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A strong convergence algorithm for
approximating a common solution of variational
inequality and fixed point problems in real
Hilbert space
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Abstract. In this paper, we propose an iterative algorithm for approximating a
common solution of a variational inequality and fixed point problem. The algo-
rithm combines the subgradient extragradient technique, inertial method and a
modified viscosity approach. Using this algorithm, we state and prove a strong
convergence algorithm for obtaining a common solution of a pseudomonotone
variational inequality problem and fixed point of an n-demimetric mapping in a
real Hilbert space. We give an application of this result to some theoretical opti-
mization problems. Furthermore, we report some numerical examples to show the
efficiency of our method by comparing with previous methods in the literature.
Our result extend, improve and unify many other results in this direction in the
literature.
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1. Introduction

In this paper, we consider the Variational Inequality Problem (VIP) which con-
sists of finding a point 2* € K such that

(Fa*,x — 2"y >0, V2 € K, (1.1)
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where K is a nonempty, closed and convex subset of a real Hilbert space H, F' : H — H
is a nonlinear single-valued mapping, (-,-) respectively || - || are inner products and
norm defined on H. We denote by VIP(K, F), the set of solutions of the VIP (1.1). A
wide range of problems in science and engineering, optimization theory, equilibrium
theory and differentiation equation leads to the study of the variational inequality
problems. For this reason, there have been several researches into the study of iterative
algorithms for approximating the solutions of VIP and related optimization problems,
(see [1, 2, 4, 6, 30, 45, 48, 51, 50, 52]).

One of the simplest and earliest known method for solving VIP is the gradient pro-
jection method as a result of a fixed point formulation which involves the metric
projection. The method is given as

Tht1 = PK(xk — )\Fl‘k), r1 € K, k>1,

where Pk is the metric projection of H onto K and A € (0,1/L) with L the Lipschitz
constant of the cost operator F. For the convergence of this method, it is required
that the operator F' is strongly monotone (see [22, 23, 21, 31]).
Another method for solving the VIP is the so-called Extragradient Method (EGM)
initially proposed by Korpelevich for solving the saddle points problem (see also,
Antipin [7]). For solving the VIP, the EGM is given as follows: z; € K
yk:PK(ZL'k—)\F(Ek), (1 2)
Tht1 zPK(xk—)\Fyk). k>1 '
The EGM (1.2) requires executing projection onto feasible set K twice per iteration.
Considerable efforts have been made to modify and improve this method, one of which
is to reduce the projection from two to one onto feasible sets. In particular, one of
such modifications is the Subgradient Extragradient Method (SEGM) by Censor et.
al (see [14, 15]). In this method, the second projection of the extragradient method
was replaced by a projection onto a half-space whose formula can be easily executed.
The SEGM is given as follows: z; € K :

Y = PK(l‘k — )\Fl‘k),
Ty ={x € H: (xp — \Fzr — yr,x — yr) < 0}, (1.3)
Tp41 = P, (z, — AFyg), k>1

Another drawback of the EGM is the dependence of the constant A on the Lipschitz
constant of the associated cost operator. For this reason, many authors have proposed
several methods which avoid the prior knowledge or use of the Lipschitz constant. One
of such is the use of well defined linesearch rule (see [11]) and the references therein.
One other popular method for avoiding the use of Lipschitz constant is to construct
an adaptable step size (see, [51, 52]) for more.

On the other hand, the Fixed Point Problem (FPP) consists of finding a point z* € K
such that

x* = 8Sx*, (1.4)

where K is a nonempty, closed and convex subset of a real Hilbert space H and
S : K — K is a nonlinear mapping. We denote by Fiz(S), the fixed point set



A strong convergence algorithm 185

of a mapping S. The FPP finds application in proving the existence of solution of
many nonlinear problems arising in many real life problems. From the existence of
solution of differential equation to integral equations and evolutionary equations. The
approximation of fixed points of several nonlinear operators in Hilbert, Banach and
Hadamard spaces have been considered in the literature (see [18, 20, 26, 36, 53]).

In this paper, we consider the problem of finding a common solution of the VIP (1.1)
and FPP (1.4). That is, finding a point z* € K such that

o* € VIP(K,F) N Fiz(S). (1.5)

The problem (1.5) has many real life applications which include signal recovery prob-

lems, beam-forming problems, power-control problems, bandwith allocation problems

and optimal control problems (see [25, 43] and the references therein).

For obtaining a solution of (1.5) in the case where F' : H — H is inverse strongly

monotone and S : K — K is nonexpansive, Takahashi and Toyoda [49] introduced an

algorithm whose sequence {x} is generated by the following recursive formula:
{yk = Pg(zr — AFzy),

(1.6)
41 = (1 — aw)zr + oSy,

where Pk is the metric projection of H onto K and {oy} is a sequence in (0,1)
satisfying some conditions.

Kraikaew and Saejung [34], for solving problem (1.5) combined the SEGM and
Halpern method to propose an algorithm they called the Halpern Subgradient Extra-
gradient Method (HSEGM). The HSEGM is given as

r1 € H,
yr = Pr(xr — AFxy),
Ty ={x € H: {(xp — \Fzr — yr,z — yr) < 0}, (1.7)

zi, = agxy + (1 — o) Pr, (vr — AFyg),
Try1 = Brwr + (1 — Br) Sz,

o0
where A € (0,1/L), ag. C (0,1) satistying klim ar =0, Y ap =00, {Bk} C [a,b] C
de el k=1

(0,1) and S : H — H is a quasi-nonexpansive mapping.

