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Existence of solutions for a biharmonic equation
with gradient term

Ahmed Hamydy, Mohamed Massar and Hilal Essaouini

Abstract. In this paper, we mainly study the existence of radial solutions for a
class of biharmonic equation with a convection term, involving two real parame-
ters A and p. We mainly use a combination of the fixed point index theory and
the Banach contraction theorem to prove that there are A\g > 0 and pg > 0 such
the equation admits at least one radial solution for all (X, p) € [—Xo, co[ X [0, po].
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1. Introduction and the main result

In the present paper, we mainly investigate the existence of radial solutions for
the following biharmonic problems

(Pr) A(Au) + A\|Vul? = pf(u) in B
AP u=0, Au=0 in 0B,

where By = {z € RV : |z| < 1} is the unit ball in RN (N >2), (\,p) e RxRT, ¢ >1
and f € C'(R,]0,00[). Fourth-order equations are derived as models of different
engineering and physical phenomena, such as the motion of fluid, static deflection
of an elastic plate in a fluid [2, 4], epitaxial growth of nanoscale thin films [10, 14]
and traveling waves in suspension bridges [5, 12]. Due to their several applications,
both quasilinear and semilinear biharmonic equations have attracted much attention
and many papers appeared in the literature studying existence and the multiplicity
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of solutions, see for instance [9, 15, 14, 6, 7, 11] and the references therein. In [11], L.
Kong studied the following boundary value problem

A(JAulP72Au) = pg(x) f(u) + h(z) in B
{uﬂmt_o ) = pg(x) f(u) + h(z) . (1.1)

and by Schauder’s fixed point, introduced some sufficient conditions for existence of
radial solutions. In particular, Guo et al. [7] considered the above problem with h = 0,
and by using the fixed point index theory and the upper-lower solutions method,
proved that for some p* > 0, problem (1.1) has no positive radial solution if p > p*;
while if p < p*, (1.1) has at least two positive radial solutions. Motivated by the
above results, especially [7, 11], the purpose of this work is to prove the existence of
radial solutions for the biharmonic problem (Pj ,) by combining the fixed point index
theory and the Banach contraction theorem. By changing the variable u(z) = u(|z]),
r = |z|, we transform problem (P, ,) to the following problem

(L)) + Aw'|? = pf(u) in (0,1)
{mnamma (1.2)

where £ denotes the polar form of the Laplacian operator given by
1 d (N d
T tar \" @)

We notice that any solution u of the ordinary equation (1.2), u(|z|) is a radial solution
of problem (P ,). Similar to in [7, Pages 4-5] with p = ¢ = 2, we see that problem
(1.2) has an integral formulation given by

:/0 /0 K(t,7)K(r,8) (A ()7 + pf(u(s)) dsdt, (13)

where, for 0 <t,s <1,

sV (max{t, s}>"N —1), ifN>2,

K(t,s) = { —sln(max{t, s}), if N=2.

Define operators 1" and T in C1([0,1]) as follows

T(u)(t) = T (u //JHT (ry ) (Al (8)|7 + pf (uls))) dsdt (1.4)
and for (h,3) € R2,

“

1,1
T(u)(t) = Kgn + /0 /0 K1 —t,7)K(1,1—3) (=AW ()7 + pf(u(s)))dsdt (1.5)

where )
t
Kgp(t) :=h+ B/ (k(t,s) + ) dt.
O N

Remark 1.1. From [7] and [13] , we have
(i) K(t,s) >0 for all (¢,s) € (0,1)?
(i) K(t,s) < K(s,s) for all (t,s) € [0,1]%
(iii) K(t,s) < Ko, for all (¢,s) € [0,1]?,
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(n—1)
with K := % if n=2and Koo :=(n—2)(n—1)" 72 if n>3.
We are now in position to present the main results.

Theorem 1.2. Let f : (—o00,00) — RT be a nondecreasing continuous function such
that inf f > 0. Then there are A\g > 0 and po > 0 such that problem (P ,) has at least
one radial solution for any (X, p) € [—Ag, 00) X [0, po]. Moreover, for all 0 < p < po,

Aoo :=sup{A/ (A, p) € S} <
and for all 0 > X\ > — ),

Poo :=sup{p/ (A, p) € S} <
where

S :={(\p) eR?*/everyo,u € R, 0 > -\, 0 < u < p, P, , hasaradial sol}.

2. Preliminary results and proof of Theorem 1.2

We now introduce some basic technical lemmas that will be necessary to prove
the main result. Let’s start with a result introduced in [3], [7] and [1].

Lemma 2.1. Let E be a Banach space, and P be a cone in E, and Q be a boundary
open set in E. Suppose that T : QNP — P is a completely continuous operator. If
Tu # vu, for allu € O(QP) and allv > 1, then the fized point index i(T,§, P) = 1.

