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Existence results for some fractional order
coupled systems with impulses and nonlocal
conditions on the half line

Khadidja Nisse

Abstract. In this paper, we deal with initial value problems for coupled systems
of nonlinear fractional differential equations, subject to coupled nonlocal initial
and impulsive conditions on the half line. Global existence-uniqueness results
are obtained under weak conditions allowing the reaction part of the problem to
increase indefinitely with time. Our approach relies mainly to some fixed point
theorem of Perov’s type in generalized gauge spaces. The obtained results im-
prove, generalize and complement many existing results in the literature. An
example illustrating our main finding is also given.
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1. Introduction

Recently, an intensive interest has been given to the investigation of differen-
tial equations of fractional order. This is motivated by the natural introduction of
fractional operators in the modeling of several phenomena whose nonlocal dynamics
involving long-term effects are taken into account. These models have been applied
successfully in many fields such as in mechanics, bio-chemistry, electrical engineering,
control, porous media, medicine, etc. (see [6, 11]).

On the other hand, differential equations involving impulse effects appear as
an appropriate model for some evolutionary problems. It is the case of many real-
world processes that are subject of abrupt of changes in certain moments of times
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and arising in a variety of disciplines, including biology, population dynamics, electric
technology, control theory, engineering, etc. For more details on this subject, we reefer
to the monographs [3, 12].

Banach’s contractive principle is one of the most useful tools in nonlinear func-
tional analysis that ensures the existence and uniqueness of a fixed point on complete
metric spaces. One of the extensions of this principle for contractive mappings on
spaces endowed with vector valued metrics, was done by Perov in [16] and Perov and
Kibento in [17]. Many other generalizations in this direction have been investigated.
In [15], Precup established the extension in Perov’s sens of some fixed point theorem
in spaces endowed with a family of pseudo-metrics. Many authors applied the vector
version’s fixed point theorems in the study of the existence of solutions for systems
of differential and integral equations, see for example [4, 5, 9, 10, 20] and the refer-
ences therein. In this line of research, we consider in this work, the following nonlinear
coupled system of fractional differential equations:

{CDg+u(t) = f(t,u(t),v(t)), t€Z;=]titis1],i €N (1)

DI o(t) = g(t,ult),v(t), t€TLi=]titiy1],i €N

with coupled nonlocal initial conditions:

and subject to coupled impulsive conditions:

Av(t;) = Ji(u(t;),v(t;)), i€ N*=N\{0}

where “Dg, and CD§+ denote the Caputo fractional derivative operators with the fixed
lower limit equals zero, of order a and 3 in ]0, 1] respectively, f,g: Ry x R? — R
are nonlinear continuous functions, Au(t;) = u(t;) — u(t;), where u(t;") and u(t;)
represent the right and left limits of u at ¢ = ¢; and {¢; };en+ is a sequence of points in
R, such that t; < t;4q fori e N* I;, J; : R2? — R are nonlinear continuous functions,
¢, : X — R are nonlinear continuous functional where X is a generalized complete
gauge space, which will be defined later.

It should be noted that the coupled nonlocal initial conditions (1.2) generalizes
many other types of initial conditions considered in the literature, such as: classical
initial conditions, multi-point conditions and integral conditions.

After converting (1.1)- (1.3) into an equivalent fixed point problem in generalized
gauge space, we apply some fixed point theorem of Perov’s type, established in [15].
Using this approach, we obtain a global existence-uniqueness results for (1.1)- (1.3)
under weak conditions allowing the nonlinearity to increase indefinitely with time,
which is not the case in many earlier results in the literature (see Remark 3.1). This
study allows us also, to improve and generalize some other existence results in the
literature for systems of fractional differential equations without impulses (see Remark
3.6).
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The rest of the paper is organized as follows. In Section 2 we recall some defini-
tions from fractional calculus. We introduce also the fixed point theorem in generalized
gauge spaces, on which our result is based, as well as some related concepts. The main
result concerning the global existence-uniqueness result for (1.1)- (1.3) is established
in Section 3. Finally, in Section 4, we provide an illustrative example.

2. Preliminaries

Let us recall the notion of the fractional derivatives. For further details on some
essential related properties, we refer to [6, 11].
Let n be a positive integer, a the positive real such that n — 1 < a < n and d"/dt"
the classical derivative operator of order n.

