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Multiplicity results for nonhomogenous
elliptic equation involving the generalized
Paneitz-Branson operator
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Abstract. Let (M,g) be a compact Riemannian manifold of dimension n > 3
without boundary 0M, we consider the multiplicity result of solutions of the
following nonhomogenous fourth order elliptic equation involving the generalized
Paneitz-Branson operator,

Py (u) = (@) [l u+ h(a).
Under some conditions and using critical points theory, we prove the existence
of two distinct solutions of the above equation. At the end, we give a geometric
example when the equation has negative and positive solutions.
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1. Introduction and statement of the main result

Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold without
boundary M. In this decade, there has been extensive analyze of the relationship
between the conformally covariant operators which satisfy some invariance proper-
ties under conformal change of metric on M and their associated partial differential
equations. However, in 1983, Paneitz in [10] has introduced a conformally convari-
ant differential operator on 4—dimensional Riemannian manifolds. Branson in [4] has
generalized the definition to n—dimensional Riemannian manifolds.
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Moreover, for any Riemannian metric g on M, there exists a local differential
operator called Paneitz-Branson operator defined by:

Py C®(M) — C>(M)
such that for all uw € C™ (M) :

. . n—4) .
P (u) == Ag (u) +divg |(anSgg9 — bnchg)tl du} + % o Us
where A, := —div,(V,) is the Laplace-Beltrami operator and
—2)°+4 4
ay = =2y +4 =

2(n—2)(n—=1)""" (n—-2)’

the symbol stands for the musical isomorphism (index are raised with the metric),

and
n 2 T
Qg = P*(1).

n—49

This operator has a pertinent geometric behavior in the sense that: if g := gpﬁ g is
a conformal metric to g, then for all ¢ € C*>°(M),

n ntd o
P (pu) = pn=5.P7 (u).
Taking account u = 1, we find that

(n—4) h_
Prlg) = T Qe
such that 2 = %. We are then naturally led to study extensions to the Paneitz-

Branson operator with general coefficients as an operator of the form:
P, (u) := A§ (u) + divy (Aﬂdu) + Bu,
where A € A7 ) (M) a smooth symmetric (2,0) —tensor field, and B € C> (M) .
In this paper, we consider the multiplicity results of solutions of the follow-
ing nonhomogenous fourth order elliptic equation involving the generalized Paneitz-
Branson operator:

i
Py (u) = f(2) [ul* 2 u+ h(z), (1.1)
where f is a C*°-function on M with f > 0 and h belongs to L™ (M) such that
2¢ 2n

(T S

The main goal of this paper is to establish the existence and multiplicity of
solutions throughout the Ekeland’s Variational Principle in [8] and the Mountain-
Pass Theorem in [1] in the critical theory. This article is organized as follows: in
Section 2, we present some essential mathematical materials. In section 3, we recall
some auxiliary lemmas which are important for main theorem result. And in section
4, we give the proof of the main result and at the end, we give a geometric application
on Einsteinian Riemannian compact manifold. We prove the following theorem:
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Theorem 1.1. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f > 0 and h € L™ (M) such
that h # 0 satisfying ||h|,, < mo and supposing that the operator Py(u) is coercive.
Then, the equation (1.1) has at least two nontrivial solutions v,w € H2(M) satisfying:

J(v) <0< J(w).

2. Preliminaries

We let H3 (M) be the standard Sobolev space consisting of the functions in
L? (M) whose derivatives up the second order are in L? (M) . The Sobolev embedding
theorem asserts that H2 (M) is continuously embedded in L™ (M) 1 < m < 2% with
the property of this embedding is compact when m < 2f. We know from the work [9]

that Ky is the sharp and the best constant of the embedding H3 (R") in a2 (R™)
by

1
KO = 6 5
n(n?—4)(n—4) (w,)
where w,, is the volume of the unit n—sphere (5™, h) . Moreover, the Euclidian Sobolev

embedding has obtained by the extremal functions

n—4

uy () == R S 2
M 1+ 22 |z — x|

where A > 0,7 € R* and z, € R"™.