Lemma 2.2. If g € C[0,1], we have that there exists c,(t) € [a, 1], independent of t,
such that

/t vl /1 K(1,s)|g(s)|dsdT = |g(ca(t))] /t 1 /1 K(7,s)dsdr (2.1)
foralltOZaZO.a i ’
Proof. By Fubini’s theorem we obtain
/Ot oot /1 K (r,5)|g(s)|dsdt = /1 l9(s) (s, £)ds
where h(s,t) := fot "~ LK (7, s)dr. It is easy to see that

1
h(s, t)d
win | g |< falgl(S)l (s )ngax|g|
[a,1] [ h(s, t)ds 1]

Thus, there exists a < ¢, (t) < 1, such that

/ l9(s)|h(s,t)ds = |g(ca(t))] / h(s,t)ds.

This completes the proof. O

Let us stress that in addition to the properties of function K presented in Remark
1.1, we will give another property in the following lemma.
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Lemma 2.3. Function K(t,s) verifies the following assertion

/K 2t_1 /Kts

for allt € [0,1] and N > 2.

Proof. Let
1
t) :/ K(1—t,s)ds
0
Then
1—t 1
o(t) = K(1—t,s)ds+ K(1—t,8)ds =: ¢o(t) + p1(t).
0 1—t
Note that . L
p1(t) = K(1—t,8)ds = K(s,s)ds,
1—t 1—t
thus ¢} (t) = K(1 —t,1 —t). We also have
1-1¢
ot)=———-KQ1—1t,1-1t).
At = K111

Therefore ¢'(t) = 1. Similarly, we have

W(t) = lt, o(t) ::/ K(t, 5)ds

If we set ¢(t) = p(t) — ¥ (t) — £, we obtain ¢'(¢t) = 0 for all t € [0, 1], which implies
o(t) /KOS /Kssds-—
this completes the proof of the lemma. O

Lemma 2.4. Let (o, 3) € R* x R*. Suppose that T has a fized point in C*([0,1]). Then
the following problem

(paty { ABW+NVUT = pf(u) in By
U=, Au = _6 m 6315
has at least one solution.

Proof. Let @ be a fixed point of T in C1([0,1]) and let v(r) = w(1—r) for all r € [0, 1].
By the change of variable 7 =1 — s, we get

o(r) = Kpp(r //Krt (t,7) (= A" ()| + pf (u(r)) drdt

It follows, from Lemma 2.3, that v(r) = Kg(t) + T'(v)(r). By a straightforward com-
putation, we have

LIL(T(@v))) = =AP'|*+ f(v).
Since L( (fol K(.,t = 0, we deduce that L(L(v)) = =A|v'|7+pf(v). Furthermore,
we have v(1) = h + 2N, E( )(1) = —pB. Therefore, by taking h = a — %, we obtain
that u(x) = v(|z|) is a solution of problem (P*#). O
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Lemma 2.5. There are By, \g > 0 and pg > 0 such that f has a fixed point, for all
A < Xo and all |p| < po, with

—f X(Bo) if 18] < Bo —J po(Bo) if 1B <Bo
AO—{ o8 if 18>8 ™ ”0‘{ po(B) if 18] > Bo-

Proof. We argue as [8], to prove the above lemma. Let ¢ > 0 be fixed. By the continuity

of f on [0, 1], we can find )\(()1), p(l) Bo > 0 depended on ¢ and sufficiently small such
that

%* o) sup f+pc sup [P+ A | Ko <c

0<\t\<2£%+\h\ 0<\t\<c+2ﬂNL+\h|

Thus for all |8] < Bo, [N < )\(()1) and |p| < pél), we have

Dl (or (g tn) 4ok s 11+ e (22)
[Oc-‘r ¥ +lh(]

Let |8] > Bo, there are cg, Ag, pg > 0 such that for all |A| < Ag and p < pg,

%‘ + | of <2€\7 + h> + peg sup L]+ Aeh | Koo < cp- (2.3)
[0.6+ 53 +IRl]
Consider
g
Eg = 1) flu— == —h|| <M
p={uecqo:|u- L - <ar.
where |u|| := max{|u|co, [t/ |oo} and M = cif |8] < Bo, M = ¢z if |B| > f3p. For all

u € Eg, from fol K(r,t)dt < fol (t,t)dt (see Remark 1.1) and as fo (t,t)dt = 5%,
we have that

:?(u)(r)—Az—@+/ / K(L—r)K(t,1 - )Py (s)dsdt  (2.4)

where

Fipls) = A (8)[* 4 pf (u(s)), A= o+ 1

. It is easy to check that if u € Eg, we have

pS(u) < P (G + h) + pLIM,

with L := SUD |, gy maxdiflaa) | iy |f/(t)]. It follows, from u € Ez and (2.4), that
2N
f(u)(r)_Az_@_ / / K(1—rt)K(t,1— s)dsdt. (2.5)
where C' = |A| M+ pf(A) + pLM. Since

