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Some operators of fractional calculus and their
applications regarding various complex functions
analytic in certain domains

Hüseyin Irmak

Abstract. In this academic research note, some familiar operators prearranged by
fractional-order calculus will first be introduced and various characteristic prop-
erties of those operators will next be propounded. Through the instrumentality of
various earlier results associating with both those operators and some complex-
exponential forms, and also in the light of certain special information in [1], [20],
[17] and [38], an extensive result together with a variety of its implications con-
sisting of several exponential type inequalities will then be determined. A number
of its possible implications will extra be pointed out.
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1. Introduction and rudiments

In the literature consisted of mathematically academic studies, particularly,
fractional-order calculations have been continually encountering either as fractional-
order integral(s) or as fractional-order derivative(s) in metamathematics. The
mentioned-specially calculations, which are closely related to each other, are extensive
calculations that are frequently applied for both the functions with real variable and
the functions with complex variable. There are a wide range of both theoretical and
applied research in relation with those. In this respect, in particular, a great variety of

Received 07 May 2022; Accepted 06 May 2024.
© Studia UBB MATHEMATICA. Published by Babeş-Bolyai University

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives

4.0 International License.

https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
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scientific articles are also presented as extensive works in the section of the references
of this research. For instance, one may refer to certain main works in [4], [6], [7], [11],
[13], [24], [34], [39] and [40].

As indicated in the abstract, in this scientific note, various fundamental opera-
tors associating with fractional calculus, which are specially fractional type derivative
operators, will be firstly considered for certain complex functions which are regular
in certain domains of the complex plane. In special, in consideration of the fractional
derivative(s) operator, a fractional type operator, which is encountered as the Trem-
blay operator in the academic literature, will be then introduced here. Especially,
comprehensive studies are still ongoing regarding both this operator and the other
specified operators. Nevertheless, for related researchers, we can also offer the results
in the earlier papers given in [2], [9], [14], [20], [19] and [31] as a variety of examples.

Furthermore, as several applications of fractional (order) calculus used in various
different fields of sciences, numerous papers are also presented in the papers in [3],
[10], [12], [15], [16], [22], [25]-[27], [30], [32], [33] and [37]-[40] as examples.

We have given some literature information above. We can now begin to introduce
various special information, definitions and several important relationships between
those operators that will be necessary for our investigations.

Firstly, let the familiar notations:

U , C , R and N

represent, respectively, the open unit disk, the complex numbers’ set, the real numbers’
set and the natural numbers’ set.

Next, for the following numbers:

s ∈ N , α̃ ∈ C− {0} and α̃s ∈ C ,

the notation Hα̃(s) represents the family of the functions % := %(z) being of the forms
given by the complex-series expansion:

%(z) = α̃zs + α̃s+1z
s+1 + α̃s+2z

s+2 + α̃s+3z
s+3 + · · · , (1.1)

which are also regular in U.
Most especially, we indicate here that, as simpler expression and more conve-

nient, the following special classes of the regular-functions in the class Hα̃(s) :

H(s) := H1(s) and H := H(1)

can be pointed out as examples and they will also be played important roles for
investigations. For this reason, those (more) special classes will taken consideration
as revealing various applications of our basic result for researchers. We specially note
that, in the mathematical literature, the functions in the class Hα̃(s) are called as
multivalently (or s-valently) regular functions (in U) and the functions in the class
H are also called the normalized regular functions in the open set U. For their details
and some examples, see [3], [5], [8], [9], [16], [21] and [30].

Secondly, for a function % := %(z) ∈ Hα̃(s), we also denote the notation of
the Tremblay operator, which is specified by fractional derivative (of order λ (λ :=
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α− β; 0 ≤ λ < 1)), by any one of the equivalent notations:

Tα,βz [%]
(
or, Tα,βz [%(z)]

)
.