Recently, Thong and Hieu [50] introduced two viscosity-extragradient algorithms for
approximating (1.5), where S : H — H is a n-demicontractive mapping and F : H —
H is a L-Lipschitz monotone operator. The strong convergence of both algorithms
were established under some mild conditions. One of these algorithms is presented as
follows:

Algorithm 1.1. [50, Algorithm 3.1], Viscosity-type Subgradient Extragradient Method
(VSEM)

Initialization: Choose A\g > 0, u € (0, 1), and let xg € K be an arbitrary starting point.
Tterative steps: Culculate xp 1 as follows:

Step 1: Compute

yr = Pr(vp — M Fay).
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Step 2:

Step 3:
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Compute
ZE = PTk (th — AkFyk),
where
Ty ={we H: (xp — \Fri —yp,w—yi) <0}

Compute

v = (1 — Br)zk + BrSzk,

Tpae1 = apf(zr) + (1 — ag)vg
and

Ay = [l Ak} i Fu = Fye 0,
ks otherwise.

Stopping criterion Set k := k 4+ 1 and return to Step 1.

To speed up the convergence of iterative algorithm, the inertial technique has been
widely employed (see [3, 8, 16, 38, 39, 47]). Inertial algorithms for variational inequal-
ity and other optimization problems have received due consideration by authors, see,

g [51]. Very recently, Thong et al. [51] proposed the following inertial subgradient
method:

Algorithm 1.2. Inertial subgradient algorithm for VIP

Initialization: Choose Ay > 0, p € (0,1), 8 > 0 and let xg,x1 € K be an arbitrary
starting point.

Iterative steps: Calculate xp1 as follows:

Step 1:

Step 2:

Step 3:

Given xp,xi_1, k > 1. Set
wi = T + O () — Tp—1),

where

min{1 9} if xp # Tp_1,

2|z — w12
0 otherwise.

O =

Calculate
yr = Pr(wi, — A\gFwg).

If yp, = wy, or Fyx, = 0 then stop (yi is the solution of the VIP (1.1) ). Otherwise
go to Step 3.
Compute

zr = Pp, (wi, — A\ Fyr),

where
T, ={w e H : (wg — M Fw, — yg, w — yx) < 0}.



A strong convergence algorithm 187

Step 4 Compute
T = agpf(2e) + (1 — o)z
Update
in 4 llws—yill . B
Akt1 = mm{”ka—Fka’ )‘k} if Fug — Fyr # 0,
Ak otherwise.

Set k :=k 4+ 1 and return to Stepl.

In this paper, motivated by the works of Attouch and Alvarez [8], Censor et al. [14]
and [51], we proposed an inertial self adaptive subgradient extragradient algorithm
for approximating a solution of VIP and FPP in real Hilbert space. Combining this
method with a modified viscosity approach, we proved a strong convergence theorem
for approximating the solution of a pseudomonotone VIP and FPP for n-demimetric
mapping. The following highlight some of the advantages of our method and work
over previous ones in the literature.

(i) Unlike the work of Gang et al. [11] where the linesearch rule (a linesearch means
that at each outer iteration, an inner loop is executed until some finite stopping
criterion is reached which can be time consuming) was employed, we used a
carefully chosen self adaptive step size.

(ii) Also, by using self adaptive step size, our work does not depend on the prior
knowledge of the Lipschitz constant in practice which makes the execution of
the algorithm easy for computation.

(iii) Our algorithm is used for approximating a common solution of a VIP for pseu-
domonotone operator and a fixed point of an n-demimetric mapping thus includ-
ing the work of [51] as a special consideration.

(iv) We employed an inertial technique to speed up the convergence rate of the
sequence generated by our method. Our numerical experiments confirm that our
method perform better than some existing methods in literature.

The paper is organized as follows: In Section 2, we present some preliminary results
and definitions that are useful in establishing our main result. We present the main
result in Section 3, by first introducing our algorithm and then establishing the strong
convergence of the sequence generated by this algorithm. In Section 4, we give two
theoretical applications of our main result. We reported some numerical experiments
in Section 5 to demonstrate the performance of our method as well as comparing it
with some related methods in the literature. Finally, in Section 6, we gave a conclusion
of the paper.

2. Preliminaries

Throughout this paper, we denote the set of positive integers and the set of
real numbers by N and R respectively. Let H be a real Hilbert space with the inner
product (-,-) and the norm given by || - || respectively. For a sequence {x\} C H, we
denote the weak and strong convergence of {z)} to a point z € H by z; — z and
T, — x respectively.
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Let K be a nonempty, closed and convex subset of a real Hilbert space H. A mapping
S : K — K is said to be:

(i) L-Lipschitz with a constant L > 0, if
Sz = Sy|| < Lllz —yll, ¥V 2,y € H;

(ii) a contraction respectively nonexpansive if L € (0, 1) respectively L = 1;
(iii) firmly nonexpansive, if

(Sx — Sy,x —y) > ||Sz — Sy|?, ¥ z,y € H;
(iv) quasi-nonexpansive, if Fiz(S) # @) and
[Sz — Sa*|| < ||z — 27,

for any « € H and z* € Fiz(S);
(v) k-strictly pseudocontractive in the sense of Browder and Petryshyn [9], if there
exists k € [0, 1), such that

12— Syl < llz — I + kllz —y — (Sz— Sy)|%, ¥ 2y € H;
(vi) [41]. n-demimetric with n € (—o0,1) , if Fiz(S) # 0 and

1
(x —a*,x — Sx) > 5(1 —n)||z — Sz||?, for any z € K and z* € Fiz(S).
Equivalently, S is n-demimetric, if there exists n € (—oo, 1) such that
||Sx — 2*||* < ||z — 2*||* +nllx — Tz||>, Vo€ H and z* € Fiz(9).
Remark 2.1. [41]. The class n-demimetric mappings covers the class of strictly pseudo-
contractive mappings with nonempty fixed points and many other important nonlinear
mappings.
For each z,y € H and t € (0, 1), it is known that
llz +yl* < [l2* +2(y, = +y)
and
[tz + (1 = t)yl|* = tll2]|* + (1 = )[lyl]* —t@ = )]z —y|[*, (see, [28, 37]).

