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On a coupled system of viscoelastic wave
equation of infinite memory with acoustic
boundary conditions
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Abstract. This work deals with a coupled system of viscoelastic wave equation of
infinite memory with mixed Dirichlet-Neumann boundary conditions. The cou-
pling is via by the acoustic boundary conditions on a portion of the boundary.
The semigroup theory is used to show the well posedness and regularity of the ini-
tial and boundary value problem. Moreover, we investigate exponential stability
of the system taking into account Gearhart-Priiss’ theorem.
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1. Introduction

In this paper, we consider the following viscoelastic wave equation coupled with
mixed boundary conditions

uy — div(AVu) + f0+oo g(s)div(AVu(t —s))ds =0 in QxR

u=20 on I'g xRy

e gt - 5) A (s)ds = z on T xR, (1)
tht+th+mZ+ut:0 on F1XR+

u(z,0) = ug(x), u(x,0) = ui(x) for €

z2(x,0) = zo(x), 2(z,0) = 2z1(x) for zely,
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where ) is a bounded domain of RY (N > 1) with a smooth boundary I' = Ty UT,
such that I'g and I'y are closed and disjoint and v = (v1,--- ,vy) represents the unit
outward normal to I'. The term f0+oo g(s)div(AVu(t — s))ds is the infinite memory
(past history) responsible for the viscoelastic damping, where g is called the relaxation
function. The functions h, f,m : 'y — IR" are essentially bounded. There exist three
positive constants fy, mg, and hg such that f(z) > fo, m(z) > mg and h(x) > hg for
a.e. ¢ € I'1. The initial conditions ug,u; : Q — C, zg, 21 : I'1 — C are given functions.
N
The operator A = (a;;(x)):j; 4,7 =1,...,N; and aaui = .Zlaij(x)%yi.
,7=

The above model would be to describe the motion of fluid particles from rest
in the domain €2 into part of the surface at a given point z € I'y, which can be ex-
pressed by the pressure at that point. The relationship between the velocity potential
uy = ug(x,t) at a point on the surface and the normal displacement z = z(x, t) is pro-
portional to the pressure. It is called the acoustic impedance. This impedance may be
complex in the case of the velocity potential was not in phase with the pressure. The
coupling of our model (1.1) is via by the impenetrability boundary condition (1.1)3
and the acoustic boundary condition (1.1)4.

The partial differential equation (PDE) system of viscoelastic wave equation
with acoustic boundary conditions was first introduced by Morse and Ingard [15] and
developed by Beale [5]. In [5], the problem was formulated as an initial value problem
in a Hilbert space and semigroup methods were used to solve it. The loss of decay has
obtained by [5] provided that the term z;; was included. Recently, the result concern-
ing existence and asymptotic behavior of smooth, as well as weak solution of wave
equation with acoustic boundary conditions have been established by many authors,
see [10, 13]. Boukhatem and Benabderrahmane [8] studied the global existence and
exponential decay of solution of finite memory of the system (1.1) in the absence of
the second derivative z;;. This absence brings us some difficulties in the study be-
cause of the abnormality of the system. It can not apply directly the semigroups or
Faedo-Galerkin’s theories. They added in the arguments the term £z when € — 0 to
overcome the difficulty. Mentionned the work of Peralta [16] who bringing an analysis
of wave equation involving mixed Dirichlet-Neumann boundary conditions, delay and
acoustic conditions where both are localized on a portion of the boundary

Uy — Au =0 in QxR

u=0 on I'g xRy
g—}j—zt:—aut(.,.—r)—kut on T'; xRy

hztt + th +mz+ u = 0 on Fl X R+ (12)
u(z,0) = up(x), u(zr,0) =u1(z) for x€Q

u(z,t) = @(x,t) for (z,t) € Q x (—1,0)

z(x,0) = zo(x), 2:(x,0) = 2z1(x) for zeTly,

Here, 7 > 0 is a constant delay parameter and a, k > 0. He proved the existence and
uniqueness of solutions of (1.2) using semigroup theory for bounded linear operators.
Moreover, if the delay factor is less than the damping factor (a < k), the exponential
stability result is shown using the energy multiplier method. In the case of equality
(a = k), he showed that the energy decays to zero asymptotically using variational
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methods. In addition, the stability results have been considered in [16], where the
term — foz; was included in the right hand of side of the oscillator equation (1.2)4.
If f > fo then we show that the energy of the solution decays to zero exponentially.
In the case f = fj, the solutions have an asymptotically decaying energy. Moreover,
Gao et al. [11] presented a new method to obtain uniform decay rates for (1.2) with
nonlinear acoustic boundary conditions in the absene of delay. The system contains
an internal localized damping term w(z)u; in (1.2); and damping and potential in
the boundary displacement equation are nonlinear, where the terms f(z;) and m(z)
are replaced by fz; and mz in (1.2)4, respectively.