At that time, it is generally defined by

Tα,βz [%] =
Γ(β)

Γ(α)
z1−β Dα−β

z

[
zα−1%(z)

]
, (1.2)

where
β ∈

(
0, 1
]
, α ∈

(
0, 1
]
, α− β ∈

[
0, 1
)

and z ∈ U , (1.3)

and, for a function ζ := ζ(z), any one of the equivalent notations:

Dδ
z[ζ]

(
or, Dδ

z

[
ζ(z)]

)
denotes the Fractional Derivative Operator (of order δ) and it also identified as in the
form given by

Dδ
z[ζ] =

1

Γ(1− δ)
d

dz

∫ z

0

ζ(q)

(z − q)δ
dq

(
0 ≤ δ < 1

)
, (1.4)

where ζ is a regular function in a simply connected region of the complex plane
comprising its origin, and the multiplicity of (z−q)−δ is raised by behoving log(z−q)
to be real when z − q > 0.

By taking notice of the restricted conditions in (1.3), as a fairly simple imple-
mentation of the respective operators designated by (1.2) and (1.4), for a simple-
complex power function (just below), the following-special calculations can be easily
propounded:

Dδ
z

[
zs
]

=
Γ(s + 1)

Γ(s− δ + 1)
zs−δ (1.5)

and

Tα,βz
[
zs
]

=
Γ(β)Γ(s + α)

Γ(α)Γ(s + β)
zs , (1.6)

where

δ ∈
[
0, 1
)
, α ∈

(
0, 1
]
, β ∈

(
0, 1
]
, α− β ∈

[
0, 1
)

and s ∈ N. (1.7)

In the same time, in the light of the conditions created by (1.7) and also with
the help of the results (1.5) and (1.6), respectively, the following-extra-special results
can be also given by

z
d

dz

(
Dδ
z

[
zs
])
≡ zD1+δ

z

[
zs
]

=
Γ(s + 1)

Γ(s− δ)
zs−δ (1.8)

and

z
d

dz

(
Tα,βz

[
zs
])

=
sΓ(β)Γ(s + α)

Γ(α)Γ(s + β)
zs (1.9)

for all s ∈ N. For these determinations in (1.5)-(1.6) and (1.8)-(1.9) and also some of
their applications, one can see the recent works in [21] and [20].

In terms of this academic study, we specially note here that, for convenience,
both the indicated functions belonging to the general class Hα̃(n) (defined by any
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forms of the complex-series expansions like (1.1)) will be considered for our major
results and the fundamental definitions (given by (1.2) and (1.4) together with the
related special conclusions (determined by (1.5)-(1.9)) will be a quite basic-necessary
information for main results of this scientific investigations.

As both a final reminder of this introductory section and one of various properties
of the special operator advertised by (1.2), especially, for any regular function %(z)
having the form (1.1), the following two-important relationships consisting of a form of
the Srivastava-Owa operator and an identity transformation of the Tremblay operator:

T1,β
z [%(z)] ≡ Γ(β)z1−β D1−β

z

[
%(z)

] (
0 < β ≤ 1

)
(1.10)

and

Tγ,γz [%(z)] ≡ %(z)
(
0 ≤ γ < 1

)
(1.11)

can be easily ascertained in terms of the character of that operator as its implications
when the concerned parameters are then selected by letting

α := 1

and

α := γ and γ =: β ,

respectively.
Specially, for pertinent researchers, recently, by taking advantage of the men-

tioned fractional derivative operator, the main works (in relation with the Tremblay
operator) can be firstly presented and certain relations and also several elementary re-
sults for normalized analytic functions (with negative coefficient) are also determined.
(cf., e.g., [35]; and, see also [14].)

For various operators specified by fractional-order calculus, it can be looked over
the results in the papers in [8], [16] and [17]. By considering certain different methods
(or ideas), numerous interesting applications of related operators to certain functions
analytic in U can be given in [17], as examples.

Additionally, we also indicate that the fractional derivative(s) operator, identi-
fied by (1.4), has comprehensive implications of the well-recognized operator for the
literature, which also is the Srivastava-Owa fractional derivative operator being of
similar form like (1.10). For those and their special forms, one check the work in [1].
See also the results in [15], [16] and [17].

2. Lemmas and results

In this section, in order to get a line on our essential objective, we need some
fundamental lemmas with some of applications of fractional calculus (derivatives).
Those are only three lemmas, which will be taken advantage of starting and then
proving for principal results of this investigations.

