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Global nonexistence of solutions to a logarithmic
nonlinear wave equation with infinite memory
and delay term
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Abstract. As a continuity to the study by M. Kafini [24], we consider a loga-
rithmic nonlinear wave condition with delay term. We obtain a blow-up result of
solutions under suitable conditions.
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1. Introduction

In this paper, we are concerned with the blow-up in finite-time of solutions for
the initial boundary value problem:

utt −∆u+
∫∞

0
g(t− s)∆u(x, s)ds+ µ1ut(x, t)

+µ2ut(x, t− τ) = u|u|p−2 ln |u|k, in Ω× (0,∞) ,

u(x, t) = 0, x ∈ ∂Ω,

(1.1)

and the initial conditions

ut(x, t− τ) = f0(x, t− τ), in (0, τ),
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.

where u = u(x, t), t ≥ 0, x ∈ Ω, ∆ means the Laplacian administrator regarding
the x variable, Ω is an ordinary and limited area of Rn, n ≥ 1, p ≥ 2, k, µ1, are
positive constants, µ2 is a genuine number, τ > 0 speak to the time delay. The
capacity g : R+ → R+ is a bounded C1 function, the unwinding capacity exposed to
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conditions to be determined and u0, u1, f0 are given capacities having a place with
reasonable spaces.

Presenting the defer term µ2ut(x, t − τ) makes the issue unique in relation to
those considered in the writing.

In [24] the nonappearance of the viscoelastic term (g = 0), the issue has been
widely examined and numerous outcomes concerning neighborhood presence result
has been set up utilizing the semigroup hypothesis. Likewise, for negative introductory
energy, a limited time explode result is demonstrated. For example, for the condition

utt −∆u+ µ1ut(x, t) + µ2ut(x, t− τ) = u|u|p−2 ln |u|k, in Ω× (0,∞) . (1.2)

In [22], Han studied the global existence of weak solutions for the initial boundary
value problem

utt −∆u+ u− u ln |u|2 + ut + u|u|2 = 0, in Ω× (0, T ) ,
u(x, t) = 0, x ∈ ∂Ω,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.
(1.3)

where Ω is a smooth bounded domain in R3. The model (1.1) is closely related to the
following equation with logarithmic nonlinearity

utt − uxx + u− εu ln |u|2 + ut = 0, in O × (0, T ) ,
u(x, t) = 0, x ∈ ∂O,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ O.
(1.4)

where O = [a, b], the parameter ε ∈ [0, 1] [22].
The remainder of our paper is coordinated as follows. In section 2, we review

the documentation, speculations, and some fundamental primers. In section 3, we
demonstrate the globale nonexistence result utilizing the semigroup hypothesis [24].
In section 4, we present the statement and the proof of our main blow-up result.

2. Preliminaries and assumptions

In this section, we give notations, hypotheses, (., .) and ‖.‖p denote the inner

prodution in the space L (Ω) and the norm of the space Lp (Ω), respectively. For
breviy, we denote ‖.‖2 by ‖.‖ .
For the relaxation function g we assume the following.
(G) : We assume that the function g : R+ → R is of class C1 satisfying:

1−
∫ ∞

0

g(s)ds = l > 0, g(t) ≥ 0, g′(t) ≤ 0.

and under the assumption
µ1 ≥ |µ2| .

By using the direct calculations, we have∫ ∞
0

g(t− s) (∇ut (t) ,∇u(s)) ds = −1

2
g(t) ‖u (t)‖22 +

1

2
(g′ ◦ ∇u)(t)

− 1

2

d

dt

[
(g ◦ ∇u)(t)−

(∫ ∞
0

g(s)ds

)
‖∇u (t)‖22

]
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where

(g ◦ u)(t) =

∫ ∞
0

g(t− s) ‖u(t)− u(s)‖22 ds.

3. Local existence

We introduce the variable

z(x, ρ, t) = ut(x, t− τρ), (x, ρ, t) ∈ Ω× (0, 1)× (0,∞).

Consequently, we have

τzt(x, ρ, t) + zρ(x, ρ, t) = 0, (x, ρ, t) ∈ Ω× (0, 1)× (0,∞).

Therefore, problem (1.1) is equivalent to:

utt(x, t)−∆u(x, t) +
∫∞

0
g(t− s)∆u(x, s)ds+ µ1ut(x, t)

+µ2z(x, 1, t) = u(x, t)|u(x, t)|p−2ln|u(x, t)|k, in Ω× (0,∞) ,

τzt(x, ρ, t) + zρ(x, ρ, t) = 0, x ∈ Ω, ρ ∈ (0, 1), t > 0,

(3.1)

and the initial conditions

z(x, 1, t) = f0(x, t− τ), in Ω× (0, 1),
u(x, t) = 0, x ∈ ∂Ω× (0,∞) ,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.