Let K be a nonempty, closed and convex subset of a real Hilbert space H. For every
point x € H, there exists a unique nearest point Pxx € K, such that

lz = Przf| <[lz —yll, VyekK.
Pk is called the metric projection (also nearest point mapping) of H onto K, see
17, 29].
Lemma 2.2. [40]. Let K be a nonempty, closed and convex subset of a real Hilbert
space H. Given x € H and z € K. Then
z=Pgr <= (x—2z,2—-y) >0, Vye K.
Lemma 2.3. [32, 40]. Let K be be a nonempty, closed and convex subset of a real
Hilbert space H. Given x € H, then
(a) [[Prx — Pryl < (Pxx — Pry,x —y), ¥V y € K;
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(b) llz —yll = llz = Pra| > [| Pk — yl;
(e) I = Pr)x — (I = Pg)yl|* <((I - Px)z = (I = Px)y,z —y), Yy € K.
Lemma 2.4. [32, Lemma 2.1]. Consider VIP(K,F) (1.1) with K being a nonempty,

closed and convex subset of a real Hilbert space H and F : K — H being a pseu-
domonotone and continuous operator. Then x* € VIP(K, F) if and only if

(Fr,x —x*) >0, VzeK.
Lemma 2.5. [9]. Let H be a real Hilbert space and S : H — H be a n-demimetric

mapping with (—oo,1) such that F(S) # 0. Syx := (1 — n)x +nSxz. Then, S, is a
quasi-nonexpansive mapping and F(S,) = F(S).

Lemma 2.6. [49]. Let {ay} be a sequence of nonnegative real numbers satisfying
g1 < (1 —yp)ag + 0,
where {7V} s a sequence in (0,1) and &y is a sequence such that
o0
(i) > v =00 and lim ~y, = 0;
k=1 k—o0
2 . O
(ii) > |0k] < 00 and lim — < 0.
k=1 k—oo Yk
Then oy, — 0 as k — oo.

Lemma 2.7. [42, 46] Let {Yx} be a sequence of real numbers that does not decrease
at infinity, in the sense that there ewists a subsequence {Yy,} of {Yr} such that
T, < Yi;41 for all j > 0. Also consider the sequence of integers {7(k)} x>k, defined
by
T(k) =max{n <k: Ty < Tii1}.
Then, {T(k)}r>k, s a nondecreasing sequence verifying klim 7(k) = oo and, for all
c—00
k > kOa
max{ Y-y, Tr} < Triryg1-

3. Main result

In this section, we present our main result of this paper.
For the convergence of our method, we assume the following conditions:

Assumption 3.1.

(C1) The feasible set K is nonempty, closed and convex on H.

(C2) The mapping F : H — H is pseudomonotone, L-Lipschitz continuous on H and
sequentially weakly continuous on K.

(C3) The solution set ' = VIP(K, F))N Fixz(S) is nonempty, where S : H — H is an
n-demimetric mapping.

In addition to this, we assume that {74} as used in Algorithm 3.2 is a positive sequence
such that lim & =0 (that is 7, = o(ay)), where {ay} C (0,1) such that

k—o00
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(C4) lim ap =0and Y af = oo,
k—o0 k=1
(C5) ok + B+ =1

Algorithm 3.2. [terative Algorithm
Initialization: Let f : K — K be a k-contractive mapping. Choose A1 > 0, ni, C (0,1),

€(0,1), 8 > 0 and let zg,z1 € K be an arbitrary starting point.
Iterative steps: Given xy,xr_1, choose 0y such that 0 < 0 < 0y, where

. Tk .
_ min<f, —— > ifx Tp_1,
f = { ||mk—xk._1||} f o 7 T (3.1)
0, otherwise.

Calculate xp 1 and Ay, for each k > 1 as follows:

Step 1: Compute

wi = Xk + Ok (T — Tp—1)- (3.2)

Step : Calculate
Yk = Pr(wi, — M Fwyg). (3.3)

Step 2: Compute
zr = Pr, (wr — Mo Fyr), (3.4)

where

T, ={w e H : (wy, — Mg Fwy, — yg,w — yg) < 0}.
Step 3: We obtain xi4+1 by
Tht1 = akf(a:k) + kak -+ ’ykSnkzk (3.5)
and
: pllwe =yl A } if Fuw. — F 0
Aep1 = min { TFwe—Fyl» "k if Fwy Yk # 0,
Ak, otherwise.

Stopping criterion If x;1 = wi = yr = Szx for some k > 1 then stop. Otherwise set
k:=k+1 and return to Iterative step.

The following result was stated and proved in [52]. It is easy to adapt for our situation.
We state the lemma without proof.

Lemma 3.3. [52]. The sequence {A,} defined in Algorithm 3.2 is a nonincreasing
sequence and

. . 1
=A> — .
Jim e = Az min {0, 7}
The following is required for establishing the solution of the VIP (1.1).