Firstly, in the light of the conditions given in (1.7), the first assertion, which
is Lemma 2.1 just below, can be easily demonstrated by applying the elementary
results stated in (1.9) and (1.8) (a long with the results in (1.5) and (1.6)) to any
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function belonging to the class Hα̃(n). Accordingly, its detail is omitted here. For
similar results, one may also center upon the recent papers in [8, 21, 17, 19].

Lemma 2.1. Let a regular function %(z) have the series form given as in the family
Hα̃(n). For z ∈ U and any function % := %(z), the following basic result then holds:

Tα,βz [%] ≡ Tα,βz [%(z)]

= α̃
Γ(β)Γ(n+ α)

Γ(α)Γ(n+ β)
zn +

∞∑
`=n+1

α̃n
Γ(β)Γ(`+ α)

Γ(α)Γ(`+ β)
z`. (2.1)

The second assertion is just below and it is a special form of the well-known-
elementary results of complex exponential. For both it and some of its implications,
one may check the paper given in [18].

Lemma 2.2. Let ω ∈ R and also let z ∈ C − {0}. Then, the following-complex expo-
nentiation is true.

zω = |z|ω
[
Cos

(
ω arg(z)

)
+ i Sin

(
ω arg(z)

)]
. (2.2)

The last assertion, which is Lemma 2.3 just below, is a well-known important
tool and very useful auxiliary theorem proven in [28]. For some of its applications,
one can easily arrive at various works in the literature. For its detail, one may also
refer to the paper given by [23].

Lemma 2.3. Let ξ := ξ(z) be a regular function in the domain U and also be of the
form given as in (1.1). For z ∈ U and for any z0 ∈ U, if∣∣ξ(z0)

∣∣ = max
{ ∣∣ξ(z)∣∣ : |z| ≤ |z0|

}
, (2.3)

then there exists any positive number λ such that

z0ξ
′(z0) = λξ(z0), (2.4)

where λ ∈ R with λ ≥ n (n ∈ N).

In accordance with principal assertions, namely, Lemmas 2.1-2.3 just above, we
can then compose our comprehensive result appertaining to the functions belonging
to in the class Hα̃(n), which will be specified by the special operator (1.2).

Theorem 2.4. Under the mentioned conditions of both the parameters in (1.3) and the
definitions in (1.2) and (1.4), let the parameters Υ, Λ, ∇ and Θ have the conditions
determined as follows:

Υ ∈ R− {0} , Λ ≥ m , ∇ ∈ C and 0 ≤ Θ < 2π , (2.5)

where m ∈ N and 0 < |∇| < 1. Then, for some z ∈ U and for any function %(z) ∈
Hα̃(n), if any one of the statements given by

<e

{[
z
(

Tα,βz [%(z)]
)(n+1)

]Υ
}
6= ΛΥ|∇|ΥCos

(
Υ
[
Θ + Arg(∇)

])
(2.6)
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and

=m

{[
z
(

Tα,βz [%(z)]
)(n+1)

]Υ
}
6= λΥ|∇|ΥSin

(
Υ
[
Θ + Arg(∇)

])
(2.7)

is satisfied, then the statement given by∣∣∣∣(Tα,βz [%(z)]
)(n)

− α̃ Inn(α, β)

∣∣∣∣ < ∣∣∇∣∣ (2.8)

is satisfied, which also is quite clear that∣∣∣∣<e [(Tα,βz [%(z)]
)(n)

]
−<e

(
α̃
)
Inn(α, β)

∣∣∣∣ ≤ ∣∣∇∣∣ (2.9)

and ∣∣∣∣=m [(Tα,βz [%(z)]
)(n)

]
−=m

(
α̃
)
Inn(α, β)

∣∣∣∣ ≤ ∣∣∇∣∣ (2.10)

where (
Tα,βz [%(z)]

)(n)

:=
dn

dzn

(
Tα,βz [%(z)]

) (
n ∈ N ∪ {0}

)
(2.11)

and

Iuv (α, β) =
u!

(u− v)!

Γ(β)Γ(u+ α)

Γ(α)Γ(u+ β)

(
v < u;u ∈ N; v ∈ N

)
, (2.12)

and, also, here and throughout this research note, the values of the complex powers in
(2.6) and (2.7) are considered as their principal values.