The primary discussion touched upon by several authors is to use the integral
term of relaxation function g instead the frictional damping term u;. The question that
have been focused their attention as an important works is the viscoelastic damping
of memory effect should be strong enough to procreate the decay of the system.

One of important motivations to studying exponential stability of the associated
semigroup comes from the spectral analysis. This purpose recalls the related results
given by Gearhart-Priiss’ theorem (see [14, 17]). It is shown all eigenvalues approach
a line that parallel to the imaginary axis. Moreover, the resolvent operator is bounded
for all eigenvalues of the generator associated. The proof is the combination of the
contradiction argument with a PDE technique. Let us mention some papers on weakly
dissipative coupled systems. In [12], the exponential decay is established for each of the
wave equations that have been damped on the boundary. Priiss [18] gave the optimal
results to characterize polynomial as well as exponential decay rates for viscoelastic
materials. Apalara et al. [4] studied the exponential stability of laminated beams when
the frictional damping acts on the effective rotation angle. For weak damping acting
only one equation, the following coupled wave equation

Uy — Au+ [ g(s)Au(s)ds+av=0 in QxRy

v —Av+au=0 in QxR

u=v=0 on I'xRy (1.3)
u(x,0) = uo(x), u(x,0) = uy(x) for ze€Q

v(z,0) = vo(z), ve(x,0) = v1(x) for ze€

has been considered by Almeida and Santos [3] (see also [9]). In [3, 9], they proved the
lack of exponential decay to system (1.3). The authors obtained the optimal polyno-
mial decay by using the recent results due to Borichev and Tomilov [7]. The method
used in this contexts introduced by Alabau [1] and developed by Alabau-Cannarsa-
Komornik [2]. For memory damping acting on the acoustic boundary, Benomar and
Benaissa [6] established polynomial energy decay rates for system (1.2) without delay
in one dimensional space.

Our main result is devoted to study the well posedness and exponential decay of
the system (1.1), in which we analyze the spectral distribution in the complex plane.
The semigroup theory is used to show, in Sect. 3, the global existence of energy-
associated solution which its real part decreases with time. Motivated by the men-
tioned works above concerning Gearhart-Priiss’ theorem, the exponential stability of
the corresponding semigroup is concluded in Sect. 4.
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2. Preliminary

In this section, we give some notations and we present some assumptions needed
for our work. Let H(div, Q) = {u € H}(Q);div(AVu) € L?(Q)} be the Hilbert space
equipped with the norm

) 1/2
lullsgaivy = (el @) + laiv(ava)3)

where H'(Q) is the Sobolev space of first order, ||.|[2 is an L?—norm and (.,.), (.,.)p,
are the scalar product in L2(Q), L?(I'y), respectively.

Denoting 7o : H'(Q2) — L2(T) and 7, : H(div, Q) — L*(T') defined by vo(u) = wr
and v (u) = ((%j\)r for all v in H(div,2). Some times to simplify the notations we

write u and Ou_instead o (u) and 7y (u), respectively.

We denote by
Hf (Q) = {u e H'(Q) | v0(u) =0o0n Ty}

the closure subspace of H*(£2) equipped with the norm equivalent to the usual norm
in H§(€2). The Poincaré inequality holds in Hf, (£2).
In this study, we will need the following assumptions:
(A4) The operator A = (a;;(z))ij, 4,5 = 1,...,N; where the coefficient a;; in C'(Q)
is symmetric and there exists a constant ag > 0 such that
N

3 ai(@)G¢ > aol¢?, Ve e®, veecCh. (2.1)

ij=1

A5) The kernel function g : R, — R is a bounded C! function satisfying
+ +

t—o0

lim g(t) =0, ¢(0)>0, 1 —/ g(s)ds =€ >0, (2.2)
0
and there exists a constant o > 0 such that
g (t) < —ag(t), Vt>0. (2.3)
Furthermore, we define

a(u(t),v(t)) = (Au Z / axz agggj) dz

3,7=1

By using the hypothesis (A1), we verify that the sesquilinear form a(.,.) : Hf, (€2) x
Hf, (€2) — C is continuous, and by (2.1), we deduce that a is coercive.