Definition 2.1. The Riemann-Liouville fractional integral, and the Riemann-Liouville
fractional derivative, of a real function u defined on Ry of order «, are defined re-
spectively by

! t =1y (s)ds
)/O(t—s) (s)ds, >0,

I(‘Jﬂu (t) = m

De () d"” e (t) 1 d" /t(t )nfozfl ( )d t>0

u(t) = — u(t) = ——— -5 u(s)ds
or dtn”0F I'(n—a)dn ), ’ ’

where T'(.) is the Gamma function, provided that the right hand sides exist point
wise.
Definition 2.2. The Caputo fractional derivative of a real function w defined on R4
of order «, noted by CDSS,, is defined by

n—1 u(k)
CD0+U( t) = ( o [u— Z k!(O) Ok]) (t), t>0,

k=0
provided that the right hand side exists point wise.

We denote by M,,(R4), the set of all square matrices of order n with positive
real elements, I the identity matrix of order n and by O the zero matrix of order n.

Definition 2.3. [18] A square real matrix M of order n, is said to be convergent to
zero, if M¥ — O, as k — oo.

Definition 2.4. [18] Let M € M,,(R) with eigenvalues A;, 1 <14 < n, that is \; € R
such that det(M — A\;I) = O. Then

p (M) = max [X;|

is called the spectral radius of M.

Lemma 2.5. [18] Let M € M,,(R,). The following assumptions are equivalent.

(i) M is convergent to zero.
(ii) The matrix I — M is non singular, and

(I-M)y ' =IT+M+M*+. .. +M"+
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(iii) p (M) < 1.

As it is pointed out in [13], the following lemma follows immediately from the
characterization (¢77) in Lemma 2.5.

Lemma 2.6. [13] If A is a square matrix that converges to zero and the elements of
another matrix B are small enough, then A + B also converges to zero.

We state now the extension of Gheorghiu’s theorem for generalized contractions
on complete generalized gauge spaces established in [15].

Let X be a generalized gauge space endowed with a complete gauge structure
D = {D,},cp» where NV is an index set. For further details on gauge spaces and
generalized gauge spaces we reefer to [7, 15].

Definition 2.7. [15] (Generalized contraction) Let (X, D) be a generalized gauge space
with ® = {D,},cn- Amap T : D(T) C X — X is called a generalized contraction,
if there exists a function w : N' — N and M € M, (Ry)N, M = {M,},, such
that

D, (T(u), T(v)) < M, Dy (u,v), Yu,v € D(T), Vv e N (2.1)

and

> My Moy My () Doy (1, 0) < 00, Vu,v € D(T), Vv € N (2.2)
k=1

Theorem 2.8. [15, Theorem 2.1] Let (X,®) be a complete generalized gauge space
and let T : X — X be a generalized contraction. Then, T has a unique fixed point
in X, which can be obtained by successive approximations starting from any element
of X.

2.1. Equivalent system of integral equations

In the fractional case, there are two different approaches defining the concept of
solutions for impulsive differential equations, which can be briefly described as follows
(see [1, 2]):

Fractional derivatives with a fized lower limit at the initial time. This approach
(denoted respectively by V5 in [1] and by A; in [2]) considers that the lower limit of
the fractional derivative is kept equal to the initial time on any interval between two
consecutive impulses, with only modified initial conditions.

Fractional derivatives with varying lower limits. This approach (denoted respec-
tively by V4 in [1] and by Az in [2]) neglects the lower limit of the fractional derivative
at the initial time and moves it to each impulsive time.

In this work, we will adopt the case of fixed lower limit.

For any interval Z of R4 (which may be unbounded), we denote by C(Z) the
set of all real continuous functions on Z and by u; the restriction of u € C(R4) to
I, = ]ti7ti+1] s (’L S N)

Let PC(R.) be the set of all real valued piece-wise continuous functions on R :

PC(Ry) ={u:Ry = R:u; € C(Z;) andu(t] ) exist for everyi € N} (2.3)
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endowed with the saturated family {d, : v € N} of pseudo-metrics, generating its
topology, defined by

d, (u,v) = max {eMut) —v(®)|}, Vu,v € PC(Ry), (2.4)

where v runs over the set of all compact subsets of R, denoted by N, and X is a
positive real number to be specified later.