Let υ = ut and denote by

Φ = (u, υ, z)T , Φ(0) = Φ0 = (u0, u1, f0(.,−ρτ))
T
,

Then Φ satisfies the problem

∂tΦ +AΦ = J(Φ) (3.2)

Φ(0) = Φ0,

where the operator A : D(A) −→ H is defined by

AΦ =

 −υ
−∆u+ µ1υ + µ2z(1, .) +

∫∞
0
g(t− s)∆u(x, s)ds

1
τ zρ


and

J(Φ) =
(
0, u|u|p−2ln|u|k, 0

)T
.

We introduce the following Hilbert space:

H =
(
H1

0 (Ω) ∩ L2
g(R+, H1

0 (Ω))
)
× L2(Ω)× L2(Ω× (0, 1)),

where L2
g(R+, H1

0 (Ω)) denotes the Hilbert space of H1
0 -valued functions on R+, en-

dowed with the inner product

〈φ, ϑ〉L2
g(R+,H1

0 (Ω)) =

∫
Ω

∫ ∞
0

g (t− s)∇φ(x, s)∇ϑ(x, s)dsdx.
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We define the inner product in the energy space H,〈
Φ, Φ̃

〉
H

=

∫
Ω

(5u5 ũ+υυ̃)dx+ τ |µ2|
∫ 1

0

∫
Ω

zz̃dxdρ+

∫
Ω

∫ ∞
0

g(t− s)5u5 ũdsdx,

for all Φ = (u, υ, z)T and Φ̃ = (ũ, υ̃, z̃)T in H. The domain of A is

D(A) =

{
Φ ∈ H : u ∈ H2(Ω) ∩ L2

g(R+, H1
0 (Ω)), υ ∈ H1

0 (Ω), z(1, .) ∈ L2(Ω),
z, zρ ∈ L2 (Ω× (0, 1)) , z(0, .) = υ.

}
.

Lemma 3.1. [24] For every ε, there exists A > 0, such that the real function

j (s) = |s|p−2ln|s|, p > 2,

satisfies
|j (s)| ≤ A+ |s|p−2+ε.

We have the following existence and uniqueness result:

Theorem 3.2. Assume that µ1 ≥ |µ2| and p be such that{
2 < p <∞ if n = 1, 2,

2 < p < 2(n−1)
n−2

if n ≥ 3.
(3.3)

Then for any Φ0 ∈ H, problem (3.2) has a unique weak solution Φ ∈ C([0, T ] ;H).

Proof. First, for all Φ ∈ D(A), we have

〈AΦ,Φ〉H =

〈 −υ
−∆u+ µ1υ + µ2z(1, .) +

∫∞
0
g(t− s)∆u(x, s)ds

1
τ zρ

 ,

 u
υ
z

〉

= −
∫

Ω

5u5 υdx+

∫
Ω

υ

[
−∆u+µ1υ+µ2z(1, .)+

∫ ∞
0

g(t−s)∆u(x, s)ds

]
dx

+ |µ2|
∫ 1

0

∫
Ω

zzρdxdρ+

∫
Ω

∫ ∞
0

g(t− s)5 u5 υdsdx

= µ1

∫
Ω

|υ|2 dx+ µ2

∫
Ω

υz(1, .)dx+
|µ2|
2

∫
Ω

|z(1, .)|2 dx− |µ2|
2

∫
Ω

|υ|2 dx

+

∫
Ω

υ(x, t)

(∫ ∞
0

g(t− s)∆u(x, s)ds

)
dx

+

∫
Ω

∫ ∞
0

g(t− s)5 u(x, s)5 υ(x, s)dsdx. (3.4)

Looking now at the last term on the right-hand side of (3.4), we have

|µ2|
∫ 1

0

∫
Ω

zρ(x, ρ)z(x, ρ)dxdρ = |µ2|
∫

Ω

∫ 1

0

1

2

∂

∂ρ
z2(x, ρ)dρdx

=
|µ2|
2

∫
Ω

(
z2(x, 1)− z2(x, 0)

)
dx.

=
|µ2|
2

∫
Ω

(
z2(x, 1)− υ2

)
dx.
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Using Young’s inequality, estimate (3.4) becomes

−µ2υz ≤
|µ2|
2
|υ|2 +

|µ2|
2
|z|2 .

By combining all the estimates,

〈AΦ,Φ〉H ≥ (µ1 − |µ2|)
∫

Ω

|υ|2 dx+
1

2

∫
Ω

g(t) (∇u(x, t))
2
dx

−1

2

∫
Ω

∫ ∞
0

g′(t− s) (∇u(x, t)−∇u(x, s))
2
dxds

≥ 0.