Proof. Let the interested function % := %(z) be of the form in the class Hα̃(n). When
taking into account the equivalent relation in (2.11) and the determined result in (1.9)
(of Lemma 2.1), its nth derivative:(

Tα,βz [%]
)(n)

=
dn

dzn

(
α̃

Γ(β)Γ(n+ α)

Γ(α)Γ(n+ β)
zn

+ α̃n+1
Γ(β)Γ(n+ 1 + α)

Γ(α)Γ(n+ 1 + β)
zn+1 + · · ·

)
(2.13)

= α̃ Inn(α, β) + α̃n+1 In+1
n (α, β)z1 + α̃n+2 In+2

n (α, β)z2 + · · ·
can be easily calculated, where the notation Isr(α, β) above is defined by (2.12).

For the proof of Theorem 1, in the light of such information (2.12) and (2), for a n-
valently regular function like any form % := %(z) in Hα̃(n), there is a need to consider
a function Ω(z) in the form given by(

Tα,βz [%]
)(n)

= α̃ Inn(α, β) + Φ Ω(z)
(
0 < |Φ| < 1; z ∈ U

)
. (2.14)

In that case, as a result of simple elementary operations, one can easily distinguish
that the described function Ω(z) belongs to the class Hα̃(m) (m ∈ N). Thereby, both
the related function Ω(z) both is regular in the set U and it can be considered for the
proof of Theorem 2.4. By differentiating of both sides of (2.14) with respect to the
complex variable z, we then get that

d

dz

{(
Tα,βz [%(z)]

)(n)}
≡
(

Tα,βz [%]
)(n+1)

= Φ Ω′(z)
(
0 < |Φ| < 1; z ∈ U

)
. (2.15)
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We now assert that |Ω(z)| < 1 in U. In fact, if not, then, according to (2.3) (of
Lemma 2.3), there exists a point z0 belonging to U such that

max
{ ∣∣Ω(z)

∣∣ : |z| ≤ |z0|
(
z, z0 ∈ U

)}
=
∣∣Ω(z0)

∣∣ = 1 ,

which readily yields that

Ω(z0) = ei∆
(
0 ≤ ∆ < 2π; z0 ∈ U

)
.

In the present case, the expression (2.4) (of Lemma 2.3) also gives rise to

z0 Ω′(z0) = λΩ(z0) = λei∆
(
λ ≥ m;m ∈ N

)
.

Therefore, of course, for all λ ≥ m ≥ n (n,m ∈ N), by setting z := z0 and also
by means of the main relations (2.2) (of Lemma 2.2) and (2.4) (of Lemma 2.3), the
expression (2.15) lightly follows that

<e

{(
z
(

Tα,βz [%(z)]
)(n+1)

)r
∣∣∣∣∣
z:=z0

}

= <e
{(

Φ z0 Ω′
(
z0

))r
}

= <e
{(

ΦλΩ
(
z0

))r
}

= <e
{[
λΦei∆

]r}
(2.16)

= <e
{∣∣λΦei∆

∣∣∣reirArg
(
λΦei∆

)}
= <e

{∣∣λΦ
∣∣reirArg

(
Φei∆

)} (
since λ ≥ m ≥ 1)

= λr|Φ|rCos
[
rArg

(
Φei∆

)]
= λr|Φ|rCos

[
r
(
Arg(Φ) + Arg

(
ei∆
)]

= λr|Φ|rCos
[
r
(
∆ + Arg(Φ)

)]
and

=m

{(
z
(

Tα,βz [%(z)]
)(n+1)

)r
∣∣∣∣∣
z:=z0

}

= =m
{(

Φ z0 Ω′
(
z0

))r
}

= =m
{(

ΦλΩ
(
z0

))r
}

= =m
{[
λΦei∆

]r}
(2.17)

= =m
{∣∣λΦei∆

∣∣∣reirArg
(
λΦei∆

)}
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= =m
{∣∣λΦ

∣∣reirArg
(

Φei∆
)} (

since λ ≥ m ≥ 1)

= λr|Φ|rSin
[
rArg

(
Φei∆

)]
= λr|Φ|rSin

[
r
(
∆ + Arg(Φ)

)]
,

where λ ≥ m (m ∈ N), 0 ≤ ∆ < 2π, r ∈ R and Φ ∈ C (0 < |Φ| < 1). But, unfortu-
nately, the results determined as in (2.16) and (2.17) are, respectively, contradictions
with the hypotheses of Theorem 2.4, which are the mentioned results presented by
(2.16) and (2.17) when setting

λ := Λ , Φ := ∇ , r := Υ and ∆ := Θ.