3. Auxiliary and useful lemmas

Throughout this section, we consider the energy functional .J, for each u € HZ (M),

I =5 [ Pywadute) ~ [ hw)uduto) - % [ @)1 duto)
k

B(u) = (VJ(u),u
w) = [ Pyw)adute) ~ [ he)uduly / F(@). lul” dug)

(V) u) =2 [ Py(u).udp(g) - /M h(a).udp(g) — 2 /M F(@)- 1l dulg)

M

and

It is well known that the solutions of (1.1) can be seen as critical points of the
functional J(u). We assume in what follows that P, is coercive, in the since that
there exists A > 0 such that for all u € H3 (M) :

/M Py(u).udu(g) > A /M u?dp(g)

Now, we use the following Sobolev inequalities proved in [7].
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Lemma 3.1. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM. Then for any € > 0, there exists Ac € R such that for all
u€ H3(M):

([ 1 aut) Y < aro [ [@ + @] dute) + 4. [ auts)

The main tool to prove our result is the Montain-Pass Theorem of Ambrossetti-
Rabinowitz given by the following theorem:

Theorem 3.2. Let J € C' (H3(M);R) satisfies (P.S), condition. We suppose:
(1). There exist o > 0, p > 0 such that

J(u) lap;p= J(0) +
Where
B, = {ue B30 : llull ) < p}
(2). There is an e € H3(M) and | e | z2(ar)> p such that:
J(e) < J(0)
Then, J(.) has a critical value ¢ which can be characterized as

;= inf t
¢i= Inf max J((t))

Where
[:={y€C([0;1]; H3(M)) : 7(0) = 0 and (1) = e} .
. in H3(M) such that:
J(um) —c in R
{ Vi (um) =0 in (H3(M))".

Then there is a sequence ()

Now, to prove theorem 1, we need the following version of Ekeland Principle
which is the key for the existence of solution with bounded below functional J.

Lemma 3.3. (Ekeland Principle-weak form) Let (X,d) be a complete metric space.
Let J: X — RU {400} be lower semicontinuous and bounded below. Then given any
€ > 0 there exists ue € X such that

J (ue) <infJ +e,
X
and

J(ue) < J (u) + ed (u,ue), for all u € X and u # u..
First, we have the following lemma whose proof is easy and can be found in [8].

1
Lemma 3.4. The quantity ||u||Pg = ([y; Py(w).udp(g))? is an equivalent norm of the
usual one of H3 (M) if only if the operator P, is coercive.

Our working norm as follow: for all u € H3 (M) :

lulle, = ([ Prtwanta))
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Lemma 3.5. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f > 0 and h € LI(M) such
that h # 0, then there exists some constants «, p and me, > 0 such that J(u) > «a >0
with ||[ull p, = p for all u € H3(M) and h satisfying ||hl, < mo.

Proof. Let w € H3(M) :

) = % iy, - %/M £ @) Jul” dulg) /M h(x) udp(g)

Using Holder inequality, we have:

1 1 #
J() = 3 llullf, — 5 mesx £(z) Jull3s = 121l - Jula

Using Sobolev inequality, we deduce:
1 2 1 2f of
J(u) = 5 HU”pg T oF gg@[{f(x)~ (max ((Ko +¢€),4c)) * . HUHHg(M)
—[1lly - (max (Ko + €) , A))? - l|ull g2 (ary

Again the coercivity of P, implies that there is A > 0, such that:

off
1 1 max (Ko +¢€),A)\ 7 f
) > 5l = g g ). (22 Ml
max ((Ko +€), Ac H
- g (AN
Thus,
off
1 1 max ((Ko+¢€),A4)\ * i
I0) > |5l = g g ). (PELEEDLALY T
max ((Ko +¢€) , Ac 3
- Il (=EELED
Setting for ¢t > 0 :
ot
1 1 max (Ko+€),4)\ 7 o4
F(t) = §t ~ o irg;}&(f(x) ( i £ .

By continuity argument of the function F(.), we see that

off
2

i 1 A
rilzag(F(t) = F(p) > 0 where p* ~2? := @ 1) (max((Ko n e),A€)> . (3.0

Then, it follows from (3.1) that if [[A]|, < m, such that

— (max((K0A+ 6)7,46))% o)
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Then, there exists o > 0 such that

J(u) , = a>0. O

e, =

Lemma 3.6. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM. Let f is a C*-function on M with f > 0 and h € Li(M)
such that h # 0 satisfying ||h||, < m. Then there exists a function v € HZ(M) with

Hv||Pg > p such that J(v) < 0, where p is given by the previous lemma.