Therefore, A is a monotone operator.
Next, we prove the operator A is maximal. It is sufficient to show that the operator

(I + A) is subjective. Indeed, for any F = (f1, f2, f3)
T ∈ H , we prove that there

exists a unique V = (u, υ, z)T ∈ D(A) such that

(I +A)V = F.

Or, equivalently

u− υ = f1

υ −∆u+ µ1υ + µ2z(1, .) +

∫ ∞
0

g(t− s)∆u(x, s)ds = f2 (3.5)

τz + zρ = τf3.

Noting that υ = u− f1, we deduce, from (3.5)3, that

z(ρ, .) = (u− f1)e−ρτ + τe−ρτ
∫ t

0

f3(τ, .)eγτdγ. (3.6)

Substituting (3.6) in (3.5)2, we obtain

σu−∆u+

∫ ∞
0

g(t− s)∆u(x, s)ds = f2, (3.7)

where,

σ = 1 + µ1 + µ2e
−τ > 0, G = f2 + σf1 − τµ2e

−τ
∫ 1

0

f3(τ, .)eγτdγ ∈ L2(Ω). (3.8)

Now we define, over H1
0 (Ω), the bilinear and linear forms

B(u,w) = σ

∫
Ω

uw +

(
1−

∫ ∞
0

g(s)ds

)∫
Ω

∇u.∇w, L(w) =

∫
Ω

f2w.

Thus, for some α > 0

B(u, u) ≥ α ‖u‖2H1
0 (Ω)

Thus B is coercive and L is continuous on H1
0 (Ω). According to Lax-Milgram Theo-

rem, we can easily obtain unique

u ∈ H1
0 (Ω),

satisfying
B(u,w) = L(w), ∀w ∈ H1

0 (Ω). (3.9)
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Consequently, υ = u − f1 ∈ H1
0 (Ω), υ = u − f1 ∈ H1

0 (Ω) and, zρ ∈ L2(Ω × (0, 1)).
Thus, V ∈ H. Using (3.9), we get

σ

∫
Ω

uwdx+

(
1−

∫ ∞
0

g(s)ds

)∫
Ω

∇u.∇wdx =

∫
Ω

Gwdx, w ∈ H1
0 (Ω).

The standard elliptic regularity theory, gives u ∈ H2(Ω). And using Green’s formula
and (3.5)2, we obtain∫

Ω

[
(1+µ1) υ−∆u+

∫ ∞
0

g(t− s)∆u(x, s)ds+ µ2z(1, .)− f2

]
wdx = 0, ∀w ∈ H1

0 (Ω).

Hence,

(1 + µ1) υ −∆u+

∫ ∞
0

g(t− s)∆u(x, s)ds+ µ2z(1, .) = f2 ∈ L2(Ω)

Therefore,

V = (u, υ, z)T ∈ D(A).

Consequently, I +A is surjective and then A is maximal.

We prove that J : H → H is locally Lipschitz. So, if we set

F (s) = |s|p−2sln|s|k then F ′(s) = k [1 + (p− 1)ln|s|] |s|p−2.

Therefore, ∥∥∥J(Φ)− J(Φ̃)
∥∥∥2

H
=
∥∥(0, u|u|p−2ln|u|k − ũ|ũ|p−2ln|ũ|k, 0)

∥∥2

H

=
∥∥u|u|p−2ln|u|k − ũ|ũ|p−2ln|ũ|k

∥∥2

L2(Ω)

= ‖F (u)− F (ũ)‖2L2(Ω) . (3.10)

Consequently, using value theorem, we have, for 0 ≤ θ ≤ 1,

|F (u)− F (ũ)| = |F ′ (θu+ (1− θ) ũ) (u− ũ)|

≤ k [1 + (p− 1)ln (θu+ (1− θ) ũ)] |θu+ (1− θ) ũ|p−2 |u− ũ|

≤ k |θu+ (1− θ) ũ|p−2 |u− ũ|+ k(p− 1) |j (θu+ (1− θ) ũ)| |u− ũ|

By Lemma 3.1, we find

|F (u)− F (ũ)| ≤ k |θu+ (1− θ) ũ|p−2 |u− ũ|+ k(p− 1)A |u− ũ|

+ k(p− 1) |θu+ (1− θ) ũ|p−2+ε |u− ũ|

≤ k (|u|+ |ũ|)p−2 |u− ũ|+ k(p− 1)A |u− ũ|

+ k(p− 1) (|u|+ |ũ|)p−2+ε |u− ũ| . (3.11)

As u, ũ ∈ H1(Ω), we then applying H
..
older’s inequality and the Sobolev embedding