In what follows, we consider X = PC(R;) x PC(Ry), endowed with the gen-
eralized complete gauge structure ® = {D,}, .,  defined for Wi = (u1,v1), Wy =
(u2,v2) € X by:

dy (uy,uz)
DIJ (Wla WQ) = ) (25)
dy(v1,v2)
where d,, is the pseudo-metric on PC (R;) given in (2.4).

Reproducing the proof of [14, Lemma 1], in addition of [8, Lemma 2.6] with a
slight adaptation, we get the system of integral equations equivalent to (1.1)-(1.2)
given by the following lemma.

Lemma 2.9. Let f,g,I;, J; (i € N*) be continuous functions and ¢, 1 continuous func-
tionals such that:
Y(u,v), (4,0) € X if u=0and v =10 on [ 1,
2 (u,0) = o (@,5) and ¥ (u,v) = 1 (@,0)
Then, (u,v) € X is a solution of (1.1)-(1.3) if and only if (u,
following system of integral equations

then (2.6)

v) is a solution of the

t
<p(u7 ’U) + / (t}s():)il f(s,u(s),v(s))ds, te IU
0

t
<p(u7 ’U) + / (t_FS()Q) f(s,u(s),v(s))ds+ ZI (t5),v(t;) teZ;
0
(2.7)

t
w(u7v)+/ WL (s u(s)v(s))ds, t € o
0 .

v(t) = t ) i
w(u7v)+/ el g(s,u(s),v(s))derZJj(u(tj),v(tj)), tel;
0 .
j=1

For i = 1,2, let T; : X — PC(R,) be the operators defined for every W :=

t
Ty (W)(t) = ¢(u,v) +/ =27 f(su(s)v(s))ds+ Z I (u(t;)w(ty)) (2.8)
0

t;<t

TQ(W)(t) = w(u’v) +/ (= S) g(s,u(s),v(s))ds+ Z Jj(u(ty),v(t;)) (29)
0

ty<t
Let us consider the operator: T : X — X defined by

T(u,v) = (Th (u, v), To(u,v)), V(u,v) € X, (2.10)
where T7 and T, are given respectively by (2.8) and (2.9).
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Thus, according to Lemma 2.9, the solutions of (1.1)-(1.3) can be regarded as
fixed points of T'.

3. Main results

In this section, we will prove a global existence-uniqueness result for (1.1)-(1.3),
to this end, we consider the following assumptions:

(H1) There exist continuous positive real valued functions A;, B; : i = 1,2 defined on
R, and satisfying
(1) 1@ &m) = f (8 &2,m2)] < Ar(F) [§1 — &of + Az (E) [ — 2
lg (t,&1,m) — g (t,&2,m2)| < B1 (1) [§1 — &a| + Ba () Im — m2|
whenever the left hand sides are defined.
(i) For A>0,u>1,¢g:=14+1/a and ¢:=1+41/3, we have

400 Cgas ~ +oo —gAs
S = Af(s)e » ds <ooand Sy, = Al (s)e rn ds < o0
0 0

~ —gAs

+oo _ —dxs B “+oo
Ry, = /0 B (s) e~ ds < oo and Ry, = /0 Bi(s)e # ds < oo

(H,) There exist fixed compacts K;, K; and mnon negative real numbers
L;,L;, M;,M;,(1 < i < 1,1 < j < m), satisfying what follows for every
(ul,vl), (UQ,’UQ) € X:

M=~

o (u1,01) = @ (ug,v2)| <

K3

[ (1, 00) = (i, 02)| < 32 (Ml (1 — w2) + My, (10— )

(LidKi (u1 — UQ) + EidK,- (Ul — UQ))

s

<.
Il

(Hs) There exist positive real sequences {h;},{hi},{k;} and {k;} that converge to
H, H, K and K respectively and satisfying for every £1,&2,m1, 72 € R and i € N*,
the following estimations:

|15 (€1,m) = L (€2, m2)| < hil€r — Eol + i lm — 712
i (§1,m) — Ji (§2,m2)| < K |&1 — &2 + ki [m — n2]