1 1
0< Ky < land / / K —rt)K(t,1 —s)dsdt < K% (2.6)
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we obtain that

T)0) - g5~ =~ — (M4 oA (g

LM ) K2 >—-M. (2.
> F 1)+ pLM ) K% > =M. (27)

From fol K(t,r)dr < fol K(r,r)dr = 5% and (2.6), we have

Tu)(r) — % _h< Iﬂl <|/\| M9+ pf(% +h)+ pLM> KL <M. (28)
It follows that
T(u)(r) — % - h‘ <M,

for all |A| < )\él) and all 0 < p < p(()l). Now we are able to show that |i’(u)/(7")| < M.
Indeed, a straightforward computations show that

1 1—7r ¢ N-1
K+ / / (1 7 > K(t,1— s)Fy,(s)
o Jo r

(5 mar + pr(

T(u) (r)

IN

+h)+ pLM) Koo

Since 0 < Ko < 1, we deduce that f(u),(r) < M. On the other hand, for u and

v € Fg, we obtain that

T(u)(r) — f(v)(r) < |)\|/0 /0 K1 —rt)K(t,1—s)gM? " v/ — /|

1 1
+p sup |f’(t)|/ / K(1—rt)K(t,1— s)|lu— v|dsdt.
o Jo

[t|< M+ +h
We deduce that

T - Tw)®)| < D / K(1 = r)K(t1 — s)dsdt| |[u— o]

where
D=gM"™ +p  swp  [f(D)].
[t|< M+ +|n]
From (2.6), there are )\52) 0 and p( ) > 0 such that, for all Al < )\82) and all
0<p< p(2)

IA
=

T(u)(r) — T(v)(r)

IN
\
B
|
=2

with
= [N gM?! +p sup LF'(0)]
[t < M| =220t | ||
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On the other hand, we have

1 1—r t
e
1 1r( ¢
0 1-

N-1
) K- 9 O - A

N—-1
D) K= (s - () dd]

Thus

IN

DoK ||u — vl

IN

L= o]
—||u — v
2

forall 0 < p < p ) and |A] < )\(2)
Therefore, for all

Al < Ao = mm{)\((J ),)\( )} 0 < p< pg=min {pé ),p(()l)},
we obtain that
IT@)r) ~ T@)N < 5 =]l
According to the Banach contraction theorem, f has a fixed point in Eg. (|

2.1. Proof of Theorem 1.2
Let P be a cone defined as

P:={ueC]|0,1], u>0}.

The proof is done in five steps.
Step 1. Case —\g < X\ < 0. Consider the following operator

D)0 = Kaa0)+ [ [ KoK(0) AW+ prats)dsir. (29

In view of Lemma 2.5, we obtain that Tg has a fixed point in C'[0, 1] . Then, by Lemma

2.5, for all |3 < B and |A| < Ag there exists v, in C'[0,1] such that 1:;3(%) =
Taking Wg := —v, + %, we get

—/1/1K(t,T)K(T,s) (—/\|W’|q+pf (—Wﬁ+§€)>dsdr
_/3/ K(t,5)

L(W;s)(1).

R
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Then

i [ 6 [ e (oo ([ i )

— L(Wp)'(t).

Let X = C[0,1], with norm ||u|| =|u|,, and consider

t ip\N—-1 p1 1
L@ = B O KGs) (= Alul? + pf ([ u(s)ds) ) dsdr, t 0
t=0
for v € X. Clearly, (X,]|.]|) is a Banach space. On other hand, L : P — P is
completely continuous. Indeed, by Hospital’s rule, we obtain that for all v € X,

L(u) € X . Tt is easy to see that L(u) > 0. We deduce that L(P) C P. By Ascoli-
Arzela theorem and absolute continuity of integral, we obtain that L is completely

continuous. Let us consider the set 2 := {u eX, u< Wﬁ} . For u € 9Q N P, we have

9

/14 ! ro,
“Alul? < <AW" and / uds < / Whds.
Using f is nondecreasing and u € 02 and by choosing 5 > 0, we have

Lu)(t) < LIWS)() < L(Wp) (£) = Wj(t) = u(?)

Then L(u)(t) # uu(t)7 for all v > 1. Moreover, from f(0) > 0, we have that L(0)(¢t) #
0. Then L(u)(t) # vu(t), for all u € 8(QﬂP) and for all v > 1. Tt follows, from
Lemma 2.3, that (L, 2, P) = 1. Thus, there exits u €  such that L(u) = u. Let

W(r) = /T1 u(s)ds.