H1
0 (Ω) ↪→ Lr(Ω), ∀ 1 ≤ r ≤ 2n

n− 2
,
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to get∫
Ω

[
(|u|+ |ũ|)p−2 |u− ũ|

]2
dx

=

∫
Ω

(|u|+ |ũ|)2(p−2) |u− ũ|2 dx

≤ C

(∫
Ω

(|u|+ |ũ|)2(p−1)
dx

) (p−2)
(p−1)

×
(∫

Ω

|u− ũ|2(p−1)
dx

) 1
(p−1)

≤ C
[
‖u‖2(p−1)

L2(p−1)(Ω)
+ ‖ũ‖2(p−1)

L2(p−1)(Ω)

] (p−2)
(p−1) × ‖u− ũ‖2H1

0 (Ω) . (3.12)

Similarly,∫
Ω

[
(|u|+ |ũ|)p−2+ε |u− ũ|

]2
dx

=

∫
Ω

(|u|+ |ũ|)2(p−2+ε) |u− ũ|2 dx

≤
(∫

Ω

(|u|+ |ũ|)
2(p−2+ε)(p−1)

(p−2) dx

) (p−2)
(p−1)

×
(∫

Ω

|u− ũ|2(p−1)
dx

) 1
(p−1)

≤
(∫

Ω

(|u|+ |ũ|)
2(p−2+ε)(p−1)

(p−2) dx

) (p−2)
(p−1)

× ‖u− ũ‖2L2(p−1)(Ω) . (3.13)

Since, p < 2(n−1)
(n−2) , we can choose ε > 0 so small that

p∗ = 2 (p− 1) +
2ε(p− 1)

p− 2
≤ 2n

n− 2
.

Therefore, we have∫
Ω

(|u|+ |ũ|)2(p−2+ε) |u− ũ|2 dx

≤ C
[
‖u‖p

∗

Lp∗ (Ω)
+ ‖ũ‖p

∗

Lp∗ (Ω)

] (p−2)
(p−1) × ‖u− ũ‖2L2(p−1)(Ω)

≤ C
[
‖u‖p

∗

H1
0 (Ω)

+ ‖ũ‖p
∗

H1
0 (Ω)

] (p−2)
(p−1) × ‖u− ũ‖2H1

0 (Ω) . (3.14)

A combination with (3.9)− (3.14) gives∥∥∥J(Φ)− J(Φ̃)
∥∥∥2

H

≤
[
k2(p− 1)2A2

]
‖u− ũ‖2H1

0 (Ω)

+ C

[(
‖u‖2(p−1)

H1
0 (Ω)

+ ‖ũ‖2(p−1)

H1
0 (Ω)

) (p−2)
(p−1)

+
(
‖u‖p

∗

H1
0 (Ω)

+ ‖ũ‖p
∗

H1
0 (Ω)

) (p−2)
(p−1)

]
× ‖u− ũ‖2H1

0 (Ω)

≤ C
(
‖u‖H1

0 (Ω) + ‖ũ‖H1
0 (Ω)

)
‖u− ũ‖2H1

0 (Ω) ,
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since ∥∥∥J(Φ)− J(Φ̃)
∥∥∥2

H
≤ K ‖u− ũ‖2H .

Hence, J is locally Lipschitz. See [25]. This completes the proof of Theorem 3.2. �

Remark 3.3. The weak solution is taken in the sense of [29]. That is, a function

Φ = (u, ut, z) ∈ C([0, T );H),

satisfying, for a.e x ∈ Ω,

d

dt

∫
Ω

ut(x, t)w (x) +

∫
Ω

∇u(x, t).∇w (x) dx

−
∫

Ω

[(∫ ∞
0

g(t− s)∇u(x, s).∇w (x) ds

)]
dx

+ µ1
d

dt

∫
Ω

ut(x, t)w (x) dx+ µ2

∫
Ω

z(x, 1, t)w (x) dx

=

∫
Ω

u(x, t)|u(x, t)|p−2 ln |u(x, t)|kw (x) dx. (3.15)

for all (w,ψ) ∈ H1
0 (Ω)× L2(Ω× (0, 1)).

4. Main result

Our main blow-up result reads as follows.

Lemma 4.1. Now, we introduce the energy functional defined by

E(t) :=
1

2
‖ut‖22 +

1

2

(
1−

∫ ∞
0

g(s)ds

)
‖∇u‖22 +

1

2
(g ◦ ∇u) (t) +

k

p
‖∇u‖pp

+
ξ

2

∫
Ω

∫ 1

0

|z(x, ρ, t)|2 dxdρ− 1

p

∫
Ω

|u|p ln |u|kdx,

where

τ |µ2| < ξ < τ(2µ1 − |µ2|), µ1 > |µ2|, (4.1)

satisfies the estimate

E′(t) ≤ −C0

[∫
Ω

(
|ut|2 + |z(x, 1, t)|2

)
dx

]
− 1

2
g(t)