Lemma 3.4. Assume that Assumption 3.1 hold and {wy} is a sequence generated by
Algorithm 3.2. If there exists a subsequence {wy;} of {wy} convergent weakly to a
point T € H and lim |lwy, —yx,|| =0, then & € VIP(K, F).

j—o0
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Proof. First we show that lim inf(Fyy,, 2 —y,;) > 0. Indeed, we have by the definition
j*}OO : -
of {yr} and Lemma 2.2, that
(Wi, — A, Fw, —yr;, 2 —yr,;) <0, Vz €K,

which implies

1
K(wk]. — Uk 2= Uk;) < (Fwg,, 2z —yr,;) V 2z € K.
J
Consequence of this, we get that
1

V<wkj — ;) + (Fwr,, yx;, — wr,) < (Fwg,, 2z —wy,), V z € K. (3.6)

5
Since {wk]} is convergent, it is bounded. Then, since F' is Lipschitz continuous,
{Fwy,} is bounded. We obtain also that {yx,} is bounded since [wx;, — yx,|| — 0

as j — oo and Ag; > min {)\1, %} . Passing limit over (3.6) as j — 0o, we obtain

lim inf (Fwg;, 2 — wy,) > 0.
j—oo

Observe that

(Fwk;, 2z = yk;) = (Fyr, — Fwg,, 2 — y,) + (Fyr; 2 — wiy) + (FYx;, Wiy — Yk, )
3.7)

We obtain from lim |lwg, — yk,[| = 0 and the Lipschitz continuity of F', that
j—o0

lim [[Fwg; — Fyg,|| = 0. Thus, we get from (3.7), that

j—o0

lim inf(Fyg,, 2z — yr,;) > 0.
J‘)OO - -

Next we show that z € VIP(K, F'). We choose a subsequence {¢; } of positive numbers
decreasing such that €; — 0 as j — oo. For each j, let N; be the smallest nonnegative
integer such that

(Fyr,, 2 — y,) +€; >0, Vi>Nj. (3.8)

Since {¢;} is decreasing, it is obvious that N; is increasing. Further, for each j € N,
{yn,} C K. Suppose Fyy, # 0 so that yy, is not a solution of the VIP(K, F), set

__Fyn,
[Fyn, |17
so that (Fyn,,vn;) = 1 for each j. We see from this and (3.8), that

UN;

(Fyn,,z + €N, —yn;) > 0.
Since F' is pseudomonotone on H, we have
F(z+e€jvn,;), 2 +€jun, —yn,;) >0
and thus

(Fz,z—yn,) > (Fz = F(z+€jvn;), 2 + ¢Un, —yn;) — €;{Fz,vn,). (3.9)
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Now, we show that €;vy; — 0 as j — oo. To see this, from the hypothesis we get that
yn, — T as j — oo. By {yx} C K, we have that € K. Since F is sequentially weakly
continuous on K, we have Fyy, — Fz. Suppose that F'z # 0 so that z € VIP(K, F).
Since || - || is sequentially weakly continuous, we have

0 < |Fal| < liminf | Fyx,|.
j—o00

From {yn,} C {yx,} and ¢; — 0 as j — oo, we have

€; 0
0 < lim |le;vn. || = lim ( J )g — =0,
j—>°°”] i =00 \ [ Fyk, || | Fz|

which shows that e;vy, — 0. Now letting j — oo, we obtain by the continuity of
F that the right hand side of (3.9) tends to zero, {wn,}, {vn,} are bounded and

lim €;vy, = 0. Therefore,
J—00

liminf(Fz,z —yn,) > 0.

Jj—o0o
Hence for all z € K, we have

(Fz,z =) = lim (Fz,z —yn;) = liminf(Fz,z —yn,) > 0.

Jj—oo Jj—o0
By Lemma 2.4 we have £ € VIP(K, F'). The proof is thus complete.
Lemma 3.5. Let {z} be given as in Algorithm 3.2 and x* € T', then there holds the
imequality
Ak

o =22 < o= = (1= 05 ) Do =+ = ) (310
k+1

Proof. Using Lemma 2.3 and (3.4), we have
2k — 2*[|* = || Pp, (wi — AeFyi) — 2* ||

< lwg = AeFye — 2% — lwe — M Fyr — 2

= ||wk — .’E*”2 — 2>\k<wk — (E*,Fyk> — ||wk — ZkH2 —+ 2)\k<wk — Zk7Fyk>

= [lwp — 2*|1> = lwg — 2l — 2A\k (21 — 2%, Fy)

= |lwk — 2*[|* = lwi — 21> = 22k (21 — Yr, Fyr) — 20 (yx — 2%, Fyx)

= [Jw — z*||* — |wk — i + yi — 25|?

— 22Xz — Yk, Fyr) — 2y — 2*, Fyr,)

= [Jwr — 2*|1> = lwe — il = e — 26l” + (2x — yr, wr — yi)

— 22k — Yk, Fyr) — 26 (yr — 2™, Fyi,)

1% = llye — 2l

=20 (yk — 2k, we — M Fye —y — k) = 20 (yx — 2™, Fyg)

= llwr = 2*)* = [lwr =y
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1 = llys — 2l
= 2(yr — 2k, Wi — A Fwg — yr) + 222k — Yk, Fog — Fy)

— 2)\k<yk — 3;‘*, Fyk>
*||2

= lw = 2*[* = [lwr =y

— ||wr — kaQ —lyx — Zk||2

= 2(yr — 2k, Wi — M Fwy, — yr) + 2\ ll2k — yrl||Fwr — Fyg|
— 2)\k<yk — .’L‘*,Fyk>

= |lwx —=

= ||wg — z*||* = |lwr — yil|® — llyx — 2
Ak
— 2y — 2, W — M Fwi — yi) + 2YHZI€ — il |Fwe — Fy|
41
— 2\ (yx — =", Fyg)
< lwg — 2|1 = lwk — yil* = lye — 25|
— 2yk — 2, W — A Fwi — yi) — 20 (yr — 2, Fyi)
Ak
+ (lzk = yell* + | Fwk — Fyxl*)
Ak+1

*112 )\k 2 2

= |lwg — ™" = {1 - N (lwk — v ll® + [lyx — 2&l7]
k+1

— 2(yr — 2, Wy — M Fw — yr) — 22 (yr — 2, Fyg). (3.11)

