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Global existence and uniqueness for viscoelastic
equations with nonstandard growth conditions

Abita Rahmoune

Abstract. This paper is devoted to the study of generalized viscoelastic nonlinear
equations with Dirichlet-Neumann boundary conditions. We establish the local
and uniqueness of weak solutions results in Sobolev spaces with variable expo-
nents. Solutions are constructed as a limit of approximate solutions by a method
independent of a compactness argument. We also discuss the global existence of
solutions in the energy space.
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1. Introduction

In this paper, we study the global existence and uniqueness of weak solutions
for the nonlinear viscoelastic equation with the m (z)-Laplacian operator

Ut — D (o) U + w1 A% (t) — woAuy () + a (t) /t B(t—s)Au(s)ds
0

PP () + Mg (ue (8) = bf (u(t)) in Q xR, (1.1)
u=0,u=0o0nT x[0,+o0],
u(z,0) = up(x), ue(z,0) =uy(z) in Q,

where A,,yu = div (|Vu|m(m)_2 Vu) is called the m (z)-Laplacian operator,

m(z) and p(x) are two continuous functions on €, Q is a bounded open subset of
R™ with a smooth boundary 092 = T', 3 is a memory kernel that decays exponentially,
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g(uy) is a nonlinear damping term, f(u) is a nonlinear generalized source term, uy and
uy are given functions, and J,, denotes the normal derivative directed outside of Q2 and
Q = Qx[0,T]. Problem (1.1), with its general memory term o ( fo B(t—s)Au(s)ds
can be regarded as a fourth order viscoelastic plate equation with a lower order per—
turbation of the usual m-Laplacian type (m (z) = const > 2). It can also be regarded
as an elastoplastic flow equation with some kind of memory effect. We note that for
viscoelastic plate equations, it is usual to consider a memory of the general form

fo B (t — s) A?u (s)ds. However, because the main dissipation of the system (1.1)
is given by strong damping —Auw, (t), here we consider a weaker memory, acting only
on Awu (t). There is a large body of literature about the stability and global existence
of viscoelasticity. We refer the reader to, [9, 10, 8, 18, 19, 4, 2, 3, 1]. Our objective in
the present work is to extend the results established in the study of the differential
equation about global existence with standard m-growth in the study of generalized
problem (1.1) with nonstandard m(z)-growth. Equations with nonstandard growth
occur in the mathematical modeling of various physical phenomena, for example,
the flows of electrorheological fluids or fluids with temperature-dependent viscosity,
nonlinear viscoelasticity, processes of filtration through porous media and image pro-
cessing.

2. Literature overview and new contributions

The semilinear case with the classical Laplace operator (when m(x) = m =
const) and when (p(z) = p = const), was studied by many authors. Other related
works include:

1. The asymptotic behavior of solutions of the equations of linear viscoelasticity
at large times was considered first by Dafermos [9] in 1970, where the general
decay was discussed.

gy — A%u (t) — Auy (t /Bt—s Au(s)ds =

From a physical point of view, this type of problem usually arises in viscoelas-
ticity.

2. With the usual m—Laplacian operator m (z) = p(p =const> 2), a more general
problem concerning the energy decay for a class of plate equations with memory
and lower order perturbation of the p—Laplacian type

utt—div<|Vu\p_2Vu)+A2u() Auy (t /ﬂt—s Au(s)ds+ f(u(t)) =0

has been extensively studied in [5].

3. Problem (1.1) without the viscoelastic term, with the usual m-Laplacian opera-
tor (m(z) =m —1), (p = const > 2) has been extensively studied by Yang et
al [6, 7] concerning existence, nonexistence and long-term dynamics,

uy — div (\Vu|m71 Vu) + A% (t) — Aug (1) + g (ug (1)) +h (u(t)) = £ (z,t)
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4. The following problem:
t
wy — Au(t) + / B(t—s)Alu(s,x))ds + [ulP > u+ o (z)us =0
0

for o : Q — RT, a function, which may be null on a part of the domain 2, has
been considered and studied by many authors [8].

