (not necessarily normalized) such that

!/
§R(Zf (Z)> >0, z€E.
9(2)

In addition, if g is normalized by the conditions ¢g(0) = 0 = ¢’(0) — 1, then the class
of close-to-convex functions is denoted by C.
A function f € A is called parabolic starlike in E, if

R <Zf’(2)> _|21)

f(2) f(z)

-1

, 2 €E, (1.3)
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and the class of such functions is denoted by Sp.
A function f € A is said to be uniformly close-to-convex in E, if

! !
R(L2) o[£
9(2) 9(2)
for some g € Sp. Let UCC denote the class of all such functions. Note that the
function g(z) = z € Sp. Therefore, for g(z) = z, condition (1.4) becomes:
R(f'(2)) > 1f'(z) -1, z €E. (1.5)

Ronning [11] and Ma and Minda [6] studied the domain € and the function ¢(z)
defined below:

1|, z € E, (1.4)

Q:{u+iv:u> (u—1)2+v2}.

)

maps the unit disk E onto the domain Q. Hence the conditions (1.3) and (1.5) are,
respectively, equivalent to

Clearly the function

2f'(z)
f(2)

<q(z), z€E,

and

f'(z) < q(2).
Let ¢ be analytic in a domain containing f(E), ¢(0) = 0 and R(¢'(0)) > 0. Then,
the function f € A is said to be ¢— like in E, if

8?<¢<j;<(>)>> 70 zek

This concept was introduced by Brickman [2]. He proved that an analytic function
f € A is univalent if and only if f is ¢— like for some analytic function ¢. Later,
Ruscheweyh [12] investigated the following general class of ¢—like functions:

Let ¢ be analytic in a domain containing f(E), where ¢(0) = 0, ¢’(0) = 1 and
¢(w) # 0 for some w € f(E)\{0}, then the function f € A is called ¢p—like with
respect to a univalent function ¢, ¢(0) =1, if

2f'(2)

E.
a(ray |1 2E
A function f € A is said to be parabolic ¢— like in E, if
e AN | |
() = [ ) =< (19

Equivalently, condition (1.6) can be written as:

i <=2 (m(15))
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In 2005, Ravichandran et al. [10] proved the following result for ¢-like functions:
Let o # 0 be a complex number and ¢(z) be a convex univalent function in E.
Suppose h(z) = ag®(z) + (1 — a)q(z) + azq'(z) and

m{lao‘ﬂq(zH <1+ Z(;’,/;ij))} >0, z € E.

If f € A satisfies

s T 57 )
then

/()

Sy S EEE

and ¢(z) is best dominant. Later on, Shanmugam et al. [13] and Ibrahim [9] also
obtained the results for ¢-like functions similar to the above mentioned results of
Ravichandran [10].

In 2017, Kaur and Billing [4] investigated the following operator

I, (1 REIE) z<¢<g<z>>>’>

“o9(2)) =) 6(9(2)

to obtain ¢—likeness, starlikeness and close-to-convexity of normalized analytic func-
tions.
Later, in 2019, Adegani et al. [1] studied the operator

! 1 !/

I (1) Ly 7 )

9(2) Az g(z)

and derived criteria for close-to-convexity of normalized analytic functions.
Recently, Mohammed et al. [8] studied the geometric properties of some subfamilies
of holomorphic functions in this direction.

In this paper, we obtain the superordination theorem for the differential operator

( 2f'(2) > l G, (1 L") z<¢<g<z>>>’>r
) )

o(g(z) b(9(2) f'(2) #(9(2))

where f, g € A and 3, v be complex numbers such that 5 # 0. Also ¢ is an analytic
function in a domain containing g(E) such that ¢(0) = 0 = ¢'(0) — 1 and ¢(w) # 0
for w € g(E)\{0}, for real numbers a, b(# 0). Further, we derive sandwich-type
theorem. As consequences of our main results, we obtain sufficient conditions for
¢-like, parabolic ¢—like, starlike, parabolic starlike, close-to-convex, and uniform
close-to-convex functions.
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2. Preliminaries

We shall need the following definition and lemma to prove our main result.