Remark 3.1. Tt is not hard to see that hypothesis (H;) includes as special cases
the Lipschitz condition with constant or integrable arguments, widely used in the
literature (see for example [9, 20, 19, 5]). This being said, we emphasize here that
hypothesis (H;.(i7)) allows the nonlinearity to increase indefinitely with time, which
can not be covered by the previous special cases (that is when A;, B; are constants or
A;, B; € L*(R,)). Therefore, our work generalizes and complements many existing
results in the literature.
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For A > 0 and p > 1, let M, g (X, p) be the square matrix defined by:

l [ - ~
S Li+AS,+H S Li+AS, +H

Mo )= | -
B - iB =
Z;MHFAA“JFK i:1M1+Ak7u+K
Where
e o
Ai,# = F(al))\“ ((a+11)a2 F(QQ)) (S)\,u) e
1 o
[ T+a [ THa
AA,H - F(ozl))\(" ((a+11)a2 F(a2)> (S)\,p,)
1
5 B
A= N ((ﬂ+1)/32 F(ﬁz)) (Rau) T2
B
1

509

(3.2)

Theorem 3.2. Let (H;)—(H3) and (2.6) hold true. Then, the system (1.1)-(1.3) admits
a unique global solution in X provided that: there exist A > 0 and g > 1 such that

The matrix M, 5 (A, p) given in (3.1), converges to zero.

(3.3)

Proof. Recall that the solutions of (1.1)-(1.3) are the fixed points of the operator T
defined in (2.10). We shall prove that T is a generalized contraction in the sens of
Definition 2.7, to deduce the result from Theorem 2.8. To this end, let us define a

mapping w : N — N as follows:

= mopgmo pem
w(v) = |0, lgignll,%}g{jgn{y , K K

where v™ denotes maxv and K;, K are the compacts given by (Hy).
Note that according to (3.4), it follows that

For every v € N : w"(v) = w(v), Vn>2
Let v € N and t € v. Using (H:(i)), (H2), (H3), we get:
Ty (ux, vr) (1) = Ta(ug, v2) (B)] <

tﬂ Ss)luy (8) —us (s ) lvr (s) = vo (3)]) ds
/o T (o) {A1(s) |uz (s) 2 (8)] + Az (s) |v1 (s) 2 (s)|}d

+> {hz Jur (t3) — gz (83)] + By [or () — v (fi)|}

t; <t

l
+Z {leK7 (U1 — UQ) + Eszl (1)1 — ’UQ)}

i=1
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t(t_s)a_l skt Ao
g/o I‘(Q){Al(s)e}‘ = max e |up (o) — up(0)]

o€0,t]

+ As(s) M max e N |vi (o) — vg(a)} ds
o€0,t]

l ~
+ ; {deKI (u1 - UQ) + LidKi (’Ul — 1]2)}

+HeM max e |uy (o) — ug (0)] + HeM max e 27 vy (0) — v (0)],
o€l0,t] o€l0,t]
where X is the positive parameter introduced in (2.4) and g > 1. Note that according
0 (3.4), the compacts [0,¢] and K; (1 <4 <) are included in w(v). Hence
_ S)a—l

|71 (u1,v1) (8) — T (uz,v2) (B)] < {/O (tp(a)

n {/Ot“‘r(ﬁl@(s)ew;lds} () (V1 — v2)

p—1
Al(s)eks“ds} () (U1 — uz)

l ~
+ E {Lidw(z/)(ul - u2) + dew(u) (Ul - U?)}

i=1
+ HeMd ) (ur — ug) + ﬁe”dw(y)(ful — vg)

At

Now, multiplying the above inequality by e™"*, we get:

e M Ty (ug, v1) (t) — T (ug, v2) (£)] <

t t— a—1 _ SYTESY

t(t_s)(x—l A (f—sk=1

! _
+ ; {Lidw(u)(ul — Up) 4 Lidy ) (v1 — Uz)}

+Hdw(u) (U1 - u2) + ﬁdw(v) (Ul - U?)
Let us find estimates for the integrals in (3.6):
t a—1 t a—1
(t—s) “A(t—st1) (t—s) —A(t— —Ae
= [ NS 4y (5)ds = N9 4y (5)e 7 ds
o T'(a) o (o)
Performing the change of variable X = A\(t — s), we get:

I LM xamtgex g, (- XY e Dy
= — - — 2
T(a)e J, A X)) €
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In view of (H;.(i7)), Holder’s inequality gives:

1 At 1 X\ l+a H»%
I < - X% ‘e X
< row /O( Xyt X

Y’ 1+ Tre
/ <A1 (t - X) eﬁ“f)) dx
0 )\

t t— a—1 1
/0 (F(i‘)v)eA(tw)Al(s)ds <AY, (3.7)

In the same way, we can prove that

Consequently:

t t— a—1 1 B
/0 (F(‘Z)[)e_k(t_s o) Ay(s)ds < A%, (3.8)

In view of (3.7) and (3.8), and after taking the maximum on v, the estimation (3.6)
can be rewritten as:

dy (T1(u1,v1), Th(uz,v2)) < A, du()(ur —uz) + Af,u duw(vy(v1 — v2)
1 N
+> {Lidw(u) (u1 — uz) + Lidy ) (v1 — Uz)} (3.9)
i=1

+ Hdw(u) (up —u2) + ﬁdw(y)(vl — V9)

Similarly, we prove that the following inequality holds true for every (uy,v1), (ug, ve) €
X and every v € N:

dy (Ty(ur,v1), Ta(ug,v2)) < A, du) (ur — uz) + AY |, duu) (1 — v2)
+ Z {M’idu)(y) (u1 — UQ) + Midw(y) (’Ul — 1}2)} (3.10)
=1

=+ Hdw(v) (ul - UZ) + Rdw(y) (Ul - UQ)
Now, (3.9) together with (3.10) lead to what follows for every (u1,v1), (ug,vs) € X
and every v € N:
D, (T(ulv 'Ul), T(u2a UQ)) < Ma,ﬁ (>" /~L) Dw(u) ((ulv U'Q) ) (Ulﬂ 02)) (3'11)

That is (2.1) holds true with M, = M, g (X, ), which is independent of v. Conse-
quently the series (2.2) turns in our case into

o0

Z M;L,Jlgl (>‘7 :u) Dw"(l/) (u, U) (312)

n=0
According to (3.5), we have:
sup { Dyyn () (u,v) :n=0,1,2,... } = sup {D, (u,v), Dy (u,v)} < o0.
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Since, moreover M, g (A, ) is convergent to zero, then the series in (3.12) converges
too. That is T is a generalized contraction and the result follows so, from Theorem
2.8 O

Remark 3.3. In view of Lemme 2.5, the following condition is equivalent to (3.3)

l m ~ ~ 2 L ~ ~ m
\/<_zl Li+A‘§“H+H—_Z:1 M,;—Afﬁ—K) +4(_¥1 Li+A;M+H) (_; JV[i—&-Af’u—&-K)
1 (3.13)

Y Li+AS, +H+ Y M+ Ay + K <2

i=1 i=1

The following Corollary provides a global existence-uniqueness result for a par-
ticular class of (1.1)-(1.3).

Corollary 3.4. Assume that in addition of (H;) — (Hs) and (2.6), the following hy-
pothesis holds true:

Ve >0, 3A > 0, u > 1, such that: S ,, 5”,\,;“ Ry ., R;W < €. (3.14)
Then, (1.1)-(1.3) admits a unique global solution in X provided that:

Q= ' =t , converges to zero (3.15)
SMi+K S M+ K
i=1 i=1
Proof. Note first that M, g (A, ) = Pa g (A, ) + Q, where
A AL
Pa,ﬁ ()‘nu’) = P <5
AMA AMA

It is not hard to see that under hypothesis (3.14), the elements of P, g (A, 1) are
small enough.

Hence, in view of (3.15) together with Lemma 2.6, M, g (A, 1) is convergent to
zero and the result follows so from Theorem 3.2. g

When I; = J; = 0 for every i € N*, that is by omitting the impulsive condition
(1.3), then the problem (1.1)-(1.3) is reduced to:
DG ult) = f(1,uld), v0), >0
D t t>0
seo(t) = gltu(t), o), t> 10
u(0) = ¢(u,v),
0(0) = ¥ (u,v)

In this particular case, we have:
Au(ty) = u(t]) —ult;) = Liu(ti),v(t:)) =0

)

and
Au(t;) :=v(t]) —o(t;) = Ji(u(t;),v(t;) =0
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Which means that the space X = PC(R;) x PC(R,), where PC(R.) is defined by
(2.3), becomes C(R4) x C(Ry). So, as particular cases of Theorem 3.2 and Corollary
3.4, we have the following Corollary.