This means that there is no z0 ∈ U satisfying the condition
∣∣Ω(z0)

∣∣ = 1. Therefore,

we decide upon that it has to be in the form
∣∣Ω(z)

∣∣ < 1 for all z ∈ U. Consequently,
for all functions %(z) ∈ Hα̃(n), the expression (2.14) follows that∣∣∣∣(Tα,βz [%(z)]

)(n)

− α̃ Inn(α, β)

∣∣∣∣ =
∣∣Φ Ω(z)

∣∣ < ∣∣Φ∣∣ (
0 < |Φ| < 1; z ∈ U

)
,

which is equivalent to the provision of Theorem 2.4, namely, the statement in (2.8)
when Φ := ∇. Finally, the basic relationships, which are both between (2.8) and(2.9)
and between (2.8) and (2.10), can be easily seen propositions. Thus, this ends the
desired proof. �

3. Conclusion and recommendations

In this part, which is the last part of this comprehensive-research note, we would
like to mention various special implications and suggestions relating to our investiga-
tions for our readers.

Here we want to bring forward certain conclusions and also to give implicit rec-
ommendations concerning our main results. As emphasized in the abstract of this
study, the main purpose of this comprehensive study was to present both the basic
concepts about some operators of fractional derivatives and to introduce a special
operator defined with the help of those, which is expressed as various works relating
with the Tremblay operator (cf., e.g., [1], [38], [15] and [8]), as indicated before. In
any case, these were also carried out in the first chapter. In fact, some important rela-
tionships between the respective operators as in (1.2) and (1.4), and also, for certain
regular functions like (1.1), a number of their basic applications were presented as in
(1.5), (1.6) and (1.8)-(1.11). Clearly, those relevant relations and special implications
play a big role both for our essential result given in this section above and for all
of its possible special consequences. By focusing especially on our main comprehen-
sive result, namely Theorem 2.4, and its proof, that is, with the help of the relevant
theorem and its proof, different analytical and geometrical new results specified by
the mentioned operators and naturally the mentioned functions (in the classes Hα̃(n)
or its special subclasses H(s) and H) can also be determined (or calculated) (cf.,
e.g., [5], [10], [13] and [28]). Lastly, most particularly, the parameter Υ, considered in
Theorem 2.4, can be chosen as complex number. For possible details of both this and
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other suggestions, one can check the works given in [8], [15], [21] and [17]-[22] as some
of different investigations.

We choose to leave the special details of the relationships between those opera-
tors of fractional calculus (that is, that derivatives) and a large number of possible-
logic implications of our principal result as an exercise for the interested researchers
(or readers). Nevertheless, we also want to find out only one private result together
with one of its special forms, which both associates with Theorem 2.4 and has wide
range of (more) special results according to the facts of suitable values of the related
parameters.

Inside of the extra information in the first section, through the instrumentality of
the special relation (1.11) together with taking α̃ := 1 in Theorem 2.4, the following-
extensive result can be easily designated for all nth derivative of any regular function
%(z) in the special class H(n) (of the general class Hα̃(n)), which also includes numer-
ous geometric properties of n-valently regular functions in U. Specifically, for more
detailed information in relation to those analytic-geometric properties, one may cen-
ter on the main works given by [3], [10] and [27].) Shortly, the desired-special result
can be easily constituted as in the following Proposition (just below).