Proof. Let v € H3(M), for any t > 0 we have:

He) =5 loly, = 55 [ @l auto) =t [ nia)oduto)

Since 2f > 2, so we deduce that,
lim J(t.v) = —oc0.

t——+o00
Consequently, there exists a point v € H3(M) with ||u||Pg > psuch that J(v) < 0. O
Lemma 3.7. Let (M, g) be an n(n > 5) —dimensional compact Riemannian manifold

without boundary OM . Let f is a C*°-function on M with f > 0 and h € LI(M) such
that h # 0 satisfying ||h[|, < mo. Assume (um),, is (P.S), sequence with

k
n.KO%. (max f(x))>2
Then, (um),, is bounded in Ha(M).

c <

RN

Proof. Consider a sequence (u,),, which satisfies
J(um) — ¢
VJ () — 0.
We obtain,

1 2t — 2 2 1
J(um) — 9% (VI (um), um) = ooF ||Um||?:g T Tor /M h(z).umdp(g) = ¢+ o (1)

Using Holder and Sobolev’s inequalities and by the coercivity of P, implies that there
is A > 0, such that:

2% 9 . 92t max (Ko + ), Ac) 2
o)z 22 funlly, - 5 -

> - > il
If ||um||Pg > 1, then
2t 9 9t 1 max (Ko + €), A)\ ?
C+O(1)Z M—%th-( A ) 'HumHPg'
And since,

9 _ 21) (max((Ko +e) 7A6))§

Iklly < mo = 55— A
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Then the sequence (u,),, is bounded in HZ(M). O

Lemma 3.8. Let (M, g) be an n(n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f >0 and h € L1(M) such
that h # 0 satisfying ||h[|, < mo. Assume (um),, is a bounded Palais-Smale sequence
at level ¢ of J with

2

c < 3
n.K 3% (n, k). (max f(x))2*

Then, (un),, has a strongly convergent sub-sequence in H3(M).

Proof. Using the previous lemma, let (u,,),, be a bounded (P.S), in H3 (M) and from
the reflexivity of H7(M) and the compact embedding theorem, up to a subsequence
noted (u,),, there exists u € H3 (M) such that

(1). Uy, — u weakly in HZ(M).

(2). Up, — u strongly in LP(M) for 1 < p < 2%,

(3). U — u a.ein M.

Then we deduce that:

[ @) =) )|

After these preliminaries, we can prove that w,, := u,, — u converges to 0 strongly in
Using Brézis-Lieb Lemma in [5], we obtain

([ 1) auta )5.(/M<um—u>2du<g>)2

1Pl - lum = ully = o(1).

IN

N

a2, — Nl = [, + (1)

and

1@ (el = ) dut) = [ 70 wm” dustg) + o(0)

M M
Then,

1 1

Hum) = 00) = 5 onls, = 55 [ 1@ wnl? duo)+ 001,

We obtain

(VI (um) = VI (u), (um —u)) = meH?Dg - / f(z) |wm|2N du(g) = o(1).
M
That is to say
iy, = [ 56w dute) + o) (32)
M

Put

¢ :=lim sup meHPg .
m
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Using Sobolev’s inequality, we have for all w,, € H3(M) :
2t ot of
m|” d < . m|” d = N
/M F(@) [wm|™ dp(g) < max f(z) /M [wml™ du(g) = max f(z). w3

< mas £(a). [ (Ko + ), AN F om0 -

Taking account that Py : C°°(M) — C°°(M) is coercive, there exists a constant A > 0
such that:

# 2f #
[ 1@ lwn dute) < mags ). [ (Ko +9), AD) Tl E, . 33)
Consequently, we obtain from (3.2) and (3.3) that:
2t #
lwnllp, < max f(z). [A. max (Ko +¢€), 4e)] 7 - w7

Letting n — 400, we get
ot
¢ < max f(z). [A.-max (Ko +€),A)] = £
xeM

Then,
1

maxzenr f(2)] 772 . [A max (Ko +€) , )] 77
We deduce that: £ = 0 and then w,, — 0 strongly in H2(M).
i.e. wy == u, —u— 0in H3(M). O

{=0 or.l>

4. Main result
The following theorem is our main result.

Theorem 4.1. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f > 0 and h € LY(M) such
that h # 0 satisfying ||h||, < m, and supposing that the operator u — Py(u) is
coercive. Then, the equation (1.1) has at least two nontrivial solutions v,w € H2(M)
satisfying:

J(v) <0< J(w).