∫
Ω

|∇u (t, x)|2 dx+
1

2
(g′ ◦ ∇u)(t) ≤ 0. (4.2)

Proof. We approximate the initial data (u0, u1, f0(.,−ρτ)) by a sequence

(uυ0 , u
υ
1 , f

υ
0 ) ∈ C∞0 (Ω)× C∞0 (Ω)× C∞0 (Ω× (0, 1)).
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Then problem (3.1) has a unique classical solution (uυ, uυt , z
υ) such that (3.15) takes

the form

d

dt

∫
Ω

uυt (x, t)w (x) +

∫
Ω

∇uυ(x, t).∇w (x) dx

−
∫

Ω

[(∫ ∞
0

g(t− s)∇uυ(x, s).∇w (x) ds

)]
dx

+ µ1
d

dt

∫
Ω

uυ(x, t)w (x) dx

+ µ2

∫
Ω

zυ(x, 1, t)w (x) dx

=

∫
Ω

uυ(x, t)|uυ(x, t)|p−2 ln |uυ(x, t)|kw (x) dx, (4.3)

and

d

dt

∫
Ω

∫ 1

0

τzυ(x, ρ, t)ψ (x, ρ) dxdρ +

∫
Ω

zυ(x, ρ, t)ψ (x, ρ) dx

=

∫
Ω

uυt (x, t)ψ (x, ρ) dx. (4.4)

By replacing w by uυt and ψ by zυ and integrating over (0,∞), we obtain

1

2

∫
Ω

(
|uυt (x, t)|2 + |∇uυ(x, t)|2

)
dx

+
1

2

[
(g ◦ ∇uυ)(t)−

(∫ ∞
0

g(s)ds

)
‖uυ (t)‖22

]
+ µ1

∫
Ω

∫ 1

0

|uυt (x, s)|2 ds

=
1

2

∫
Ω

(
|uυ1 (x)|2 + |∇uυ0 (x)|2

)
dx− 1

2

∫ ∞
0

g(s) ‖uυ (s)‖22 ds+
1

2
(g′ ◦ ∇uυ)(t)

=
1

2

∫
Ω

(
|uυ1 (x)|2 + |∇uυ0 (x)|2

)
dx

−1

2

∫ ∞
0

g(s) ‖uυ (s)‖22 ds+
1

2
(g′ ◦ ∇uυ)(t)

−µ2

∫
Ω

∫ 1

0

zυ(x, 1, s)uυt (x, s)dxds

+
1

p

∫
Ω

[
(uυ(x, t))

p
ln |uυ(x, t)|k − k|uυ(x, t)|p

]
dx

−1

p

∫
Ω

[
(uυ0 (x))

p
ln |uυ0 (x)|k − k|uυ0 (x)|p

]
dx (4.5)

and

τzt(x, ρ, t)z(x, ρ, t) + zρ(x, ρ, t)z(x, ρ, t) = 0
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integrating over (0,∞) and ρ ∈ (0, 1), then

ξ

2

∫ 1

0

∫
Ω

|zυ(x, ρ, t)|2 dxdρ =
ξ

2

∫ 1

0

∫
Ω

|f0(x,−ρτ)|2 dxdρ

+
ξ

2τ

∫ ∞
0

∫
Ω

|uυt (x, t)|2 dxdρ

− ξ

2τ

∫ ∞
0

∫
Ω

|zυ(x, 1, s)|2 dxds (4.6)

where ξ > 0 is defined in (4.1) . Also integration by parts, we get∫
Ω

[
ut(x, t)

(∫ ∞
0

g(t− s)∆u(x, s)ds

)]
dx

= −
∫ ∞

0

[
g(t− s)

(∫
Ω

∇ut(x, t).∇u(x, s)dx

)]
ds, (4.7)

and using

−∇ut(x, t).∇u(x, s) =
1

2

d

dt

{
|∇u(x, s)−∇u(x, t)|2

}
−1

2

d

dt

{
|∇u(x, t)|2

}
, (4.8)

then

−
∫ ∞

0

[
g(t− s)

(∫
Ω

∇ut(x, t).∇u(x, s)dx

)]
ds

=
1

2

∫ ∞
0

[
g(t− s)

(∫
Ω

d

dt

{
|∇u(x, s)−∇u(x, t)|2

}
dx

)]
ds

−1

2

∫ ∞
0

[
g(t− s)

(
d

dt

{
|∇u(x, t)|2

}
dx

)]
ds. (4.9)

Using the direct account and (G), we find

1

2

∫ ∞
0

[
g(t− s)

(∫
Ω

d

dt

{
|∇u(x, s)−∇u(x, t)|2

}
dx

)]
ds

=
1

2

∫ ∞
0

[(
d

dt

(
g(t− s)