Definition 2.1. ([7], Definition 2, p.817 ) Denote by Q, the set of all functions f(z)
that are analytic and injective on E \ E(f), where

E<f>={<eaE : ;g%ﬂz):oo},
and are such that f/(¢) # 0 for ¢ € OE \ E(f)

Lemma 2.2. ([3]). Let g be univalent in E and let 0 and ¢ be analytic in a domain D

containing q(E). Set Q1(z) = 2¢'(2)¢[q(2)], h(z) = 0[q(2)] + Q1(z) and suppose that
either
(i) Q1 is starlike and

(i) R ((i/((;((?) )) > 0 for all z € E.
If pe H[1, 11N Q with p(E) C D and 8[p(2)] + 20" (2)p[p(2)] is univalent in E and

0la(2)] + 24’ (2)¢ela(2)] < O[p(2)] + 2p'(2)[p(2)], z € E,
then q(z) < p(z) and q is the best subordinant.

3. A superordination theorem

Theorem 3.1. Let 8 and v be complex numbers such that 8 # 0 and a, b(£ 0) are real
numbers. Let q(z) # 0 with q(0) =1 be a univalent function in E, such that

el (e

(i3) R [b (1 + ﬂ) q(z)] > 0.
Let ¢ be analytic function in the domain contammg (E) such that $(0) = 0 = ¢'(0)—1

and ¢p(w) £ 0 for w € g(E)Z\{0}. If f, g € A, (g ((z))) € H[1, 1]NQ and
)

, B
£\ [ =) 2f"(2) 0(9(z))
() l%(g(z))*b(” & elg() )]

s univalent in E, satisfy

()" [aa) + bzﬂ?r (Y

q(z b(g(2)
, B
21'(2) 2f1(2) +(0(g(2)
lawg(z))*b(” & el )] (1)
then £02)
W)= gy 75

and q(z) is the best subordinant.
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iti = zf’(z) e superordination can be rewritten as:
Proof. On writing p(z) = 50 th p dinat (3.1) b tt :
8 2 (2))’ ) 2'(2)\”
(o) (aa) + 022 E ) <0 (ante) 40 E))

a(q(2) 7 +b(a(2)) 7 24 (2) < alp(2) 7T+ b(p(2)) 7 2w (2)

Let us define the functions # and ¢ as follows:

O(w) = aw? ! and p(w) = bw? !
Obviously, the functions 6 and ¢ are analytic in domain D = C\{0} and ¢(w) # 0
in D.
Therefore,

and
.

h(z) = 0(g(2)) + Q(2) = a(q(2))? " + b(g(2))7 "2/ (2)
On differentiating, we obtain

Q) W) (v N\ @)
o) TR +< 1)

and

Pal) ) Q) a7
o(q(z))  Q(z) Qz) b (1+ 6) q(z).

In view of the given condition (i) and (i7), we see that @ is starlike and

* (G )

Therefore, the proof, now follows from the Lemma [2.2]. O

Remark 3.2. Together with the corresponding result for differential subordination
(see Kaur et al. [5]), we get the following ”sandwich result”.

4. Sandwich-type result and its applications

Theorem 4.1. Let 8 and v be complex numbers such that 8 # 0 and a, b(# 0) are real
numbers. Let q1, g2 (q1(2) #0, g2(2) #0, z € E), be univalent functions in E, such

that
(i) R {1 L) (7 - 1) Zng((j))} >0 and

0 R[2 (12 2)ato] > 1 2
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Let ¢ be analytic function in the domain containing g(E) such that $(0) = 0 = ¢'(0)—1

2f'(2)
and ¢(w) # 0 for w € g(E)\{0}. If f, g € A, 59(2) e H[1, 1]NQ and

( zf'<z>)>” l G, (1 LA z<¢<g<z>>>’>r

¢(9(2) ¢(9(2)) f'(2) $(9(2))

s univalent in E, satisfy

@) [ag2) +32EE]

, B
)\ [ =) 2f'(2) 2(09(2)
() l >+b<1+ & el )]