The proof is based on The Mountain-Pass Theorem and Ekeland’s Variational
Principle.

Proof. We prove this theorem, by the following two steps:
Step 1: There exists w € H3(M) satisfies

J(w) > 0 and VJ(w) = 0.

Using Lemmas 2 and 3 and The Mountain-Pass Theorem, there exists a sequence
(tm),, € H3(M) satisfying:

J(um) — ¢ and VJ(uy,) = 0.
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Then, it follows from Lemmas 3 and 4 that there exists w € H2(M) such that J(w) =
¢>0and VJ(w) = 0if [[h], < mo.

Consequently, w is a weak solution of the equation (1.1).

Step 2: There exists v € H2(M) such that: J(v) < 0 and V.J(v) = 0. Since h € LI(M)
such that h # 0, we can choose a function ¢ € H3(M) such that:

/ h(z).o(2)du(g) > 0
M

Letting ¢t > 0, we have:

2 2
It = 5 lelly, = 5 [ 1@-1e duto) =t | hw)p(@)dnto)

Then for ¢ > 0 small enough, we get J(t.p) < 0.
Put

¢ = ulenigp J(u)

Where
B, = {ue HE(M) : |lull , < p}
It seems that:

¢ = inf J(u)<0
u€B,

Now, applying Ekeland’s Variational Principle, there exists a (P.S).- sequence
(Um),, € B, satisfying:

J(Um) = ¢~ and VJ(v,) =0
Using Lemmas 2-7, we obtain a sub-sequence of (v,),, which converges strongly to
ve H3(M).
Consequently, w is a weak solution of the equation (1.1). O

5. Geometric application of the main theorem

Remark 5.1. When (M, g) is Einstein, the geometric Paneitz-Branson operator has
constant coefficient and reduces as:

P} (u) == Af] (w) + cnlg (u) + dpu,

where
n?—2n—4

Cp = Sy and  d, =

(n—4) (n2 74)
2n(n—1) S5

16n(n—1)2 ~g-
In particular, when (M, g) = (S™, k) is the unit n—sphere,

Pl (u) := AZ (u) + cnAy (u) + dpu,

where
2_ 9y (n—4)n(n?—4
Cp = =22 3” 2 and  d, = 71((5 )

Notice that
S2
(cn)? —4dy, = —2—.
n?(n—1)
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Since (¢,)? — 4d,, > 0, then
Pl (u) = (Ag+a™) o (Ag+a7)u,
with
en £ 1/ (cn)? — 4d,
2

at =

Remark 5.2. If S, > 0, then P} is coercive.
In this part we consider the elliptic equation with the condition taken above:
i
Py (u) = f(@) [u* "% u+ h(a), (5.1)
Then we have the following result:

Theorem 5.3. Let (M, g) be an n (n > 5) —dimensional compact Eisteinian Riemann-
ian manifold without boundary OM with its scalar curvature Sq; > 0. Let f is a
C*°-function on M with f >0 and h € LY(M) such that h > 0 satisfying |||, < mo

Then, the equation (5.1) has at least two nontrivial solutions v,w € H2(M) satisfying:
Ju™) <0< Juh),

where
v :=min (u,0) u' :=max(u,0).

Proof. Define the two functionals in H3(M) by

THw) = 5l = [ haadnto) = = [ @), ()% auto)
k
and
T = 5l = [ h@)udnte) - % [ @) () duto)
k
where
v~ :=min (u,0) ' :=max (u,0).

Applying the coercitivity of P;' on Eisteinian manifold (M, g) and using the same
technique that relies on Mountain Pass Theorem for the energies J~ and J* for
solving the elliptic equation

P (u) = f(2) [ul* 2 u+ h(z).

Since (M, g) has a positive scalar curvature Sy, we have

(Ag+at)o(Ag+a )u= f(z) |u|2L2 u+ h(z),
with
cn (cn)2 —4d,,
2

Applying the strong maximum principle two times to show that u~,u* € H2(M) are
two nontrivial solutions satisfying:

J(u™) <0< J(ut). O

at =
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