By assuming o () > o¢ on the subdomain 7 C 2, the authors obtained
an exponential rate of decay, provided that the kernel S satisfies:

{ —GB) < B (1) < —GA(t), t >0,

181l L (0,4-00) 18 small enough.

Motivated by previous works, the goal of this paper is to establish the local and
uniqueness of weak solution results in Sobolev spaces with variable exponents.
We also discuss the global existence of solutions in the energy space. We pay
specific properties caused by the variable exponents m(.) and p(.).

3. Problem statement

In this section we list and recall some well-known results and facts from the
theory of Sobolev spaces with variable exponents. (For the details see [11, 12, 13, 14,
15]). Throughout the rest of the paper we assume that € is a bounded domain of R",
n > 2 with smooth boundary T' and assume that p(x) and m (z) satisfy:

2<p_ <p(z) <py <ps«(x) < oo, 31
2<m_ <m(x) <my < my(z) < 0 (3.1)
where
py = ess supy (x), p_ =ess infy(x)
TEQ zefd
and
ne(x) .
————ifp. <n
pu(z) < ¢ (n—p(2), (3.2)
400, if o1 > n.
We also assume that
1
m(z)—m(y)| < ———, forall z, y in Q with |z —y| < =, 3.3
@) = m ) € -yl<y  (33)
with M > 0 and
m, > ess supm (z) (3.4)

{ze}

Let p : Q — [1,00] be a measurable function. We denote by LP()(Q) the set of
measurable functions u on €2 such that

Ay (u) = / |u (x)|p(x) dz+ ess sup |u(x)| < o0

zeQ|p(x)=0c0
(2eQlp(z) <00} {z€Q|p(z)=00}
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The set LP() (Q) equipped with the Luxemburg norm

lulloc) = llull Lo () = inf {M >0, Ap) <u) < 1}7

is a Banach space with

min (||u||p<> Nl >) < Ay (u) < max (Hu”p() lull? ))
and the generalized Holder’s inequality holds.

Let p satisfy the following Zhikov—Fan uniform local continuity condition :

1
lp(z) —p ()| < , for all z, y in Q with |z — y] <3 M >0, (3.5)

llog |z — y|
with ess inf (p* (z) — p(z)) > 0.
{zeQ}
o If condition (3.5) is fulfilled, Q has a finite measure and p, ¢ are variable ex-
ponents so that p(z) < ¢(x) almost everywhere in 2, then the embedding
L1)(Q) — LPL)(Q) is continuous.

e If p: Q — [1,400) is a measurable function and p, > ess supp (x) with p, <
{zeQ}

20 (n > 2), (p* < 2 (n> 4)), then the embeddings H} () — LP()(Q), and
(Hg Q) = Lp(')(Q)) are continuous and compact respectively.

Let us state the precise hypotheses on ¢, f, « and 3 :
o is a measurable nonincreasing differentiable bounded function on Rt and

ar > a(0) >a(t) >0, t>0. (3.6)
Let g be increasing C'—function such that:
zg (@) = do e, w € R,
|9 (@)| < difo] +d2 |2|77F w e R, di >0, (3.7)

2<0 <o) <oy <pr) <py < s <00, >3
Let f(z,s) € C! (Q x R) satisfy:
sf (x,8) + k1 (@) [s| > p(@) f (2,9), (3-8)
and the growth conditions
@)l <t (I8l + ke () 5

(3.9)
Ifs (z,8)] <l (|s|971 + k3 (33)) inQxR, and 1 << %

where f(m,s) = f(s) = fogf(a: ¢)d¢, with some Iy, I; > 0 and the nonnegative
functions k1 (z), k2 (z), k3 (z) € L™ (), a.e. x € Q.
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The memory kernel 8 : [0, +oo[ — [0, 400 is a differentiable bounded function
such that

B(0) =pFo >0, co> /OO B(t)dt = Bu;
0
wiA — a(0) B > 0; (3.10)
t
oz(t)ﬂ(t)Jro/(t)/ B(s)ds>0 teR".
0
there exists K > 0 such that

B'(t) < —KpB(t) Vt>0. (3.11)
where A\; > 0 is determined by the imbedding inequality
A [V ()] < |Auf®. (3.12)

Remark 3.1. Typical examples of functions satisfying (3.10) and (3.11), are

B(t) = Boe”™, a> max (Boa (0),K> ;

w1/\1

a(t) =a (O) e 51(2)1 I B(S)ds.