3. The well posedness

In this section, we will show the well posedness of the system (1.1).
Let us introduce a new variable n as follows

n(x, s, t) = u(z,t) —u(z,t —s), x€Q, t,s € R,.
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Then, the system (1.1) becomes

uge — Ldiv(AVu) — +°° g(s)div(AVn(s))ds=0 in QxR
N +ns —ur =0 in QxRy xRy
hztt+fzt+mz+ut:0 on F1XR+
u=20 on I'g xRy (3.1)
£ + f g(s) 2 oL (s)ds = 2z on I'y xR, '
u(0) = up, u(0) = uq in Q
n(s,0) = up — u(—s) = no(s) for se Ry
2(0) = 29, 2(0) = 21 in Iy
In order to give a reformulation as first-order evolution system, we denote by
U= (u,v,n,206)7 with v=u, and §=z.
We consider the product Hilbert spaces
H =Hp, (Q) x L?(Q) x L2(R4; HE, () x L*(I'y) x L*(T'y),
endowed with the following inner product
(0.0), = tautt)ate)+ [ o700 + (070
+ (ma(t), ZO)r, + (h3(0),3(1)) (3:2)
1

where L2 (R ; Hf, (Q2)) denotes the Hilbert space of Hf, (€2)—valued functions on R,
endowed with the inner product

+oo
1(8), ) e, o, () = / g(s)aln(s, 1), ii(s, ))ds, (33)

for every U = (u,v,7,2,6)% and U = (@, 0,7, 2,6)T in H.
Thus, the system (3.1) can be rewritten in the following

{ U(t) = AU(t), Vt>0 (3.4)
U(0) = Uy = (uo,u1,m0, 20, 21)" '
where the operator A is defined by
U(t)
(div(AVu(t f (s)div(AVn(t, s))ds
AU (t) = v( ) — (t s) (3.5)
6(15)
iy (—0(0) = m(z)=(0) ~ F(@)5(0)
The domain of A is given by
U | lu—+ fo )n(s)ds € H(div,Q); v € Hf, (Q);
py={ |ne L2<R+,Hl ) =i LA(T)); (3.6)
eaif\+f P (s)ds =6 on Ty



176 A. Limam, B. Benabderrahmane and Y. Boukhatem

Set the energy functional E of the system (3.1)
1
B(1) = 3 (U.U)y (3.7

Lemma 3.1. The energy functional (3.7), along the solution of (3.1), is a nonincreas-
ing function satisfying, for allt > 0

1

“+o0
2= [ g Gatnis)n(s)ds = 17260, (33)

Proof. Taking the scalar product of (3.1); with u; and (3.1)3 with 2, in L?(Q2) and
L2(T;), respectively, then adding it to the inner product (3.3) of (3.1)y with 7. Using
Green’s formula and the properties of 7. Taking its real part, we arrive at

1d
2 dt

+oo
- *A a(8)a(ns(t, s), n(t, s)ds — | F/26(0) |, (3.9)

(e ()13 + €a(u(t), w(®) + In(®)lz + Im 220 |3, + IA/26(8) 3., )

Using (2.2) and the properties of 7, we have

+oo too
/ g9(s)a(n(s),ns(s))ds = —*/ g'(s)a(n(s),n(s))ds. (3.10)
0 0
Combining (3.10) and (3.9), we get (3.8). O

Our aim is ensured by the following theorem:

Theorem 3.2. The operator A is the infinitesimal generator of Co—semigroup of con-
tractions over the Hilbert space H. Thus, for any initial data Uy € H, the problem (8.4)
has a unique weak solution U € C(Ry;H). Moreover, if Uy € D(A), then the solution
UeCRy;DA))NCHR;H).

Proof. We will use the Hille-Yosida theorem. For this purpose, A is dissipative. Indeed,
using (3.4) and (3.7), we have, for U € D(A)

E'(t) = R(U(t),U(t))y, = R(AU (), U(t))y, -
Therefore, we deduce from Lemma 3.1 that

1

+oo
R(AU, U)y, = 5/0 g'()a(n(t, s),n(t,5))ds — || £1/26(t)|lr, <0. (3.11)

Next, I — A is surjective. Indeed, for each F' = (f1, f2, f3, f4, f5)T € H, we show that
there exists U € D(A) such that

(1- AU =F.
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Then, the previous equation reads
u—v = fi
+oo
v — Udiv(AVu) — / g(s)div(AVn(s))ds = fa
0
N+ns—v = f3
z=0 = [
h(z)d+v+ f(z)d+m(x)z = h(z)fs.
Suppose (u, z) are found in Hp (€2) x L*(T'1). Thus, (3.12) and (3.15) yield

,U:uffla
5:Z_f47

veEH, (Q), and 6e€L*(I).