2q5(2)1°
< (q2(2))" {aCD(z) +b qq;(i))] (4.1)

then
zf'(2)
?(9(2))

where q1(z) and g2(2) are the best subordinant and the best dominant respectively.

q1(2z) < < g2(z), z € E,

Remark 4.2. When we select ¢1(2) =1+ m12z, g2(2) =14+ moz; 0 < my < mg <1,
B =1,~v =0 in Theorem 4.1, we obtain:

Corollary 4.3. Let a, b(# 0) are real numbers such that % > 0. Let ¢ be analytic
function in the domain containing g(E) such that $(0) = 0= ¢'(0) — 1 and ¢(w) #0

2f'(2) :
forw e g(E)\{0}. If f, g € A, 592 € H[1, 1]NQ with

2(2) 2f"(2)  =(0(9()
%(g(z))”(” 7 ole) )

s univalent in E and satisfy

bz [ ap(2) 2f"(2)  2(6(9(2))
T miz l“qs(g(z))”(” & 6 )]

a(l+mqz) +

b
<a(l+mez)+ M2z

14+ moz
then

2f'(2)
?(9(2))

By selectinga =1, b=1, m; = %, mo = 1 in Corollary 4.3, we get

14+miz <

<14+ moz, where 0 <mj; <mg <1, z €E.
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Example 4.4. Let ¢ be analytic function in the domain containing g(E) such that

#(0) = 0 = ¢'(0) — 1 and ¢(w) # 0 for w € g(E)\{0}. If f, g € A, 2f1(z) c

¢(9(2))
H[1, 1] N Q with
2f"(2) | 2f'(2) 2(0(9(2)

YRR Taee) T b))

is univalent in E and satisfy

2249249 2f"(2) | 2f'(2)  2(8lg(2) | AP+3z+1
3249 VPR Yoy T el e+l
then
2 z2f'(2) L
1+3<¢(g(2)) <142, z€E.

By selecting ¢g(z) = f(z) in Example 4.4, we have

Example 4.5. Let ¢ be analytic function in the domain containing f(E) such that
#(0) =0 = ¢'(0) =1 and ¢p(w) # 0 for w € fE)\{0}. If f, g € A, ;(J;/((j))) €
H[1, 1] N Q with

) ) 2(6()
YR Y0 T e e)

is univalent in E and satisfy

249249 L 2f"G) | 2f(E) Z(¢(f(2))),422+32+1

3219 TR Tie) T e) 211
then
s () L.
14+ =< (f(z))<1+’ cE.

ie. fis ¢p—like.

By selecting ¢(z) = z and ¢(z) = f(z) in Example 4.4, we get

!/ 1
Example 4.6. If f € A, 2f'2) € H[L, 1]NQ with 1+ Zf, (2) is univalent in E and
f(2) f'(z)
satisfies
22+92+9 2f"(z)  22+32+1
<1+
3249 f'(2) z+1
then
=z 2f'(2)
14+-=< <142, z€E,
3 f(z)

and hence f(z) is starlike.

By selecting ¢(z) = g(z) = z in Example 4.4, we have
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z N(Z)
f'(z)
zf"(2) - 22 +3z+1
EENES

is univalent in E

Example 4.7. If f € A, f'(z) € H[1, 1] NQ, with f'(z) +
and satisfy
22+92+9
3z+9

< f'(z) +
then
1—&-% < f'(z2)<1+2z z€E,
and hence f(z) is close-to-convex.
For illustration, in Figure 4.1, we plot the images of unit disk [E under the functions

2249249 q (2) 224+32+41
—— an =
32+ 9 w2z 21

In Figure 4.2, the images of unit disk E under the functions

wy(z) =

z
q(z) =1+ 3 and g2(2) =142
are given. In the light of Example 4.4, when the differential operator

) A5 Hole()
MR T T e)

2f'(2)
. . . R 0(9(2))
values in the light shaded region as given in Figure 4.2. Consequently, in view of
Example 4.5, Example 4.6, Example 4.7, f(z) is ¢ — like, starlike and close-to-convex
respectively.

