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Starlikeness and close-to-convexity involving
certain differential inequalities

Kuldeep Kaur Shergill and Sukhwinder Singh Billing

Abstract. In the present paper, we study certain differential inequalities involv-
ing meromorphic functions in the open unit disk and obtain certain sufficient
conditions for starlikeness and close-to-convexity of meromorphic functions. In
particular, we obtain:

"
1. If f(2) € X, satisfies the differential inequality ‘1 + ZJ{'(S) +p‘ < %, z € E,
then f(z) is meromorphic close-to-convex function.
2. If f(z) € ¥ satisfies the differential inequality
f'(2) 2f"(2) _ 2’| l-a
1 — > E
i TP T e | Sy TR SR

then f(z) is meromorphic starlike function of order a.
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1. Introduction

Let 3, denote the class of functions of the form
1
f2) ==+ a7 (peN={1,2,3,...}),

which are analytic and p-valent in the punctured unit disc Eg = E \ {0}, where
E={z € C:|z| < 1}. A function f € ¥, is said to be meromorphic p-valent starlike
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of order « if f(2) # 0 for z € E and

— 1 zf'(z) « « 1z
mp(f(z))> , (a <1;z €E). (1.1)

The class of all such meromorphic p-valent starlike functions is denoted by MS;(a).
A function f € ¥, is called meromorphic p-valent close-to-convex of order « if there
exists a function g € MS, such that and

—%(Z§£i§)> > a, (a <1;z €E).

The class of all such meromorphic p-valent close-to-convex functions defined above is
denoted by MC,(c) .
Since g(z) = 277 € MS,,, it follows that a function f € ¥, satisfying

~R(PFf(2)) > 0, 2 €E,

or

|zp+1f'(z) +p} <p, z€E, (1.2)
is a member of the class MC,.
Let ¥ = ¥, MS"(a) = MSi(a), MS* = MS7(0), MC(a) = MC;(a) and
MC = MC4(0).
In the literature of meromorphic functions, many authors obtained the conditions for
meromorphic close-to-convex functions and meromorphic starlike functions. Some of
the results from literature are given below:

Goyal and Prajapat [1] proved the following results:

Theorem 1.1. If f € X satisfies the following inequality
2f"(2) (1-a)3-a)
f'(2) 2-«
then f € MC(c).
Theorem 1.2. If f € ¥ satisfies the following inequality
1

3
() 3
f'(2)

0<a<l),

—22f(2) + 1‘ <

=2 () +1

2
then f € MC.

Theorem 1.3. If f € X satisfies the following inequality
zf”(z)
f'(z)

1
2 -
+2 <3,

then f € MC.
Theorem 1.4. If f € ¥ satisfies the following inequality
2f"(z)  22f'(2)| _ A1-a)(3—-0)
f'(2) f(z) 2-«

, (0<a<l),

then f € MS*(a).
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Theorem 1.5. If f € X satisfies the following inequality
2f"(z)  zf'(2) 1

f'(z) [z 2’

+ 1| <

then f € MS™.
Xu and Yang [4] proved the following results:

Theorem 1.6. If f € ¥, satisfies f'(z) #0 in Ey and

2f"(z) _ 2f'(2)
i) 1)

for some a (0 < a <n), then f € MS%:(e=%™) and the order e=*/™ is sharp.

1+

)

Z-G Wang et al. [3] proved the following results:
Theorem 1.7. If f(2) € X, satisfies the following inequality

f(Z)) (1 L) zf’<z>> ’ . (0 << ;) ,

2f' (= [z f(?)
then f € MS;, <1fpu>.
Theorem 1.8. If f(z) € 5, satisfies the inequality
MR MG P 0<65<1),

fz)  F'(2)
then f € MS,(p(1—9)).

2. Preliminaries
We shall use the following lemma of Jack [2] to prove our result.

Lemma 2.1. Suppose w is a nonconstant analytic function in E with w(0) = 0. If
|w(z)| attains its mazimum value at a point zy € E on the circle |z| = r < 1, then
zow' (20) = mw(zy), where m > 1, is some real number.