From (3.14), we can determine

Then,

n(s) = —ve * +w +/ fa(m)e"%dr, Vse Ry,
0

that is 7(0) = 0. According (3.18) with (3.17);, we have
Bs) = —ue™ +utmi(s), Vs ERy,
with n; € L2(R; HE, (Q)) defined by

S
m(s) = fre™* = fi —|—/ fa(r)e"~%dr.
0
Then, (3.1)5 becomes

ou teo om
fgm—F/O g(S)a(S)dS:Z—fﬁ on Fl XR+,

“+o0
by = (( —|—/ g(s)(1 — e_s)ds) > 0.
0
Inserting (3.17) and (3.19) into (3.13)-(3.16) and adding the results, we get

where

“+o0o
u—Lydiv(AVu) = f1 + fo +/0 g(s)div(AVn(s))ds,
(h(z) +m(x) + f(z))z+u=hx)fs + fL + (h(x) + f(z))fs

177

(3.18)

(3.19)

(3.20)

(3.21)

Taking the inner product of (3.20) with @ in L%(£2), then adding it to the complex
conjugate of the inner product of (3.21) with Z in L?(I';) and using Green’s formula,
we obtain the sesquilinear from B : (Hp (Q) x L*(T'1)) x (Hp, (Q) x L*(Ty)) — C

defined by
B((u,2)),(0,2)) = (u,a)+lya(u,a) — <z,ﬂ>rl
+(u, Z)p, + ((h(z) + m(z) + f(z))2, Z)p,
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for every (u,z),(a,%) € Hp () x L*(T'1), and the antilinear from G : Hy () x
L?(T'y) — C defined by

400
6(i,%) =(ﬁ+h®—£ g(s)a(m (), @)ds
(R s+ fi+ (@) + F@)fa D

for every (a,z) € Hp (Q) x L*(T'1).

It’s easy to see that B is a continuous sesquilinear form and coercive on (Hlla0 (Q)x
L?(T'1)) x (Hf, (€2) xL*(I'1)) and G is a continuous antilinear form on Hy () xL?(T'y).
Using complex Lax-Milgram’s theorem, then there exists a unique solution (u,z) €
Hy, (Q) x L*('y), satisfying, for all (a,Z) € Hf, (Q) x L*(T';)

B((u, 2), (4, 2)) = G(1, 2). (3.22)

Additionally, we proceed to get more regularity.
Taking Z = 0 in (3.22). Since D(R) is dense in Hf, (€2), we deduce that

+oo
ﬂﬂﬁwAVMJD(A m$&WAVmw»an+<zmn<wa%

for every @ € Hy, (). Hence, u € (H(div, Q) N H, (£2)).
Then U € D(A). Consequently, Lumper-Phillips’ theorem guarantees the gen-
erator A of a Cg—semigroup on H. O

4. Exponential stability

Here we will show the exponential stability of (3.4). The method that we will
use in the following theorem is based on Gearhart-Priiss’ theorem [14, 17] to complex
value dissipative systems.

Theorem 4.1. Let T(t) := et be a Co—semigroup of contractions on Hilbert space H.
Then T(t) is exponentially stable if and only if

(i) The resolvent set p(A) of A contains the imaginary azis (iR C p(A)),
(ii) limsup || — A) "t £3) < 0.

[A]| =00

Our starting point is to show that the semigroup associated to (3.4), generated
by A, is exponentially stable. The following Theorem gives our main result, that is to
verify the conditions () and (i7) of Theorem 4.1.