Since z* € T, yr, € K and the fact that F' is pseudomonotone we have that
(yp —2", Fa®) >0
which implies
(yr — =™, Fy) > 0.
Also from z; € T}, we get that
Yk — 2k, Wi — A Fwg — yg) > 0.
Therefore, we obtain from (3.11) that

. . Ak
o = 2712 < o =1 = (1= 2 ) s =l + s = ), (312
k+1

as required.
Lemma 3.6. The sequence {xy} generated by Algorithm 3.2 is bounded.
Proof. From z* € " and (3.2), we have

|wi — 2™ ||[|ox + Ok (21 — TR—1) — 27|

<ok — 2| + Okllvr — Tp—1]|

O
= |lzx — 2| + ok - —[|o — E_1]]-
o,
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. O .
Since Q—ka — j—1]| = 0, there exists M; > 0 such that
k

Or
—|lzk — zp—1|| < M, k>1,
(677

hence
lwg — 2| < |z — || + oM.
It is easy to see from Lemma 3.5, that
2k — 2| < llwp — 27| < o — 27| + ar .
Furthermore, from (3.5), we have

ze+1 — 2% = lawf(@k) + Bk + YSn 2z — 27|
< agl[f(wk) = 2| + Bellwe — 2| + Vel Snpze — 27|
< agllf(zk) = @) + okl f(z") — 27| + Brllzk — x| + yillz — 27|
< agkllzg — o + Byl — 7|
+ apl| f(z*) — 2| + vk (llzr — 27| + ar i)
= agkllzp — 2| + Brllzk — =
+ || f (@) = 2| + vellzn — 2| + yrar M
= agkllzy — 2| + (1 — ap)|lzn — 2| + axl| f (") — 2| + yean M
=1 —ap(l = 8)]llzx — 2| + awll f(z") — 2| + veaun My

oy Wf(") — 2| + Orar My
=l 1—k

< max { lxk —

<:
If(@*) — 2| + Opou My
11—k

§max{||x0:c*|, }, Vk>1. (3.13)

Therefore the sequence {z} is bounded. Consequently, the sequences {zx}, {yr} and
{Sz} are bounded.

Lemma 3.7. Let {x1} be the sequence generated by Algorithm 3.2. Then, for z* € T,
it holds that

N 20(1 — K "
s — o] < (1 - ()) ok — 2*|?

(1 —agk)
2()ék(1 — K;) Qg * (12 1 * * *
(1 — apk) 1—5ka x| +1_H<f(x) T p — )
Ok vk . 6 )
+ or(L—7) lzr — 2*||lzx — zr—1| + 2o ) 2 — 212 ).

(3.14)
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Proof. From (3.5) and z* € I', we have

k1 — 2|1 < llowf (x) + Bex + VS, 2k — 2|
<1Br(r — ) + W (Snezi — %) 1* + 200 (f () — %, @ppn — %)
< Br(ar — %) + (2 — 2)|* + 205 (f (x1) — 2%, 2pp1 — 27)
< 1Bk (= ) + i (w — ) |* + 25 (f(2x) — 2%, Tpp1 — %)
< Brllze — 2| + wllzx — 2*|| + Ok — 21 |))?
+ 2ap(f (vx) = f(@7), g1 — 27)
+ 20 {f(z*) — a*, xpy1 — z7)
< Brllee = 2*[| + vellzr — 2| + YOkl — zp—1l
+ 2apkllzr — 27| + [lzpgr — 27|
+ 20 {f(z*) — ", xp1 — z7)

< [0 = ap)llze — 2™ + Opyellen — zp-a ]|

]2

2
+agk(fler — 2| + ek —27)
+ 20 (f(z*) — 2™, 11 — 2¥)
< (1= a)?llag — &™|* + 2067k (1 — ag) e — 2™ [[[lzg — zp—1 ]
+ YOk ||lzk — 21
+apr([lon — ¥ + [Joepr — 2*|) + 200 (f(2) — 2%, 2p41 — 2¥),
this implies that

< (1 —ag)? + axk

_ 2*|? k2
|lzryr —a™||* < [ lzr — 2|
20, o \ O ,
T e @) = 2" @i = o) + gl — wen |
2740 .
oy — 0oy — e
:M”JZ _x*HZ
1—agk k
2
% )2 ﬂ o o .
1—ak/<;||xk =" +1—ak/<;<f(x) T, Tpp1 —a”)
4 2910
o = a7 o — o — |
2 1-—
= (I_OM> ”mk_x*H2
1—agk
26!%(17%) 12 29’26(17/{) )
20— @ - T a1
20(1 — &
+ k( ) <f($*) _x*’karl —(E*>

(1 —agr)(l —k)
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29k'yk(1 - H) x

+ 11— and—r) lloe — 2" |[[lze — ze—1|
20(1 — K y
= (1— 116()) ka —z ”2
— Ok

20(1 — k) g o 62 ,

(=) 21—l = G g o = el
b — el + ) — " ok — ) ). (3.15)

Clk(]. — KZ) (1 _ Iﬁ?) )

Theorem 3.8. Assume that condition C1—C5 hold. Then the sequence {xy} generated
by Algorithm 8.2 converges to a common solution x* € T, which is also a unique
solution of the variational inequality