Remark 3.2. We remark from the first identity in (3.10) and assumption (3.6) that

¢
Wi — a(t)/ B(s)ds > wiA; —a(0) By >0, forallteRY.
0

4. Main result

In this section we establish an existence result for problem (1.1).

4.1. Local existence

Theorem 4.1. Assume that (3.6)-(3.11) hold, given any (uo,u1) € HZ (Q)NLPO(Q) x
L?(Q). Then problem (1.1) admits a solution u (t) satisfying:

ue L®(0,T;V N LPY(Q)), (4.1)

where
V={peH*(Q):9=00nT}.

Proof. Let w; (j =1,2,...) satisfy the spectral problem
(wj,v)Hg =\, (wj,v), Yve H,
where (., .)H2 represents the inner product in HZ. The family of functions

0
{w1,wa, ..., wp,} yield a Galerkin basis for both HZ and L? (Q).
For any m € N, let us put V,,, = Span {wy, wa, ..., wy}. We define

U (1) = Zij(t)wj, (4.2)
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where K, satisfies:
(U (8), wj) + w1 (A, Aw;) + wo (Vime, Vw;)

it (1) 05) + (Jum P i, w5)

(a0 [ Bt — ) Vum () 5.9, ) + 0o () 05) = B0 (1) 7).

m

Um = Uom = E Aim Wy, umt = Ulm = E Bzmw] )

Ugm — Up 10 Vi, U1y — uq in LQ(Q).

for 1 < j <m, and

a(h, W) = / (V™72 Ty v da.

As the family {wy, wa, ..., w,;, } is linearly independent, the problem (Pm) admits at
least one local solution u,, in the interval [0, ¢,,] verifying w,, (t) € L? (0,t,,; V;,) and
Upme (t) € L2 (0,t; Vin). The estimate below will allow ¢, to be independent of m.

A priori Estimate 1
Let us define

(BoVu) ( /6 (t—-s) /|Vu (t)]* dads,

it is easy, by differentiating the term « (t) (SoVu) () with respect to t, to show that

a(t) /Q /0 Bt —s)Vu(s) Vuy (t) deds

= —%% {a (t) (BoVu) (t) — a (t) [Vu (t)|2/0 B (s) ds}

+%a (t) (B'oVu) (¢ a(t)B(t)[Vu(t)?

V(¢ |/6

(gt () e (8)) + (2t (2) 1t (£)) + 01 (Dt (2) , Aty (1))
Fwy (Vi (), Ve (t))

1

) =5
1, 1
50’ (1) (BoVu) (1) = ' (1)

Next, replacing w; in (Pm) by wn, (), yields

o (I P72 (1), e (8)) = (2) /O B(t—5) (Vum (5), Ve (£)) ds
+A(g (i) wme (1)) = O(f (um (£)) , wme (1))

(4.4)
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Using Young’s inequality and (4.4), it results

1 2 1 m(x) 1 2
= |ume(t — m(t d — Ay,
5 1t + [ = 190,01 o + G [ B

% 7% <a (t) /O B(s) ds) Vi, (1) (4.6)
1a oVu 1 u P@) g — f(u x
4500 (3090 (0+ [ sl (@F do =t [ Flun(t)a
2

+)‘ (g (umt) y Umt (t)) + wa |vumt (t)‘

= %oz (t) (B oVun) (t) + %o/ (t) (BoVup,) (t)

-2 (a t) B () + o (t) /Otﬁ(s) ds) |V (8)]

We denote by E,, the energy functional associated with problem (1.1):

B (1) = 3 b (O + 2 et~ ( ) [ 5615 19 07

+%0‘ t) (BoVuy,) (t) + /Q \vum(t)rn(x) da

m ()
L u P(@) 4 — f(u T
[ s Pz =b [ Flun0) de @)