Theorem 4.2. Assume that (Ay) holds. Then, et generated by A is exponentially
stable, that is to say, there exist two constants M > 1 and € > 0 such that

JeAt]) < Me.
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Proof. We first show that the resolvent of the system (3.4) is located on the imaginary
axes. Note that the resolvent equation (i\l — A)U = F' € H is given by

idu—v = fi (4.1)
“+o0
idv — ldiv(AVu) — /0 g(s)div(AVn(s))ds = fa (4.2)
iM+ns—v = f3 (4.3)
iNu(z)0 + f(x)d +m(z)z4+v = h(z)fs. (4.5)

It’s means to show that iR N o (A) = 0, where o(A) is the spectrum of A.
Using contradiction arguments. Let us suppose that A has an imaginary eigenvalue.
Then, we have

AU = iAU, AeR. (4.6)
Thus, F =0 in (4.1)-(4.5). From (3.11) and (4.6), we can get

1 [T
0= AUV <5 [ g @alutts) it s)ds = |50, <0,
0

It follows that § = 0, and from the hypothesis of g that Vi = 0. Using the fact u =0
in I’ x Ry that n = 0. This implies by (4.1) and (3.18) that u = v = 0. From equation
(4.5), we conclude that z = 0. Hence, U = 0. We obtain a contradiction.

We now prove (i7) by a contradiction argument again. Suppose that (i¢) is not
true. Then there exist a sequence A,, with |A,,| = +00 and a sequence of functions

Un = (Uns Uny Ty 20y 00) T € D(A)  with  ||Up|ln =1, (4.7)

such that, as n — +oc;

(iNI-AU,—-0 in H (4.8)
ie,
iNyun — v, — 0 in Hf (Q) (4.9)
“+ o0
iAvy, — £div(AVu,) — / g(s)div(AVn,(s))ds — 0 in L*(Q) (4.10
0

)
iNfin + Ostip — vy — 0 in L2 (4.11)
iApzn — 0, — 0 in L3Ty) (4.12)
iNoh(2)d, + f(2)6, +m(x)2z, +v, = 0 in L3(T) (4.13)
Taking the inner product (3.2) of (4.8) with U,, and then taking its real part yields

. 1 oo /
-R <(1)‘7LI - -A)Una Un>H =3 /0 g (S)Q(nn(s)ynn(s))ds + ||f1/25n||§,1“1 — 0.

2
(4.14)
Using (2.3), we find that

N — 0 in L2 (Ry; Hp (2)), (4.15)
§n — 0 in L*(T'y). (4.16)
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On the other hand, taking the complex conjugate of the inner product of (4.9) with
lu,, in HY(Q), then adding it to the inner product of (4.10) with v, in L?(Q2) and
using Green’s formula, we get

1 1 [t
{(~tafunsun) + [00]8) = 5 Buroade, + 5 [ 9(9)alm(s),oa)ds 0. (217
n n J0O

1
We can deduce from (4.9) that )\—||an||§ is uniformly bounded. By using (4.15) and

(4.16), the last two terms in (4.1?) converge to zero. Hence,
Ca(ty, uy) — |lvall3 — 0. (4.18)

Adding the complex conjugate of the inner product of (4.12) with m(x)d,, to the inner
product of (4.13) with z,, in L%(T;), we have

i([m'2zall3 p, + 1R'/26,

1 1
B) + 5 17 20n 3.0, + 5 (wns O, = 0.

1
By using (4.16) and the fact that A—HV%H% and Hf1/25n||§’1«1 are uniformly bounded,
we obtain "

[m22, 3.0, — 0. (4.19)

Combining (4.7) with (4.15), (4.16) and (4.19). Then, using (4.18), we find that
1
a(Up,uy) — 3 (4.20)
and

1
lonl = 5- (421)

1
It’s easy to see that U € L;(R+; Hf, (€2)). Then, taking the inner product (3.3) of

n

1
(4.11) with —wv,,, we have

An
1 1 1
. <77n(3)avn>Lg e <3s77n(3)avn>L§ e (vn, Un>Lg — 0. (4.22)
Using again the fact that z—n is bounded in H%O (©) and by using (4.15), we get that

n
the first term of (4.22) converges to zero. This yields

(1-0 1

+oo
Ta(vn,vn) - )\—2/0 9(8)a(0snn(s),vy)ds — 0. (4.23)

I
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The second term (I;) in (4.23) converges to zero. Indeed, from (2.3) and by using
again that ;)\—n is bounded in Hf, (£2), we have

= g [ a3
= — g'(s)a(nn(s), ~)ds
o A
1/2
aay ||V, (1-29 /+°° >

< 2 s)a(nn(s),nn(s))ds — 0,

< oS (2 st
where a; = max (E aijgo) This with (4.23), leads to

Jj=1n \i=1

;l—m in HE (). (4.24)

Taking the inner product of (4.9) with fu,, in H§(€). Since u, is bounded in Hf, (£2).
By using (4.24), we obtain

a(Un, Up) — 0.
This contradicts (4.20). Therefore, the proof is completed. O
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