Corollary 3.5. Under hypotheses (H;) — (Hz), the system (3.16) admits a unique
global solution in C(Ry) x C(R4) provided that: there exist A > 0 and p > 1 such

that:
1 |
2. Li+ A Z Li+ A%,
Ma,ﬁ (A p) = = = converges to zero (3.17)

1; M; +A§’# l; M; +A§»M

« ~OC B
where A/\WA/\WAAW

(3.17) is weakened to

]\f# are given by (3.2). If in addition, (3.14) holds true, then

Q= - converges to zero. (3.18)
SSM; S M,
i=1 i=1

Remark 3.6. Note that (3.14) includes the Lipschitz condition with constant and

integrable arguments. In this case, the matrices @ in (3.15) and Q in (3.18) are
!
independent of A;, B; (i = 1,2). Moreover, with the classical initial conditions, Y L;,
i=1

I m mo

S L;, > M; and > M; vanish. All this, allows us to see clearly that Corollary 3.4
i=1 =1 i=1
and Corollary 3.5 provide significant improvements and generalizations of many recent
results in the literature, such as [9, Theorem 15], [19, Theorem 3.3], [20, Theorem 3.1],
[20, Theorem 3.2] and [5, Theorem 3.2].

4. Example
Let us consider the following system:
15 1 )
°Diu(t) = 15e® (2ult) + v(t)), 1> 0,64t =101, i € N*
13 1 . ,
CDéév(t) = 10" (u(t) +v(t)), t>0,t#t; =10, i€ N*
7 5 - *
Au(ti) = ssarnirmen + memaseay: (€N (4.1)
6 9 . *
Av(t;) = BRI a@)) T B ieN
u(0) = Tlo sup u(t) + % sup v (t)
telo, 1] telo, 5]
v(0) = %sm (u(%) + v(%))
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The problem (4.1) is identified to (1.1)-(1.3), with:

a= (t,&m) = 10%@5+m

7 )

L& =smmmnase T marnasm

B=1218gt&n) = —wa5+m

6 9
- + -
25 x 20 (14 1¢€]) 25 x 28 (1+ |n))

p(u,v) = 11—0 sup w(t) + % sup v (t), ¥(u,v) = %sm (u(%) + v(%))

t€[0,1] te(o, 3]
Tt is not hard to see that (H;.(i)) is satisfied with:
1 = 1
Al(t) = ge%, AQ(t) = Bl(t) = Bg<t) = TOG%

A straightforward computation leads to:
™™ - A - 23\
30,[147 A p 10,[147 A A

Which means that (H;. (i¢)) is satisfied too.
It can be easily seen that (Hj) is satisfied with:

1 1
=2 L= 15N Lo =0, L1 =0, Ly = ze¥, K1 = [0,1], K> = [0, §]
1 1 a2 - 1 o 1
m:?,Ml 1066 M2—0 Ml—O MQ g 37K1:[076]’ K22[07§]
For all 7 € N* we have:
5
I’i ) 7-[2 ) s .. A~ -
|1; (&1,m1) (&2,m2) | < 25i(i +1)|51 &l + 25z(z+1)|m U
|Ji (§1,m) — Ji (§2,m2) | < T 21|§1 &l + 5 x 21| 1 — 72|

That is, (H3) is satisfied with:
{hi} = {251 H—l)} {h b= {251(1+1 } {ki} = {ﬁ} ) {i;;l} = {259W}

H=2L1 H=3

_ 6
257 257 K=

9
250 K =35
If we choose A = % and p = 20, the matrix M, s (), p) given in (3.1), becomes in this

case:
0.486788 0.498721

MC%”B (A7M) = )
0.474757  0.495513
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which admits the following eigenvalues: Ay = 0.977761 < 1 and Ay = 0.00453945 < 1
and consequently M, g (A, u) converges to zero.

Hence, all conditions of Theorem 3.2 are fulfilled, and therefore the system (4.1)
admits a unique global solution in PC(Ry) x PC(R).

Note that f and g in (4.1) increase indefinitely with time, and therefore many
existing results in the literature fail to be applicable.
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