takes values in the light shaded portion as shown in Figure 4.1, then takes

4 15

10

05

0.0

—05F

-10r

_15 I I I I I
3 -10 -05 0.0 0.5 10 15 20 25

Figure 4.1 Figure 4.2

Remark 4.8. When we select

51 52
142 142
ql(z)(l—z) ,QQ(Z)(l_Z> ; 0<01<d<1, B=1,7v=0

in Theorem 4.1, we obtain the following result:
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Corollary 4.9. For real numbers a, b(#£ 0) with same sign. Let ¢ be analytic function
in the domain containing g(E) such that ¢$(0) = 0 = ¢'(0) — 1 and ¢p(w) # 0 for

2f'(2)
w € g(EN\{0}. If f, g € A, 502 € H[1, 1]NQ with

2f'(2) 2f"(2)  2(¢(9(2)))
Sl (1 TP ) )
18 univalent in E and satisfy

(LEE\T (20 2f() 2f"(2)  2(s(9(2)))
(122) +(725) - ¢<g<z>>+”(” & el )

- 14z 52+ 20552
12 1—22)7

51 / 02
(75) <55+ (5) w<n<nzi:ce

Selecting 41 = 0.3, 6o =1 and a =1, b =1 in Corollary 4.9, we have:

then

Example 4.10. Let ¢ be analytic function in the domain containing g(E) such that
!/

#(0) =0 = ¢'(0) — 1 and ¢p(w) # 0 for w € g(E)\{0}. If f, g € A, ;(J;((j))) €

H[1, 1] N Q with

2f"(2)

(2))
YRR T T )

is univalent in E and satisfy
() (#5) w5 (78 - )
(i) (=)

G+) ) ;&;)) ) (T) Pek

By selecting ¢g(z) = f(z) in Example 4.10, we get

then

Example 4.11. Let ¢ be analytic function in the domain containing f(E) such that
$(0) =0 = ¢'(0) — 1 and ¢p(w) # 0 for w € fE)\{0}. If f, g € A, qj({cf((j))) €
H[1, 1] N Q with

2f"(z) | 2f'(2) 2(o(f(2)))

YR Y0 T ee)
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is univalent in E and satisfy

142\ [ 06z 2f'(2) 2f"(2)  2(8(f(2)
<1—z) +(1—22)<¢(f(2))+ YRR T o)

(79 (%),
()" <8< (12)s e

By selecting ¢(z) = z and g(z) = f(z) in Example 4.10, we obtain

2f'(2) 2f"(2)
f(2) f'(z)

(79 +(25) < (+F5) < () (F5),
(B2 < (1) e

By selecting ¢(z) = g(z) = z in Example 4.10, we have

then

ie. fis ¢—like.

Example 4.12. If f € A, is univalent in E and

€ H[1, 1]NQ with 1+

satisfies

then

ie. f is starlike.

P //(z)

f'(z)

is univalent in E

Example 4.13. If f € A, f'(2) € H[1, 1]NQ, with f'(z) +

and satisfy

(29" () - 3129+ (25).

0.3
<1-_Fz) < f'(z) < (1ti), z € E.

i.e. f is close-to-convex.

then

Using Mathematica 7.0, we plot the images of unit disk E under the functions

0.3
142 0.6z 1+2 2z
wg(z)_<1z> Tl = o

which are given by Figure 4.3 and the images of unit disk E under the functions

0.3
1+2 1+2z
q1(z) = (1—2) and ¢2(z) = T
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which are shown in Figure 4.4. It follows from Example 4.10 that the differential ope-
2f'(2)
¢(9(2))

operator

rator takes values in the light shaded region of Figure 4.4 when the differential

2'(2) +<l+zf%@__4¢wwnf>
?(9(2)) f'(2) ¢(9(2))

takes values in the light shaded region of Figure 4.3. Therefore, from Example 4.11,
Example 4.12, Example 4.13, we can say that f(z) is ¢ — like, starlike and close-to-
convex respectively.