(∫
Ω

|∇u(x, s)−∇u(x, t)|2 dx
)))]

ds

− 1

2

∫ ∞
0

g′(t− s)
∫

Ω

(∫
Ω

|∇u(x, s)−∇u(x, t)|2 dx
)
ds

=
1

2

d

dt

[∫ ∞
0

g(t− s)
∫

Ω

|∇u(x, s)−∇u(x, t)|2 dxds
]

− 1

2

∫ ∞
0

g′(t− s)
(∫

Ω

|∇u(x, s)−∇u(x, t)|2 dx
)
ds

=
1

2

d

dt
{(g ◦ ∇u)(t)} − 1

2
(g′ ◦ ∇u)(t); (4.10)



A logarithmic nonlinear wave equation with delay 847

− 1

2

∫ ∞
0

[
g(t− s)

(
d

dt

∫
Ω

{
|∇u(x, t)|2

}
dx

)]
ds

= −1

2

(∫ ∞
0

g(t− s)ds
)(

d

dt

∫
Ω

{
|∇u(x, t)|2

}
dx

)
= −1

2

(∫ ∞
0

g(s)ds

)(
d

dt

∫
Ω

{
|∇u(x, t)|2

}
dx

)
= −1

2

d

dt

[(∫ ∞
0

g(s)ds

)(∫
Ω

{
|∇u(x, t)|2

}
dx

)]
+

1

2
g(t)

∫
Ω

{
|∇u(x, t)|2

}
dx. (4.11)

By replacement of (4.6)− (4.10), we get

∫
Ω

[
ut(x, t)

(∫ ∞
0

g(t− s)∆u(x, s)ds

)]
dx

=
1

2

d

dt
{(g ◦ ∇u)(t)} − 1

2
(g′ ◦ ∇u)(t)

− 1

2

d

dt

[(∫ ∞
0

g(s)ds

)(∫
Ω

{
|∇u(x, t)|2

}
dx

)]
+

1

2
g(t)

∫
Ω

{
|∇u(x, t)|2

}
dx

=
d

dt

{
1

2
(g ◦ ∇u)(t)− 1

2

(∫ ∞
0

g(s)ds

)(∫
Ω

{
|∇u(x, t)|2

}
dx

)}
− 1

2
(g′ ◦ ∇u)(t) +

1

2
g(t)

∫
Ω

{
|∇u(x, t)|2

}
dx. (4.12)

Combining (4.6) and (4.10) we get

∫
Ω

(
1

2
|uυt (x, t)|2+

1

2
|∇uυ(x, t)|2−

∫
Ω

1

p
(uυ(x, t))

p
ln |uυ(x, t)|kdx+

k

p2
|uυ(x, t)|p

)
dx

+
1

2

[
(g ◦ ∇uυ)(t)−

(∫ ∞
0

g(s)ds

)
‖uυ (t)‖22

]
+
ξ

2

∫
Ω

∫ 1

0

|zυ(x, ρ, t)|2 dρdx

= −µ1

∫ ∞
0

∫
Ω

|uυt (x, s)|2 dxds− µ2

∫ ∞
0

∫
Ω

zυ(x, 1, s)uυt (x, s)dxds

+
1

2

∫
Ω

(
|uυ1 (x)|2 + |∇uυ0 (x)|2

)
dx

− 1

2

∫ ∞
0

g(s) ‖uυ (s)‖22 ds+
1

2

∫ ∞
0

(g′ ◦ ∇uυ)(s)ds



848 Abdeldjabar Bourega and Djamel Ouchenane

+
ξ

2

∫ 1

0

∫
Ω

|f0(x,−ρτ)|2 dxdρ

− 1

p

∫
Ω

[
(uυ0 (x))

p
ln |uυ0 (x)|k − k

p
|uυ0 (x)|p

]
dx

+
ξ

2τ

∫ t

0

∫
Ω

|uυt (x, t)|2 dxdρ− ξ

2τ

∫ ∞
0

∫
Ω

|zυ(x, 1, s)|2 dxds. (4.13)

Repeating the steps (3.6)− (3.11) of [2], we conlude that for any υ ∈ N,

(uυ) is uniformly bounded in L∞((0, T );H1
0 (Ω))

(uυt ) is uniformly bounded in L∞((0, T );H1
0 (Ω))

(zυ) is uniformly bounded in L∞((0, T );L2(Ω× (0, 1))).

thus, we get

uυ ⇀ u weakly star in L∞((0, T );H1
0 (Ω))

uυt ⇀ ut weakly star in L∞((0, T );L2(Ω))
zυ ⇀ z weakly star in L∞((0, T );L2(Ω× (0, 1)))

and by using Loins-Aubin theorem,

uυ ⇀ u in L2(Ω× (0, T )) and for a.e (x, t) in Ω× (0, T ).