Using the conditions (3.6), (3.10) and (3.11), we see that

B () < 500 (#'0Tun) (0~ 5 (a0 +0©) [ 56)ds) IVun O)F
+%o/ (t) (BoVuy,) (t) <0 VYt > 0. (4.8)

The Young’s inequality and (3.8), gives

fb/ f(upm(t)de > — / (b )kl( x) || de — / (bx)umf (z,un,)dz (4.9)

—5+2/|um ()P dxfC’s+/|k1x|p(

/Qp( )umf(;v s Upp) dex.
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Next, using hypothesis (3.9) and Young’s inequality, we obtain
b b
——un f (z,u d:ES/ — | f (x,u Uy | A
ooyt ) < | 217
l e, p_
< 715_"_/ (Ium‘29+|k2 (.Z')|2) dx+c(+72p)/ |um|2 dz
Q pZ Q

p—

12 </ p(I)729 / 1 (z) > l2 2
<-Lle —————dx + 20 —umt’”dx + Ley k2 (2
L@ [um ()] P LIl S

+C' (e4,p- / |t ()P daz (4.10)

? 20
<i, (mp* 2 [ ) a )

12 .
oben s ()% + € epo) + = / i (P dz

Now replace (4.10) in (4.9) and let 0 < g4 < W by using (3.10), (3.12) and
Remark 3.2 from (4.7), we obtain:
1 1
B (8) 2 3 im0+ 5 (11 = (0) 82) [ Aun (6 (4.11)

+Cy / [Vt (£)]™) da + 02/ |t ()P daz — C5 (1 4+ Ky + K>)
Q Q
or

[t + 1B, OF + [ un @ do+ [ [V (0 da
Q Q

< Cy (Em (t)+K1 +K2—|—1), (412)
where
1 2 —py (24202
012770<02:p P+(2 1)a€+7
my pPZp+
2 13 — 26
Cy=max | C. ;Lte :C (es,p_) + ¢ ),
= max (Cei Leni ' eanpo) + e P
1
C4 = max ,C3
min (% (wiA — a(0) B1),Ch, C’g)
Thus, it follows from ( (4.8) and (4.12) that

e (1) +/|Vu m(I)dx+IAum\2+/|um(t)|p(g”>dx
Q

¢
+ws / |Vt (5)|° ds + )\/ (9 (tmt (8)) , ume (s))ds (4.13)
0 0
<Cy(En(0)+ Ky +Ky+1) foreveryt>0



Viscoelastic equations with nonstandard growth conditions 433

where K1 = ||ki%,, Ko = [[ka|%
According to Holder’s inequality, using (3.8) and (3.9), we have

‘b/Q F (um(0)) dz

c (|u0m2 I+ [ Ton P de+ [l + |u0m|2) .
Q

b b
< —/ k1 (x)IIuOm\dx+—/ [uom | | f (2, uom)| dz
P-Ja P-Ja

Therefore from (4.7) one has

1
E,, (0) = 5|u1m‘2_’_/Q m( ) ‘Vu0m| d(E—‘r |AU()m|

1 .
—&—/—ump(gu)dx—b/ Uom ) AT
Qp(l')|0 | Qf(o )

C <|u1m|2 +/ [V ttgm ™™ dz + | Augy |* +/ |tom [P dz + |uom|* + K1 + K2> .
Q Q
Then from (4.3) and (4.13), we obtain

|umt(t)\2+/ |Vt () dx+|Aum\2+/ |t (£)[P) A
Q Q

+w2/0 |Vttt (S>|2 ds + )\/0 (g (Ut (5)) , ume (5)) ds < C,

for some positive constant C' > 0.
Gronwall’s inequality and assumption (3.7) gives

Uy, is bounded in L™ (O7T; H2(Q) N LPO( Q))
),
)

b

Uy is bounded in L™ (0,7 L*(12)

g (Umi) Upy is bounded in L' (Q x (0,T)
Ume is bounded in L? (O T; Lot )(Q )
Vi is bounded in L2 (O T; L? Q) )
2).