10 4

~10 L L ~ 1 1 1 I I
-10 -1 0 1 2 3 4 5 6

Figure 4.3 Figure 4.4

1
1+Z, B8 =1, v =0 in Theorem
—z

Remark 4.14. When we select q1(2) = e*/2, q2(2) =
4.1, we get the following result:

Corollary 4.15. For real numbers a, b(# 0) of same sign. Let ¢ be analytic function
in the domain containing g(E) such that ¢$(0) = 0 = ¢'(0) — 1 and ¢p(w) # 0 for

we g(EN0}. If f, g € A, Z(f/(z)) € H[1, 1]NQ with
(2) 2f"(2)  2(¢(g(2))
B) +b<1* ol9(2)) )

18 univalent in E and satzsfy

w2 02 zfu>+b<l+aww>_zw@@»f>

T %) Fi) oe(2)

- 14z L 2bz
“N\1=2 1—22)°

2/ {;(‘];(())){11‘2 0<d6<1, z€E.

Selecting @ = 1 and b = 1 in Corollary 4.15, we obtain:

then
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Example 4.16. Let ¢ be analytic function in the domain containing g(E) such that
!
H(0) = 0 = ¢/(0) — 1 and G(w) # 0 for w € gEN{O}. I f, g € A, L)

olo(2)) ©
H[1, 1]NQ with 1 + ) + 2f'(z) _ 2(6(9(2)) is univalent in E and satisfies

7 o) T )
gz 2 A <1+ () 2(ol9(2) ) PEES RS

0
2 9(9(2)) f'(z) #(9(2)) 1—22 7
then )
2 < 21z -<1+Z 0<d<1, z€E.

gz “1-

By selecting ¢g(z) = f(z) in Example 4.16, we get

Example 4.17. Let ¢ be analytic function in the domain containing f(E) such that
?(0) =0 = ¢'(0) =1 and ¢p(w) # 0 for w € fFE)\{0}. If f, g € A, 21(2) €

| e)
') 2 26UE)

+ is univalent in E and satisfy

i) elf(2)  o(f(2))
gz 2 2R <1+ 2f'(2) z(qﬁ((f(z)))/) LAtz

H[1, 1]NQ with 1+

2 o(f(2)) £(2) () 1—22

then

/
1
22 4 21 () <1+—Z,0§6<1,zeE.
z

ie. fis ¢—like.
By selecting ¢(z) = z and g(z) = f(z) in Example 4.16, we have

/ 1
Example 4.18. If f € A, fo <(§) € H[1, 1]NQ with 1+ ZJ{, ((’3) is univalent in E and
z z
satisfies )
"
22, 2 1 zf"(z) 22 4+4z+1
e +2<(+f’(z) < T2
then ()
22 21z 1+z2 E
< f(z) 12 z € It

i.e. f is starlike.

By selecting ¢(z) = g(z) = z in Example 4.10, we obtain

is univalent in E

Example 4.19. If f € A, f'(z) € H[1, 1]NQ, with f/(z) +
and satisfy

2f"(2) 22 +4z+1

z/ z 1
€ 2+2<f(z) 7(2) = 1_ 2
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then

Z/2 ! ]E
e -<f(z)-<1_z,z€ .

i.e. f is close-to-convex.

For demonstration, we plot the images of unit disk E under the functions

244241
ws(z) = e*/? + g and wg(2) = %,

which are shown by Figure 4.5. In Figure 4.6, the images of unit disk E under the

functions

1
q1(z) = e*/? and g2(2) = tz

1—2
!
are given. It follows from Example 4.16 that the differential operator ZIE) fakes

¢(9(2))

values in the light shaded region of Figure 4.6 when the differential operator

2f'2) (1 L #E) z<¢<g<z>>>’>

$(9(2)) Fiz) ele(=)

takes values in the light shaded portion of Figure 4.5. Thus in view of Example 4.17,
Example 4.18, Example 4.19, f(2) is ¢—like, starlike and close-to-convex respectively.