Proposition 3.1. Under the mentioned conditions of both the parameters Υ, Λ, ∇ and
Θ designated as in (2.5) and for any n-valently regular function %(z) in the class
H(n), if any one of the statements given by

<e

{[
z
(
%(z)

)(n+1)
]Υ
}
≡ <e

{(
z%(n+1)(z)

)Υ}
6= ΛΥ|∇|ΥCos

(
Υ
[
Θ + Arg(∇)

])
and

=m

{[
z
(
%(z)

)(n+1)
]Υ
}
≡ =m

{(
z%(n+1)(z)

)Υ}
6= ΛΥ|∇|ΥSin

(
Υ
[
Θ + Arg(∇)

])
is true, then the statement given by∣∣∣%(n)(z)− n!

∣∣∣ < ∣∣∇∣∣
is also true, which also requires to more simple inequalities given by∣∣∣<e(%(n)(z)

)
− n!

∣∣∣ ≤ ∣∣∇∣∣
and ∣∣∣=m(%(n)(z)

)
− n!

∣∣∣ ≤ ∣∣∇∣∣
where

%(n)(z) :=
dn

dzn

(
%(z)

)
for all n ∈ N ∪ {0} and for some z ∈ U.
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By putting n := 1, and Λ := 1 in Proposition 3.1 (or, equivalently, by taking
α := γ, β := γ, Λ := 1 and n := 1 in the concerned theorem, i.e., in Theorem
2.4), one of the exclusive-special results of any normalized-regular function %(z) in
the more special class H (of the general class Hα̃(n)) can be easily determined as in
the following Proposition (below).

Proposition 3.2. Under the mentioned conditions of both the parameters Λ, ∇ and Θ
designated as in (16) and for any normalized regular function %(z) in the class H, if
any one of

<e
(
%′′(z)

)
6= Λ|∇|Cos

(
Θ + Arg(∇)

)
and

=m
(
%′′(z)

)
6= Λ|∇|Sin

(
[Θ + Arg(∇)

)
holds true, then

|%′(z)− 1| <
∣∣∇∣∣

also holds true, which also requires to∣∣∣<e(%′(z))− 1
∣∣∣ ≤ ∣∣∇∣∣ and

∣∣∣=m(%′(z))− 1
∣∣∣ ≤ ∣∣∇∣∣

where z ∈ U.

As a final note of this research, in the light of the two-special propositions of
our extensive result above or/and by considering certain extra conditions when there
needs any necessity, we want to present to the attention of the related researchers to
describe (or redescribe) each one of those possible-special results can be designated by
making use of various types of the normalized-regular functions (or the multivalently-
regular functions) in certain domains of the complex plane.
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482 Hüseyin Irmak

[27] Macphail, M.S., Some iterated integrals in the fractional calculus, Bull. Amer. Math.
Soc., 44(1938), 707-715.

[28] Nehari, Z., Conformal Mapping, McGraw-Hill, New York, 1952.

[29] Nguyen, V.T., Fractional calculus in probability, Probab. Math. Statist., 3(1984), 173-
189.

[30] Nishimoto, K., Fractional calculus of products of elementary functions, I. J. College
Engrg. Nihon Univ. Ser. B, 28(1987), 21-31.

[31] Owa, S., Saigo, M., Megumi, K., Kiryakova, V., Inequalities for Saigo’s fractional cal-
culus operator, J. Approx. Theory Appl., 3(2007), 53-62.

[32] Pishkoo, A., Darus, M., Fractional differintegral transformations of univalent Meijer’s
G-functions, J. Inequal. Appl., 36(2012), 10 pp.

[33] Raza, N., Unsteady rotational flow of a second grade fluid with non-integer Caputo time
fractional derivative, Punjab Univ. J. Math. (Lahore), 49(2017), 15-25.

[34] Ross, B., Origins of fractional calculus and some applications, Internat. J. Math. Statist.
Sci., 1 (1992), 21-34.

[35] Srivastava, H.M., Fractional-order derivatives and integrals: Introductory overview and
recent developments, Kyungpook Math. J., 60(2020), 73-116.

[36] Srivastava, H.M., Owa, S., Univalent Functions, Fractional Calculus and Their Applica-
tions, Halsted Press, John Wiley and Sons, New york, Chieschester, Brisbane, Toronto,
1989.

[37] Taberski, R., Contributions to fractional calculus and exponential approximation, Funct.
Approx. Comment. Math., 15(1986), 81-106.
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