(f(x*) —a*, 2" —Z) >0, VT el.
Proof. Let x* € T, the proof of this theorem is divided into two cases.
Case I: Suppose there exists kg € N such that |[{zx — *||} is monotonically non-
increasing. Then, by Lemma 3.6, it follows that ||[{zy —2*||} is a convergent sequence
and thus
|zr_1 — 2*|? — ||lzx — 2> = 0 as k — oo.
Consider
lwr, = 2*||* = |2 — 2™ + Op(2r — zr-1) |
= llex —&*||* + 204 (2 — 2%, 25 — 2m1) + O3 ok — 2pa |2
< lze = 2™l + Ok llar — zra |2llzx — 2™ + Ok[lar — 21 ll). (3.16)
From (3.5) and Lemma 3.10, we have
ke = 2|1 < enll f(an) = 2" + Billor — 22 + el Sz — 212
< aplfzx) = 2|7 + Bullzk — 2*(I* + w2 — 2|
< apllfax) = | + Bullwr — 2"
. Ak
ol =71 = (1= 525 ) o = el + o = 2D
k+1
< apll f(@r) = 2 |° + Brllow — 2”1 + yxllow — 7|1
Orc .
P ok — | @l — 2+ Ok — i )

Ak
— Yk <1 - )\k+1) lwk = yill + llys — 2]

= ol flzr) = 2| + ox — 27|

YOk

+ lzr — ze—1l|2ller — 2| + Okllor — 2—1]))
Ak

— e (1 25 ) D = P + e = 217D, (3.17)
k+1
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which implies
/\k * *
Yk <1 - M) lwe = yell® + llye — 261%) < ol f () = 2™ + aw — 2"

= [|zrt1 — z]?

KOk Ok .
+ RO — | (2l|k — 2

+ Opllzr, — xp—1]]) — 0 as k — co. (3.18)
Therefore, we obtain from the definition of A\, that
lim |Jwg —ykl| =0= lim |lyx — 2] (3.19)
k—o0 k—o0
Note also that
0
lwr — 2k || = Okllzk — —1]| = g - a—’liHmk —2p—1]| = 0 as k — oo. (3.20)

It is easy to see from above that
Jim s — 2k = 0= lim_ [z — ] (3.21)
Next we show that ||Szx — 2x|| — 0 as kK — co. From the definition of S,, and 2* € T,
we have
1Sz — 2 [IP[1(1 = k) (21 — &™) + i (Szp — %)
(U =)z = 21 + mell Sz — 21> = mie(1 = i) [ Sz — 212
< (1 —m)llze — 117 + mellze — 212 — me (1 — me) 1Sz — 22|
= [lze — 2™ |1* — (1 = ne) |21, — 2],
which implies from Lemma 3.10, that
1S zk — a*[|* < lwg — 21> = mk (1 — nw) 1 Szi — 221
Using this in (3.5), we get
lenir — 2*)1° < arllf(zx) — 2*I° + Brllor — %1 + ol Spp 2z — 2|
< || f () = [P + Bicllxy — 2|
+ye(fwr — 22 = me(1 = m)[[Szr — 2i)1?)
< || f(x) = [P + Biellwy — 2|
+yellwe = 2|12 = (1 = mw) el Sz — 2|
< ag|| fzr) = a*|° + Bllzr — «*||® + yrllar — 2
+ Ykller — ze-1l|2ller — ™| [|zx — zk-1])
— (1 = 1) e 1Sz — 2]
< ag [ flax) — | + ||lzp — 2|2
+ Okller — ze-1l|2ller — ™| [|[ze — zr-1])
—e(1 = ) ||S2e — 2% (3.22)
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We obtain from this that

(1= )l Sz — 21l < awllf(wr) = a1 + llow — 2*[* = oy — 27|

%Ok
+ %HM—MAH(QHM—Q:*H||ack—xk,1||) — 0 as k — oo,

hence
lim ||Szx — zx|| = 0. (3.23)
k—oo
It is not difficult to obtain from this, that
lim ||, zx — zk|| = 0. (3.24)
k—o0
Observe that
ek — 2% < ol f (@) = zll® + Bellwr — zll® + el Snezr — 21, (3.25)

thus, we have from (3.21), (3.24) and condition (i), that
lxgt1 — 2zl = 0 as k — oo.
Using this and (3.21), we obtain

lim g1 — ol = lim (zeen — 2l + 120 — al) = 0. (3.26)
k—o0 k—ro0

By the conclusion of Lemma 3.6, there exists a subsequence {zy,} of {x}} such that
{xkj} converge weakly to T € H satisfying

limsup(f(z*) — 2%, 2 — o) = lim (f(2*) — 2", 23, — 7). (3.27)

k— o0 Jj—o00

By (3.19) and Lemma 3.5, we obtain & € VIP(F, K). Also from (3.23), (3.24) and
Lemma 2.5, we have z € F(S,,) = F(S). Hence z* € I'. It is clear that Ppf is a
contraction. Using Banach’s principle of contraction, Prf has a unique fixed point,
say * € H. That is * = Prf(z*). It follows from Lemma 2.2, that

(f(x*) =2, —z*) <0. (3.28)
Thus, we have that

limsup(f(z*) — 2", 2, — 2*) = lim (f(2) — 2™, 2, — ")
k—o00 Jj—o0

(f(z*) —a",z —2") <O0. (3.29)
Hence by (3.26) and (3.29), we have

limsup(f(z*) — ", xp1 — ") < limsup(f(z*) — 2", xp41 — zk)
k—o0 k—o0

+ limsup(f(z*) — 2", xp — z™) <0. (3.30)

k—o0

By applying Lemma 2.6, Lemma 3.7, and (3.30), we have x; — 0 as k — 0.
Case II: There exists a subsequence {[|zy, — ||} of {||zx — 2*[|} such that

ok, — a7 < llow, 41 — 2
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for all 7 € N. By Lemma 2.7, there exists a nondecreasing sequence {m,} of N such

that lim m,, = oo and there hold
n— oo

2 m, =2*|* < |2, +1-2" | and fzx—2"|* < [|lzm, 1 -2*|%, ¥V n €N. (3.31)

By (3.17) and Lemma 3.7, we have

m, =1 < @m,+1 = 277 < am, [1f (@m,) — 2|

T B s — 2+ Yo (|me )
B L T [ T R
Ao, + 1
< o, | F @) — 22+ B [, — 21 + Yo, — 2

+ Ymn Om [ €m, = o1 |22, = 27| + O, |2, = Zm,, 1)

Am.,
— Y, (1 - >\+1> [lwm,, = Y, I? + g, = 2, |

= am, | f(Tm,) — x*Hz + (1 = am,)||Tm, —

Am,
— TYmy, <1 - /\+1> (lwm, = Ym., ?]