By integrating (4.3) over (0,∞), we arrive at∫
Ω

uυt (x, t)w (x) dx + µ1

∫
Ω

uυ(x, t)w (x) dx

= −
∫ ∞

0

∫
Ω

∇uυ(x, s).∇w (x) dxds

+

∫
Ω

[∫ ∞
0

(∫ ξ

0

g(ξ − s)∇uυ(x, s).∇w (x) ds

)
dξ

]
dx

−µ2

∫ ∞
0

∫
Ω

zυ(x, 1, s)uυt (x, s)dxds

+

∫
Ω

∫ ∞
0

uυ(x, t)|uυ(x, t)|p−2 ln |uυ(x, t)|kw (x) dsdx

−
∫

Ω

uυ1 (x, t)w (x) dx− µ1

∫
Ω

uυ0 (x, t)w (x) dx, (4.14)

and

τ

∫
Ω

zυ(x, ρ, t)ψ (x, ρ) dx = −
∫ ∞

0

∫
Ω

zυρ (x, ρ, t)ψ (x, ρ) dxdρ

+ τ

∫
Ω

f0(x,−ρτ)ψ (x, ρ) dx. (4.15)
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By passing to the limit, we get

∫
Ω

ut(x, t)w (x) dx + µ1

∫
Ω

u(x, t)w (x) dx

= −
∫ ∞

0

∫
Ω

∇u(x, s).∇w (x) dxds

+

∫ ∞
0

∫
Ω

[(∫ ξ

0

g(ξ − s)∇u(x, s).∇w (x) ds

)]
dxdξ

−µ2

∫ ∞
0

∫
Ω

z(x, 1, s)uυt (x, s)dxds

+

∫ ∞
0

∫
Ω

u(x, t)|u(x, s)|p−2 ln |u(x, s)|kw (x) dxds

−
∫

Ω

u1(x, t)w (x) dx− µ1

∫
Ω

u0(x, t)w (x) dx, (4.16)

and

τ

∫
Ω

z(x, ρ, t)ψ (x, ρ) dx = −
∫ ∞

0

∫
Ω

zρ(x, ρ, t)ψ (x, ρ) dxdρ

+ τ

∫
Ω

f0(x,−ρτ)ψ (x, ρ) dx, (4.17)

for all (w,ψ) ∈ H1
0 (Ω)× L2(Ω× (0, 1))).

Notice that the right hand sides of (4.16) and (4.17) are absolutely continuous. So,
by differentiating, we obtain, for a.e x ∈ Ω,

∫
Ω

utt(x, t)w (x) dx+

∫
Ω

∇u(x, t).∇w (x) dx

−
∫

Ω

[(∫ ∞
0

g(t− s)∇u(x, s).∇w (x) ds

)]
dx

+ µ1

∫
Ω

ut(x, t)w (x) dx+ µ2

∫
Ω

zρ(x, 1, t)ψ (x, ρ) dx

=

∫
Ω

u(x, t)|u(x, t)|p−2 ln |u(x, t)|kw (x) dx (4.18)

τ

∫
Ω

zt(x, ρ, t)ψ (x, ρ) dx+

∫
Ω

zρ(x, ρ, t)ψ (x, ρ) dx = 0 (4.19)

for all (w,ψ) ∈ H1
0 (Ω)× L2(Ω× (0, 1)).



850 Abdeldjabar Bourega and Djamel Ouchenane

We use the density of H1
0 (Ω) in L2(Ω) to replace (w,ψ) by (ut, z) in (4.18) and (4.19).

Then we integrate (4.18) over (0, t) and (4.19) over (0, t)× (0, 1), we obtain

E(t) = −
(
µ1 −

ξ

2τ

)∫ ∞
0

∫
Ω

|ut(x, s)|2 dxds

+
1

2

(
1−

∫ ∞
0

g(s)ds

)
‖∇u‖22 +

1

2
(g ◦ ∇u) (t)

− ξ

2τ

∫ t

0

∫
Ω

|zυ(x, 1, s)|2 dxds− µ2

∫ ∞
0

∫
Ω

z(x, 1, t)ut(x, t)dxds+ E(0).

Therefore,

E′(t) = −
(
µ1 −

ξ

2τ

)∫
Ω

|ut(x, s)|2 dx+
1

2
(g′ ◦ ∇u)(t)− 1

2
g(t)

∫
Ω

|∇u (t, x)|2 dx

− ξ

2τ

∫
Ω

|z(x, 1, t)|2 dx− µ2

∫
Ω

z(x, 1, t)ut(x, t)dx. (4.20)

for a.e t ∈ (0, T ).
Using Young’s inequality, we estimate

−µ2

∫
Ω

z(x, 1, t)ut(x, t)dx ≤
|µ2|
2

∫
Ω

(
|ut(x, s)|2 + |z(x, 1, t)|2

)
dx.