/1 ()ds:/lL(u)(s)ds
[//th Ts)( A\u|q+pf(/ ()§)>dsdt]i

_ //KtT () (~AIW (917 + pf (W(s))) dsa.

This implies that W = T(W). Therefore, the function W : B(0,1) = R, x — W (|z]|)
is a solution of problem (P,\’p) for all —\g < A <0 and for all 0 < p < pg.

Step 2. Case \[j > A > 0 (A will be defined below ). By taking A = 0 in step 1, we
obtain that there exists Vg € C'[0, 1] such that

Then, we have

W (r)

Vs = KB,—B/N(t)+p/() /0 K(t,7)K(7,s)f(Va)dsdt

Lo (V).
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Then

Let us consider the set

! _ /_7i
Q.—{UGX,U< V },

for 8 < 0. Then, for u € Q' N P, we have 0 < u < =V’ — % This implies that
llul] < HV/;H . So, if we take

inf f(¢) _nff®)
-4

Nt +of [ utsas) 2o

Therefore, L(Y' N P) C P. Now, let u € 9§’ N P. We have

L) = /0( N 1/ K(r,s) ( Au(s |q+pf( >)dsdr
LG [ o (- [ vacerae - 5+ 5 ) asar
< /Ot (Z)N_l/olK(r, s)pf (vﬁ(s) + if) dsdr

By using 8 < 0 and the fact that f is nondecreasing, we get

L(t) < — (EO(V5)> (t) = —Vé(t) =u(t) + % < u(t)

Then L(t) # vu(t) for all v > 1 and for all u € 9’ N P. Moreover, L(0)(t) # 0. Thus,
L(u)(t) # vu(t) for all v > 1 and for all u € 9(Q' N P). Therefore, from Lemma 2.1,
i(L Y, P) = 1. Then, there exists u € C0, 1] such that L(u) = u. We deduce that

O§A§A6::pmin

we obtain

A

1
W:X =R, t—>/ u(s)ds
t

satisfies T'(W) = W. So, we obtain that problem (P, ,) has a radial solution for all
0< A< andfora110<p<p0

Step 3. For every (), p) [AG, 00[x [0, pol, the problem (Pj,) has a radial solution.
Indeed, let (), p) € [N}, oo[x [0 po]. From Step 3, problem (P, ,,) has a radial solution.
Then, there exists ug 6 C|0,1] such that Ty ,, (1) = up. Consider the cone

P:={ueX, u>0}
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and the set Q := {u € X, u < ug}. Then, we have
QNP={veX, 0<u<ug}.
So, d(QNP)={0} U{u = ug}. Since f is nondecreasing, we get
Tx,p(w)(t) < To,p0 (w)(t) < To,p, (u0)(t) = uo(t) = u(t)

for u € 9Q. We also have T ,(0)(t) > 0. Therefore, T ,(u)(t) # vu(t), for all v > 1
and for all u € (2N P). So, from Lemma 2.1, i(Ty ,, 2, P) = 1. Consequently, (P ,)
has a least one radial solution.

Step 4. Aoo(p) < 00 and poo(A) < 00. Let 0 < p < pg. Suppose that A (p) = —o0.
Then, there exits (A,,p) € S, with A, — —oo and let u,, be a solution radial of
problem (P, ,). Then

() = — /Ot (%)Nfl /01 K(r,5) (=Ml ()] + pf(un(s))) dsdr <0 (2.10)

since f > 0, we get
t F\N-1 1
@1 > <2 [ (5) [ K 9lun(o) s
0 3
In view of Lemma 2.2, there exists 1/2 < ¢;/5(t) < 1 such that
t F\N-1 1
un @) > ~Malun(erz@)1? [ (5)7 [ Krodsar
0 3
From (2.10), we have 0 < |u},(1/2)| < |u},(c1/2(t))|. By taking t = 3, we get
1/2 1
1> —/\n|un(1/2)'|q_1/ (ZT)N_l/ K(1,s)dsdr.
0 0
By (2.10) and € := inf f > 0, we get

1/2 1
iy (1/2)] = / (2r)N -1 / K (r, )0/ (un (s))dsdr

3 1
60/ (ZT)N_l/ K(t,s)pdsdr.
0 0

1/2 1
1> —An(peg)?™? </ 27'N71/ K(T,s)dsdT)
0 3

Letting n — oo, we obtain a contradiction. On other hand, let —\y < A < 0. Suppose
that poo(A) = co. Then, there exits (A, p,(A)) € S such that p,(A) = oco. If we follow
the same way as above, we obtain

1/2 1 q
1> —A(pneo)?™! </ 2TN—1/ K(m)dsdT) : (2.11)
0 3

Letting n — oo , we obtain a contradiction. This concludes the proof of Theorem 1.2.

V

It follows that
q
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