+ Y Om, |Tm,, — Ty 1| 2llTm, — 2| + Oy 1T, — T, 1))

"Il

2+ Ym,, — 2m.,

Since oy, — 0 as n — oo, it follows from above that

2+ Ym, = 2m.|I”) =0,

Am
1. m ]-* — my ~ Im
Jim n< Amle)[llw " = Ym,
hence
HIEEO lwm,, = Ym, | = [1Ym,, — 2m, || = 0. (3.32)

By using similar arguments as in Case I, the following are easy to establish:

lim HSnm Zmy = Zma | = 182m,, — 2m, | =0, (3.33)
n—o00 "
nlggo lwm, = @m, | = [#m,+1 = Zm, [ = 0. (3.34)

and

limsup(f(z*) — 2%, pm, +1 — 2*) <O0.

n— oo
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It follows from (3.14), that

* 2a n 1-x *
[, 1 — 2|2 < (1 - m()) [m, — 2|2

1—om, K
2c 1—kK) [ «
el e
—Qp, k \1—k
() o SR - &
X — T ,T — T || T — T _
1—k Pt 200, (1 —rk)" ™" ma =l
Om, Ym,, *
+mllwmn = z*||zm, — zm, -1l ),

which implies that

« 1
[, 41— 2*]* < ﬁ”xmn — | + 1= @) =% @m0 — 27)
92
* 2oy o = T
emn’ymn *
— Y ||T — T X — X —11l-
+ amn(l — K)” Mn ”” My Mnp 1”

By (3.31), we obtain

= 2*[1* < 2, +1 — 2"
< 0, — 0| (@) = 81— )
=1_x Moy, 1_x ybm,+1
2
+ ot |, — Tl
2amn(1 _ H) n n
O Yo
s lam, = lllam, —2m, -l
Mn
Thus, we get that limsup ||z, — 2*||> = 0, which means that lim ||z,|| = z*. The
k—o0 n—oo

proof is therefore complete.

4. Application

In this section, we give some applications of our main result.

4.1. Constrained optimization problem

Let K be a nonempty, closed and convex subset of a real Hilbert space H. Let
h : H — R be a differentiable function on K with its gradient Vh. The Constrained
Optimization Problem (COP) is given as: Find #* € K such that

h(z*) < h(z), Yz € K. (4.1)

We denote by Sol(h) the solution set of (4.1). It is well known (see [44]), that a point
x* is a minimizer of (4.1) if and only if 2* is a solution of the VIP (1.1) with F = Vh.
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Thus by applying this formulations and substituting F' = VA in Algorithm 3.2, we
have the following result for finding a common solution of a COP and a FPP.

Theorem 4.1. Let K be a nonempty, closed and convex subset of a real Hilbert space
H. Let h : H — R be a differentiable function on K with its gradient Vh. Let S : H —
H be an n-demimetric mapping. Assume Sol(h) N Fix(S) # 0. Then, the sequence
{z} generated by Algorithm 3.2 with F replaced by Vh converges strongly to a point

* = Psoinynris(s)f(@*).

4.2. Split feasibility problem

Let K and @ be nonempty, closed and convex subsets of real Hilbert spaces
H; and Hs respectively and A : H; — Hy be a bounded linear operator. The Split
Feasibility Problem (SFP) in the sense of Censor and Elfving [13] is to find

x € K such that Az € Q. (4.2)

We denote by 2 the solution set of (4.2). Many authors have considered the solution of
the SFP (4.2). We note that whenever the SFP (4.2) is consistent (i.e, has a solution),
then z* € Q) solves the fixed point equation

¥ = Pg(x — ANA"(I — Pg)Az), Yz € K,

where Px and P are orthogonal projection of H; and Hs onto K and () respectively
A > 0 and A* is the adjoint of A. One of the most popular method for solving the
SFP was the algorithm proposed by Bryne [10]. He gave a recursive formula {zj}
generated by x; and

Tyl = PK(xk — )\A*(I — PQ)ALL‘k)7 k€ N7 (43)

where X € [0,2/~] with + the spectral radius of the operator A*A.
For the adaptation of our main result to the solution of the SFP, we need the following
proposition (see Ceng et al. [12]).

Proposition 4.2. [12] Given z* € Hy, the following are equivalent
(i) z* e
(i) x* solves (4.3);
(iii) z* solves the system of variational inequality problem: find x* € K such that
(A*(I — Pg)Az™,z —2*) >0, Vz € K,
where A* is the adjoint of A.

By these adaptations, we have the following theorem for approximating a solution of
an SFP and a FPP.

Theorem 4.3. Let K and @) be nonempty, closed and convexr subsets of real Hilbert
spaces Hy and Hy respectively and A : Hy — Hs be a bounded linear operator. Let
S : H — H be an n-demimetric mapping. Assume QN Fiz(S) # 0. Then, the sequence
{zx} generated by Algorithm 3.2 with F := A*(I — Pg)A converges strongly to

" = Ponrie(s) f(z7).
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5. Numerical examples

We next provide some numerical experiments to illustrate the performance of
our method as well as comparing it with some related methods in the literature.