Q))

Since Hi < VVol’p+ (), we can use the standard projection arguments as in Lions
[16]. Then from (Pm) and the estimates (4.14), we obtain

Ut 18 bounded in L2 (O,T; Hal (Q)) . (4.15)

(4.14)

Vi, is bounded in L™ (0 T, L)

(
Anp(y (ty) is bounded in L (o,T; wLm' () (

To estimate the term g (up,: (t)) we need the following lemma.
Lemma 4.2. For all m € N there exists M > 0 such that

llg (e I < M.
1(Q)
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Proof. Thanks to Holder’s, and Young’s inequalities, from (3.7), we get

_olz) o
/ 19 (tme)| 77T do = / |9 (tme)] g (Ume)| 7@ da
Q

1
o(z)—1

< [ 19 ot O] (s 0]+ e e (017 ) 7
<c /Q 19t ()] ([t (017 - e (1))

e /Q 19 (it (6)) [ttt ()] 7T daz + C /Q 19 (e (8))] [tme (£)] d

o(x) o (x)
N 4o C (o) [ e (O do
Q

e /Q 19ttt (8))] [t ()]

therefore

1 —2iz) _o(=x)
— / 19 (tms ()77 d < C (04,0) / [ty ()| 7T da

*C/ 19 (tme ()] [ttt (8)] A < € [t (][50 1+0/ |9 (it (£))] [t (t)] e,

hence, estimates (4.14) gives

T _o(@)
/ / |g (e ()] 7@=T deedt < M.
) Q

(

By estimate (4.16)
g (Ume (t)) = g (ug (t)) a.e. in Q x (0,T)

Therefore from Lions [16, Lemma 1.3] we infer that
g (umt) — g (ue) in LT (2 x (0,T)) weak star.

Passage to the limit
On the other hand, we have from (4.14)

Uy — u weak star in L (O,T; HZ(Q) N Lp(‘)(Q)) ,

A?u,, — A%y weak star in L™ <O,T; H2(Q)N Lp(')(Q)> ,

AW (um) — ¥ weak star in L™ (O,T; w—1m' () (Q))

(4.16)

(4.17)

(4.18)
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By applying the Lions-Aubin compactness lemma, we obtain, for any 7' > 0,
Um — u strongly in L* (0,75 H)(9)) . (4.19)

Using the compactness of Hg(2) in L?(Q), it is easy to verify

T T
/ / |t [P 2 wppvdadt — / / [l "2 uvdadt for all v € L7 (0,75 Hg () ,
o Jo o Jo

as m — oo. s
Using growth conditions (3.9) and (4.18), we see that fOT Jo If (um)| 7 dzdt is
bounded and

f (um) — f(u) aein Qx (0,7),
then
f (um) — f (u) weak star in L% (O,T;L%) 7

as m — 0o, which implies that

T T
/ / f () vdzdt — / / f (u)vdzdt for all v € L+ (0,75 Hy () .
0o Ja 0o Ja
Passing to the limit in (Pm), we have

(uee (), v) — (1, v) + w1 (A%u,v) — wa (Aug,v) + <|u|p(')_2 u, v) (4.20)

- (a (t)/o B(t—s) Vu(s)dS,Vv) + A (g (u),v) =b(f(u),v) YveWrL(Q).

Finally, by strong convergence, we can use a standard monotonicity argument as done
in Lions [16] or Ma & Soriano [17] to show that ¢ = A,,() (u). Then we infer that
limit u satisfies (4.1) and

t
e — Apgy (w) + wy A%y — wyAuy + a (t) / B(t—s)Au(s))ds + |u|p(‘)_2 U
0
+Ag (ut) =bf (u).
From where the proof of theorem (4.1). O

4.2. Uniqueness

In this subsection, the uniqueness of the solution will be proven.

Theorem 4.3. Let the assumptions of theorem 4.1 hold. Assume further that

2n —2
p+§L27 n#2 (pyr <o ifn<2) (4.21)
n—
2n —2
m+§L2,n7é2(m+<ooz'fn§2), (4.22)
n—
1<9§%‘, (4.23)

Then, there exists a unique solution u to problem 1.1 and it satisfies (4.1).