N T

o
T

.

|

.
5 0 5 T

Figure 4.5

Remark 4.20. When we select

2
() =, () =1+ 5 (1og (2 ) L =19 =0

in Theorem 4.1, we derive the following result:

Corollary 4.21. For real numbers a, b(# 0) of same sign. Let ¢ be analytic function
in the domain containing g(E) such that $(0) = 0 = ¢'(0) — 1 and ¢(w) # 0 for
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we gEN\0}. If f, g € A, (j) H[1, 11N Q with

)
- <1 P g(z)))’)

s univalent in E and satzsfy

o br ) 2f(2)  Ao((2))
2 ¢<g<z>>“’<l+ : ) )

4b\/z
2a 1++/z 2 7r2(1\(z) log
<qa+ — |log 1 + 3
PV T e ()

ez/2<m<l+;<log<ité>)2, z€eE.

Selecting a = 1 and b = 1 in Corollary 4.21, we obtain:

then

Example 4.22. Let ¢ be analytic function in the domain containing g(E) such that
!/

#(0) =0 = ¢'(0) — 1 and ¢(w) # 0 for w € g(E)\{0}. If f, g € A, ;é}((j))) €

H[1, 1] N Q with

A C N MO 2($(9(2)))

f'(z)  #lg(z))  o(9(2))
is univalent in [E and satisfies
(2) 2f"(2)  2(8(9(2)
D+G+f%) ol9(2) )
<{1+;(10g(;+@
2 < 2f'(2) <1+ % (log (1 + ﬁ)) , z € E.

¢(9(2)) -z

By selecting g(z) = f(z) in Example 4.22, we get

NERETAC
G
2 B9z

)2+ =0-9 10g<
1

then

Example 4.23. Let ¢ be analytic function in the domain containing f(E) such that
#(0) =0=¢'(0) — 1 and ¢(w) # 0 for w € f(E)\{0}.
2f'(2) 2"z 2f'(z) 28 (2)

W19 €A Gy € ML UNQW L e 2506~ o)
univalent in E and satisfies

2 2 () AS(F(2)
+2<MWD+G+f%) ¢U@>)
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O =
e 11—z 1+%(10g(1+§))

ez/2<(;(‘l;((j)))-<1+7i<log<ii_£>>2, zeE.

i.e. f is parabolic ¢p—like.

then

By selecting ¢(z) = z and g(z) = f(z) in Example 4.22, we have

2f'(z) 2f"(2)
f(2) f'(2)

Example 4.24. If f € A, € H[1, 1]NQ with 1+ is univalent in E and

satisfy

: £'(2) Va\\?, s e (5
e/2+;<(1+2f,(;)>< H;(bg(ié)) +1+(1 (log((llﬁf)é

then

N

i ' 2 1+ ?
e/2<Z}C(S) <1+7T2<10g(1_£)) , z€E.

i.e. f is parabolic starlike.

By selecting ¢(z) = g(z) = z in Example 4.22, we obtain

1
Example 4.25. If f € A, f'(z) € H[1, 1]NQ, with f/(z) + Z;/(S) is univalent in E
and satisfies
9 NG log(H‘/;)
22 L2 gy, 2TG) 2 1+Vz 0=z P \1-ve
e +2<f(z)+ f’(z)< 1—1—71_2 log =z +

o (e ()

2
/2<f’(z)<1+732(10g(1j£)> , z€E.

then

i.e. f is uniform close-to-convex.

Using Mathematica 7.0, we draw the images of unit disk E under the functions

1+\/5)

2 vz lo
= - 2 L+ =2(1-2) 98
wr(z) = e*/2 4 5 and wg(z)= 1+772<10g(1 é)) 21— () ((11 \f))
— 1 22 1Og +
g vz

which are shown by Figure 4.7 and the images of unit disk E under the functions

@1(2) = e”/? and go(2) = 1+ % (log G —_F £>>2
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are given by Figure 4.8. Hence from Example 4.22, we can say that the differential

takes values in the light shaded portion of Figure 4.8 when the

2f'(2) 2f"(2) 200D ) es values in the I
o(g9(2)) + <1+ > takes values in the light

operator

differential operator 702 59(2)
shaded region of Figure 4.7. Therefore, in light of Example 4.23, Example 4.24, Ex-
ample 4.25, f(z) is parabolic ¢—like, parabolic starlike and uniform close-to-convex
respectively.

L L L L L L L
-2 0 2 4 6 8 0 1 2 3 4

Figure 4.7 Figure 4.8
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