Example 5.1. Let H = R™ with the standard topology. Consider a mapping F' :
R™ — R™ given in the form F(z) = Mz + g (see [19], also [35]) where

M=BBT" +P+Q

q is a vector in R™, B is an m X m matrix, P is an m x m skew-symmetric matrix,
Q is a positive definite diagonal matrix, hence the variational inequality is consistent
with a unique solution. We define the feasible set K by K := {x € H : ||| < 1}. Let
S : H — H be defined by S(z) = =% for all # € H and f(z) = . In this example,
we choose oy = l%&-:}’ Br =y =051 —ak), g =08 —ay, 6 = %, Ao = p = 0.95
and 7, = k%g For VSEGM and HSEGM, we choose fx = 0.8 — o, and A\, = 0.75/L
where L = ||F||. We terminate the iterations at Tol = ||z — Po(zx — Fag)|l2 < €
with e = 1074,

We compare Algorithm 3.2, VSEGM [50] and HSEGM [34] for different values of m.
The results are presented in Figure 1.

Example 5.2. The following example was taken from [24],

2T Px + aTz + ag
bTZL' =+ bo

subject to z € X = {x € R% : b7z + by > 0},

min g(z) =

where
5 -1 2 0 1 2
-1 5 -1 3 -2 1
P = 9 _1 3 0 , 4= 9 b= 1 ,CLQ——Q, b0—4
0 3 0 5 1 0

Since P is symmetric and positive definite, g is pseudoconvex on X. We minimize g
on K={reR*:1<1; <10} C X.
Following our consideration in Theorem 4.1, we have

(bTx 4+ bo)(2Pz + a) — b(2T Pz + aTz + ay)
(bTx + bo)?

We define the mapping S : H — H by S(z) = _T?’”” and the function f by f(z) = %.
Since the Lipschitz constant of F' given by (5.1) is unknown, we compare Algorithm
1

3.2 with the VSEGM [50]. The following choices of parameters are made: o, = 173,

F(z) =Vg(z) = . (5.1)

Br =7 =05(1—ax), =05, 0 = %, A =p=0.>5and 7, = k%
We terminate the iterations at Tol = ||z — Po(zx — Fay)||2 < € with € = 107%. The
results are presented in Figure 2 for varying initial values zg and z;.

Casel: xo = (10,10,10,10)" and x; = (5,5,5,5)’;
Case2: zo = (5,5,5,5)" and z1 = (20, 20, 20, 20)’;
Case3: zo = (1,1,1,1) and x; = (—4, —4, —4, —4)".
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m=50 m=75
10* 10°
—&— Algorithm 3.2 —<&— Algorithm 3.2
LI —O6— VSEGM —&—VSEGM
0% —%— HSEGM E —%—HSEGM

60
Number of iterations Number of iterations

m=100

—<&— Algorithm 3.2
—O6— vsEGM
B —%— HSEGM

0 10 20 30 40 50 60 70
Number of iterations

FIGURE 1. Performance of Algorithm 3.2 compared with VSEGM
[50] and HSEGM [34].

Example 5.3. Let H = L?([0,1]) with the inner product

1
(x,y) = /0 z(t)y(t)dt, ¥V z,y € H

and the induced norm

Let the mapping F : H — H be defined by F(z) = max{0,z(t)}, Vz € L?([0,1]), t €
[0,1] for all © € H and the feasible K := {x € H : ||z|| < 1}. Define the mapping T'
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Case 1 Case 2

—<— Algorithm 3.2 —<— Algorithm 3.2
—%— VSEGM 3 —%— VSEGM

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Number of iterations Number of iterations

Case 3

10*

—<&— Algorithm 3.2
—*— VSEGM

0 5 10 15 20 25 30 35 40 45 50
Number of iterations

FIGURE 2. Performance of Algorithm 3.2 compared with VSEGM [50].

by X
Tx(t) :/ tx(t)dt, Yo € L([0,1]), t € [0,1],
0

then T is O-demimetric. Also, let f : H — H be given by f(x) = Z. For this example,
we choose parameters for Algorithm 3.2, HSEGM [34] and VSEGM [50] as follows:
o = %ﬁ, B =7 =05(1—ay), np = ﬁ, 0= %, A =025 p=05and 7, = kl%
For the VSEGM and HSEGM, we choose 8 = T{H We make our comparisons with
different initial values and present the result in Figure 3.

Case i: zog = —bt and =1 = 2t;

Case ii: o = 93 + 11t and z; = t2;

Case iii: 2o = cos(2t) + 5 and z; = e~ 3%
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o Casei o Caseii
10 10
—&— Algorithm 3.2 —<&— Algorithm 3.2
—%— VSEGM —%— VSEGM
—O—HSEGM —O—HSEGM

B0k B 102}

0 5 10 15 20 25 30 35 0 2 4 6 8 10 12 14 16 18 20
Number of iterations Number of iterations

Case iii

—<&— Algorithm 3.2
—%— VSEGM
—O— HSEGM

S 102

0 5 10 15
Number of iterations

FIGURE 3. Performance of Algorithm 3.2 compared with VSEGM
[50] and HSEGM [34].

6. Conclusion

In this paper, we considered the problem of finding a common element of the
set of solution of VIP and FPP for n-demimetric mapping in real Hilbert space. We
proposed a new iterative algorithm of inertial form and proved a strong convergence
theorem under some mild conditions. Our proposed method uses a combination of sub-
gradient extragradient method and a modified viscosity approach with self adaptable
step size which avoids the knowledge of the Lipschitz constant of the cost operator
in practice. Some applications to constrained optimization and split feasibility prob-
lems were considered. We finally gave some numerical experiments to illustrate the
behaviour of our method and compare it with some related methods in the literature.
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