436 Abita Rahmoune

Proof. Let u, v be two weak solutions of problem 1.1, and set ¥ = u — v. Then, ¥
satisfies the equation

L\ (t) - (Am( YU (t) Am (t)) + ’LU1A2\1/ (t) - ’UJQA\I’/ (t)
A (g (ur (1) = g (v () + (u@FY 2 u(t) — o @)Y 0 (1)) (4.24)
t) / B(t—s)AU(s)ds = b(f (u(t) - f (v (1))

in L2 (O, T; L? (Q)), T > 0, with boundary conditions and null initial data.
As W' € L? (0,T; H} (€2)), multiplying above equation by ¥’ (t), to get

1d
SO + wrg T IAVOP + w2 (VUL 4+ (g (w) —g (), we — ) (425)

+ <|Vu|m(')_2 Vu — |V1}|m(')_2 Vo, V\Pt) = / (|v|p(')_2 v— |u\p(')_2 u) U, dx
Q

+(f(U)—f(v),\IJt)+a(t)/Q/0 B (t—s) VU (s) VU, (t) dsdz.

From (3.7) we have:
(9 (w) =g (ve) ,ue —v) 2 0.

Thanks to Holder’s inequality, we estimated the first term on the right hand side of
(4.25) as follows:

'/(|U|P<I>2v — |uP® "2 0) b, da
Q

< (e =) [ sup (JuP o 77) 9 9 o
< 1 P+—2 P+—2 p——2 P-—2\ 1yl | d
<y = 1) [ (2 Pl o) 9

2 -2
52 ey gy + I

LW(T’+ 2 Ln(p+—2)(Q)
S 9 Ol ooy e (O]
U Ln(p,—2)(9) v L’n,(pi_Q)(Q)

where 1+ % +3 =1, and from (4.21), n (p— — 2) < n(p; — 2) < ;2% = g which gives
by estimate (4.1), Young’s inequality and as H}(Q) C L4(Q), that:

’/ (|o]P 72 0 — JuP@) 2 )T, da

2 —2
||VUHT£§(Q + [V Hi;(sz)

— (Q)

<C (\V\I/(t)| + |0, (t)|2).
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By the same manner and by condition (4.21), we have

’/(|Vu|’"<“”)2 Vu — | Vo™ 2 VoV, de
Q

< (my — 1) /Q sup (|72 90" |V ] |V 4| da

el o) g 10 2y ,
<c S - [ ()l ey 19 D)
o+ [lul + Il

Lr(m-=2)(q) v Lr(m—=2) ()

IIVUIIZLJQ)QﬂL IVl
O IS O] 2y 2 (1)
+IVull}s (Q) + IVllzz o
<c(IVeF + 1w ).

Now setting Us = Cu+ (1 —¢) v, 0 < ¢ <1, from the growth condition it follows that

£ (Ue) dCT,dzdt

/ 1 |wt|dxdt\

// [[druon
= o), dCf(U()dC‘|\I/t|dxds
t 1
<l / / / (1Dl + Jks (@)]) [ — o] [ 4] dCdrds
gc/(:/ﬂ (|u|"*1+|v|9*1+|k:3 (x)\) U (s)| W, (s)] deds = 1.

Using generalized Holder’s, Young’s inequalities, estimates (4.1), and let \ satisfy:

|W;| dads

n
n—2)0—-1)"n
from (4.23), the following estimates hold,

1<c/ [ (el 101" + 11 ()

1<)\+1<min( "2>,n7é2(/\<ooifn<2) (4.26)

Lo 12y el

6—1 6—1 A
<0 [ (M, D s+ s iy ) 9 il s

t
0— 60—
<C / (173 + 19l + ks (@)1, ) 119911, 19, s

< c/ot (|\I't(s)|2 + |v\1/(s)|2) ds.

because by (4.26) we have [[¥][y\ ;) < [[V¥][,.
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Combining the above inequalities with identity (4.4), from (4.25), we derive
1 2 1 t 2
S0P + 3¢ (wini—a ) [ 5(s)ds) v
0
+Cy / [V, (s)|”ds+ e (t) (BoV) (¥)
0