Theorem 2.2. Let f(z) € £, and suppose that it satisfies, for v > 0, the inequality
[ (@) +p| () + 0+ DA () <p, 2€E (20)
Then [2PFLf!(2) + p| < p, i.e. f(2) € MC, and is a bounded function in E.

Proof. For a function f € ¥, satisfying the assumption (2.1), we define a function w
by

1
w(z) == (2P () +p) =bp2" +..., z€E (2.2)
p
Then w is analytic in E with w(0) = 0. To prove our conclusion we will show that

|lw(z)| < 1,z € E. Differentiating (2.2), we have
FE2f(2) + (p+ 1) (2) = paw'(2) (2.3)
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From (2.2) and (2.3) we obtain that
@ 4 p PR+ o+ DR
= lpw ()" pzw’ ()"
= plw(z)| ! , z € E. (2.4)
Supposing that there exists a point zy € E such that ‘zrlngzﬁqol lw(z)| = |w(z)| = 1.

Then by Lemma 2.1, we have zgw'(20) = kw(zp), k > 1.
Hence, from (2.4) we obtain

zw'(2)

w(z)

1=y Y
A o) 1p| [ )+ o+ DA 0)| = lpwlzo) 7 pzu ()
=plk|” = p,

which contradicts (2.1).Therefore, |w(z)| < 1 for all z € E, and the conclusion has
been proved.
Finally, from (1.2) it follows that |f’(z)| < 2p|z|~®*1) < 2p, z € E, hence

£ =| [ £ < [ 17 0e)dp < 200 <2,
0 0
z=re €K, 6€0,2n).
Consequently, f is bounded in E. O

Setting v = 1 in Theorem 2.2 reduces to the next result.
Corollary 2.3. If f € ¥, satisfies

P2 f"(2) + (0 + 1) f'(2)| <p, 2 €E,
then the inequality (1.2) holds, i.e., f € MC, and it is bounded function in E.
Theorem 2.4. Let f(z) € ¥, and suppose that it satisfies, for v > 0, the inequality

/ "
ZPHZ(Z) ZJJ:,(S) D ! < (;)V , ze€k. (2.5)
Then [2PFLf!(2) + p| < p, i.e. f(2) € MC, and is a bounded function in E.

1=y

+1 1+

+

Proof. For a function f € ¥, satisfying the assumption (2.5), we define a function w
by (2.2). Then w is analytic in E with w(0) = 0 and differentiating (2.2), we have
2f"(2) zw'(2)

e PP um o1 20

From the assumption (2.5), it follows that the left-hand side of (2.6) is an analytic
function in E, hence w(z) # 1 for all z € E. From (2.2) and (2.6) we have

P T 2f"(2)
P f'(2)

= w(z)['™

~

@) T em (27

1 w(z) —1

1+

+p
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If we suppose that there exists a point zg € E such that ‘ r‘nszl |lw(z)| = |w(z0)| = 1.
z|<|zo0

Then by Lemma 2.1, we have zow'(z20) = kw(zp), k > 1.
Hence, from (2.7) we have

2 (20) - z0f" (20) T | 20w (20) |7
mrat I L en et B G w<zo>-1\
k v
= |w(2’0)| ‘U)(Z())—l

which contradicts (2.5). Therefore, |w(z)| < 1 for all z € E and our conclusion (1.2)
has been proved.

Since under the assumption (2.5) the inequality holds, as in the proof of the previous
theorem it follows that f is bounded in E. O

Selecting v = 1 in Theorem 2.4, we obtain the following corollary.
Corollary 2.5. If f € ¥, satisfies

zf"(z) 1
= E
7oy Pty reE
then [2PT1f/(2) + p| < p, i.e. f(z) € MC, and is a bounded function in E.

‘14— +p

Putting p=1 in the above corollary, we have the following result.

Corollary 2.6. If f € ¥ satisfies
1
1
2f712) < -, z€E,

f'z) |2
then |22f(2) + 1] < 1, i.e. f(2) € MC and is a bounded function in E.