< c/ot (120 () + 9% (s) ) s + ;/Ot o (5) (BoVD) (s) ds

+; /0 o (s) (FoV¥) (5) ds — /0 (a<s>ﬁ<s>+a/(s) / 5(()d§) T (5) ds

0

Then, from remark (3.2), assumptions (3.10) gives
2 2 ! 2 2
WO + (= a(0)5) FEOP <0 [ (10 + VU P) s
0
and then by Gronwall’s inequality we deduce that: ¥ (¢) = ¥ (0) =0 in H3(Q). O

To study the global existence of the energy function, we define some functionals
and establish several lemmas. Let the functions:

It)=1(u()= @ <w1/\1 -« (t)/o B(s) ds) [V (t)] (4.27)
—b/Q Fu@)u(t)ds — b/Q ky () |u (t)] dz;

T() = J (ut)) = % </\1w1 - a(t)/o B(s) ds) IV (1)) — b/ng(a:,u) dz; (4.28)

B0 = B(u(®).w(t) > T () + 5 hu(®F + [ PP ae (@429)

L u(®)™® dz 1oz oVu
[ IV o 4 0 (0 (3050) ().

And the set as
W={u:ueH; (), I >0}u{0}. (4.30)

where

B0 = 3 w0 + Jun 3l — 5 (a0 [ 56)ds ) Fu 0 + Ja ) (507 (0
1

+/ 733)|Vu(t)|m<x> dx+/ p(lx ()" de /f v (431)
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5. Global existence

In this section we show that the solution of problem 1.1 global in in infinite time
under the assumption

p— (Mwr — a(0) 51) )ezl '

E(0) <4(widr —a(0)fy) (4(11 [z (@)oo + (1R (2)]],) T

and
2n .
p+§72, n#2 (pyr <ooifn<2).
n—

The next lemma shows that our energy functional (4.29) is a nonincreasing
function along the solution of (1.1).

Lemma 5.1. E(t) is a nonincreasing for t > 0 and
1
E' (t) = —wy |Vu|* — )\/ ug (t) g (ug (t))dz + 50/ (t)/ (BoVu) (t)dz
Q Q

+%a(t)/Q(B’OVu) (t) dz — % (a )8 (#) + o (t)/o B(s) ds) Vu@)F <0, (5.1)

Proof. Multiplying the equation of (1.1) by w; and integrating by parts over 2, using
(3.6), (3.7), (3.10) and remark 3.2, summing up the product results, obtains

B0~ 20) = v | [V (3)% ds — A / t [ (5)9u (5)) daas
% /0 o /Q (BoVu) () dzder% /0 "o (s) /Q (8'oVu) (£) dads

e+ o) [80d) IVueds <0 forrzo. O
, [, o)

Lemma 5.2. Let (3.6) and (3.8) hold, suppose ug € W and uy € H} () such that

6—1

o (4 B0\ . ,
y=set (4 EO ) T itk @l @l 62)
< B vwn —a(0)4y).

then w € W for each t > 0, where C, 1is the best Poincar’s, Sovolev constant de-
pending only on p(x) and on , which satisfy 2 < p(x) < py < n2_"2 (n>3)
2<pr <x0ifn=172).

lu (®)llpwy < C IVu@®lly Yu € Hy(Q).

Proof. Since I (0) > 0, by the continuity, there exists 0 < T,,, <T such
I(t)>0 in [0,7,],
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this gives from (4.28) and (3.8):

B2 (0= 510+ (Alwl —al0) [ 56 ds) Vuf?

+I% (/Qf(u)udm—&—/gkl( |u|dz —p /f dx) (5.3)

> % <)\1w1 - a(t)/ B (s) ds) IVul?.
0
since by (3.8) we have

/f udx+/k1( lu|dz —p /f )dz >0

Then by using (5.3), (4.29), (5.1) and remark 3.2, we obtain
1

Vul? <4 </\1w1 ol [ "8(s) ds) E ()

<4 <>\1w1 Ca®) /Otﬁ (s) ds> B E(0). (5.4)

By recalling (3.9), Sobolev-Poincaré’s embedding (0 + 1 < p), condition (5.2), esti-
mate (5.4) and Cauchy-Schwartz’s inequality, we have the following estimates:

b/ﬂf(u)udx—l—b/ﬂkl(x)\umx§b/ﬂ|f(u)|\u|dx+b/9|k1(m)|\u|d;v

gbll/ |u\9+1dx+b11/ " (x)\|u|d:c+b/ ey ()] Ju] da
Q Q Q
< bl [u (llg 11 + b ([l ()| + 1 (@)]].0) 1w (@) 1553
< bl OO V(1)
+bCIT (1 [ (2)]] o + o1 (2)]]0) [Vu(t)"F!
= b, COtT V()" [Vu(t)|?
+DCTH (I ([ ()] o + |lF1 (@)]]0) [Vu(®)]” |
o

v
< bCoH! (4 (Alwl —al(t) /Otﬂ (s)d.s)_l E(O)) N (5.5)
)

< (l+ 1 lk2 (2)]] o + k1 (@)]]0) [Vul?
E(0)
wiA — a (0) B

< % (Mwy — a(0) B1) |Vu|2

< 1’@ (/\1w1 —al(t) /Otﬂ(s)ds> |Vul* on [0,T),].

2
t)]
1

6—1

< bet+! (4 ) % (1y + 1 |lk2 (@) + 1k @)]]0) [Vul?
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Therefore, from (4.27), we conclude that I (¢) > 0 for all ¢ € [0,T,,]. By repeating
this procedure, and using the fact that

0—1
. (t) :
! o1 (4 B n n <D
. uqr%an* < o 0) ﬂ1> (I 41 [[F2 (2)]] o + k1 (2)]] ) <

< £ Owun —a(0) ).
T, is extended to T. O

Theorem 5.3. Let the assumptions of theorem 4.1 hold. Let ug € W satisfying (5.2).
Then, the solution gotten in of theorem 4.1 is global.

Proof. 1t sufficient independently to t to show that
jue|* + |V +/ (Vu(t)[™) dz +/ u(t) P dz
Q@ Q

is bounded.
For this aim, we use (4.27), (4.29), (3.8), (3.10) and Lemma 5.2 to obtain:

1 t 5 ~
B(0) > B(t) > (Alwl - a(t)/o B(s) ds) IV (6)? - b/ﬂf(x,u) do

+%|ut(t)|2+ /Q %Wu(mm(z) dz + /Q e Ju(t)|P™) dx+%a(t) (BoVu) (t)
1 ¢ 5 1
> </\1w1 —a(t)/o B(s) ds) Va)l + ~o=1 )

+I% (/Qf(u)udx—i-/gkl (2) |udx—p(x)/9f(x,u)dx>

1 2 / 1 m(x) / 1 p(x)
+—=|us ()]” + Vu(t dx + — |u(t dx

> % <>\1w1 _ a(t)/o B(s) ds) IV (1))
gl + [ S IVuO) P de+ [ s o ar
On = (0) ) [V () + 3 (1)

1 m(x) / 1 p(z)
+ Vu(t dzr + — |u(t dx.
Jy e Ve o (@

>

B~ =

Therefore
Jue (O + |V (£)* + / [Vu(t) ™ dz + / Ju(t)[") da
Q Q
< max (p*,m+,4 (Arwr —a (0) 51)71) E(0),

These estimates ensure that the solution w(t) exist globally in [0, +o00]. O
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Example 5.4. Consider the following functions:
f(@ou) = a(@) |ul™*u—b()|u*u
with appropriate functions a (x) and b (x), where w >~ > 1.
glus (1) = |u (D)7 2wy (t); o (x) satisfies conditions in (3.7);
Apyu = div <|Vu|m_2 Vu) ;o om(x)=m > 2.

Then, problem (1.1), is reduced to the following problem
t
uge — div (\Vu|m_2 Vu) + w1 A% () — woAuy () + a (1) / B(t—s)Au(s)ds
0

P u ()72 g () + (w7 u () = bf (u(t) in Q x R,
u=0pu=0onT x[0,+o0[,
u(z,0) = up(x), u(x,0) =ui(x) in Q,
(P)
Since f, g satisfies hypotheses (3.7)-(3.9). Then, Theorems (4.1), (4.3) and (5.3) are
verified for problem (P), which gives importance to this general problem.
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