2+

Remark 2.7. From above corollary, we obtained the result of Goyal and Prajapat
[1, Corollary 3].

Theorem 2.8. Let f(z) € ¥, and suppose that it satisfies, for v > 0, the inequality

2F(2) ') O pea )
70 YRS T | S Grpozy SR B2

then assume that for f(z) # 0, f(z) € MS,(a).

1—~

+p

Proof. For a function f € ¥, satisfying the assumption (2.8), we define a function w
by

—2'(2) _p+ (0= 20)u(2)

f(z) 1-w(z)

Since w(z) = byz* + ... is analytic in E with w(0) = 0 and from assumption (2.8) it

follows that the left hand side of (2.9) is an analytic function in E, hence w(z) # 1

zeE, (0<a<p). (2.9)
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for all z € E.
Differentiating (2.9), we have

2f"(z) _2f'(z) _ 2(p — a)zw'(2) .
YYEG) T ) ot o—zaw@i—uw@y S F (210

From (2.9) and (2.10), we get

') T L @) @)
N I A T E
2w’ (2) K
zzw—a)lwté)p+gf%gw@),zeE. (2.11)
If we suppose that there exists a point zg € E such that ‘r‘n<altx| lw(z)| = |w(zo)| = 1.

Then by Lemma 2.1, we have zqw'(z20) = kw(zp), k > 1.

z0f'(20) = 20" (#0) _ 20f'(20) [
e T TG G
zow'(20) 7
—2(p—a) ’ w(zo) w(zo) z€R (2.12)
1—w(z0)||p+ (p—20)w(z0)| ’ 7
k Y
> -0
z0.f" (20) = 20f"(20)  20f'(20)]" p—a
e P T TG G | F Gt al
which contradicts (2.8).
This proves that [w(z) < 1 for all z € E and hence f(z) € MS, (). O

Putting p = 1 in Theorem 2.8, we have the following corollary.
Corollary 2.9. Let f € X and suppose that f satisfies, for v > 0, the inequality

ST ) ()
) YR T e
then f € MS*(a).

If we take o = 0 in Theorem 2.8, then we obtain the next corollary.

v 11—«

+1
(141 —2al)

5, 2 €EE,

Corollary 2.10. Let f € ¥, and suppose that f satisfies, for v > 0, the inequality

2f'(2) 2f"(z) _ 2f'(2)

) YR TR

1=y ol

p
(2p)7”

+p z€E,

then f € MS;.

For p =1 and v = 1, above corollary reduces to



Starlikeness and close-to-convexity 73

Corollary 2.11. Let f € X satisfies the inequality
N Zf/”(Z) @) 1
[z fe) |2
and f(z) # 0 for all z € Eg then f € MS™.

z €E,

Remark 2.12. From above corollary, we obtained another result of Goyal and Prajapat
[1, Corollary 7].

References

[1] Goyal, S.P., Prajapat, J.K., A new class of meromorphic functions involving certain
linear operator, Tamsui Oxford J. Math. Sci., 25(2)(2009), 167-176.

[2] Jack, 1.S., Functions starlike and convex of order «, J. London Math. Soc., 3(1971),
469-474.

[3] Wang, Z.G., Liu, Z.H., Xiang, R.G., Some criteria for meromorphic multivalent starlike
functions, Applied Mathematics and Computation, 218 (2011), 1107-1111.

[4] Xu, N., Yang, D., On starlikeness and close-to-convezity of certain meromorphic func-
tions, J. Korea Soc. Math. Educ. Ser. B. Pure. Appl. Math., 10(1)(2003), 1-11.

Kuldeep Kaur Shergill

Sri Guru Granth Sahib World University,
Department of Mathematics,

Fatehgarh Sahib-140407 (Punjab), India
e-mail: kkshergill16@gmail.com

Sukhwinder Singh Billing

Sri Guru Granth Sahib World University,
Department of Mathematics,

Fatehgarh Sahib-140407 (Punjab), India

e-mail: ssbilling@gmail.com



	1. Introduction
	2. Preliminaries
	. References