Hence, from (4.20), we obtain

E′(t) ≤ −
(
µ1 −

ξ

2τ
− |µ2|

2

)∫
Ω

|ut(x, s)|2 dx−
(
ξ

2τ
− |µ2|

2

)∫
Ω

|z(x, 1, t)|2 dx

+ (g′ ◦ ∇u)(t)− g(t)

∫
Ω

|∇u (t, x)|2 dx. (4.21)

Using (4.1), we have, for some C0 > 0,

E′(t) ≤ − C0

[∫
Ω

(
|ut|2 + |z(x, 1, t)|2

)
dx

]
− 1

2
g(t)

∫
Ω

|∇u (t, x)|2 dx+
1

2
(g′ ◦ ∇u)(t) ≤ 0. (4.22)

where C0 = min
{
µ1 − ξ

2τ −
|µ2|

2 , ξ2τ −
|µ2|

2

}
, which is positive by (4.1) . �

Lemma 4.2. There exists a positive constant C > 0 such that(∫
Ω

|u|p ln |u|kdx
) s
p

≤ C
[∫

Ω

|u|p ln |u|kdx+ ‖∇u‖22

]
.

For any u ∈ Lp+1(Ω) and 2 ≤ s ≤ p, provided that
∫

Ω
|u|p ln |u|kdx ≥ 0.

Proof. If
∫

Ω
|u|p ln |u|kdx > 1 then(∫

Ω

|u|p ln |u|kdx
) s
p

≤
∫

Ω

|u|p ln |u|kdx. (4.23)
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If
∫

Ω
|u|p ln |u|kdx ≤ 1 then we set

Ω1 = {x ∈ Ω | |u| > 1}
and, for any β ≤ 2, we have(∫

Ω

|u|p ln |u|kdx
) s
p

≤
(∫

Ω

|u|p ln |u|kdx
) β
p

≤
(∫

Ω1

|u|p ln |u|kdx
) β
p

≤
(∫

Ω1

|u|p+1dx

) β
p

≤
(∫

Ω

|u|p+1dx

) β
p

= ‖u‖
β(p+1)
P

P+1 .

We choose β = 2p
p+1 < 2 to get(∫

Ω

|u|p ln |u|kdx
) s
p

≤ ‖u‖2P+1 ≤ C ‖∇u‖
2
2 . (4.24)

Combining (4.23) and (4.24), we get the desired result. �

Lemma 4.3. There exists a positive constant C > 0 such that for any u ∈ Lp(Ω) we
have

‖u‖pP ≤ C
[∫

Ω

|u|p ln |u|kdx+ ‖∇u‖22

]
. (4.25)

provided that
∫

Ω
|u|p ln |u|kdx ≥ 0.

Proof. We set

Ω+ = {x ∈ Ω ||u| > e} and Ω− = {x ∈ Ω ||u| ≤ e}.
Therefore,

‖u‖pP =

∫
Ω+

|u|pdx+

∫
Ω−

|u|pdx

≤
∫

Ω+

|u|p ln |u|kdx+

∫
Ω−

ep|u
e
|pdx

≤
∫

Ω+

|u|p ln |u|kdx+ ep
∫

Ω−

|u
e
|2dx

≤
∫

Ω+

|u|p ln |u|kdx+ ep−2

∫
Ω−

|u|2dx

≤ C

(∫
Ω+

|u|p ln |u|kdx+ ‖∇u‖22

)
.

�

Corollary 4.4. There exists a positive constant C > 0 such tha

‖u‖22 ≤ C

[(∫
Ω

|u|p ln |u|kdx
) 2
p

+ ‖∇u‖
4
p

2

]
(4.26)

provided that
∫

Ω
|u|p ln |u|kdx ≥ 0.
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Lemma 4.5. There exists a positive constant C such that for any u ∈ Lp(Ω) and
2 ≤ s ≤ p, we have

‖u‖sp ≤ C
[
‖u‖pp + ‖∇u‖22

]
. (4.27)

Proof. If ‖u‖p ≥ 1 then

‖u‖sp ≤ ‖u‖
p
p .

If ‖u‖p ≤ 1 then, ‖u‖sp ≤ ‖u‖
2
p. Using Sobolev embedding theorems, we have

‖u‖sp ≤ ‖u‖
2
p ≤ C ‖∇u‖

2
2 .

Now we are ready to state and prove your main result. For this purpose, we define

H(t) = −E(t) =
1

p

∫
Ω

|u(t)|p ln |u(t)|kdx− 1

2
‖ut‖22 −

1

2
‖u‖22 −

1

2
‖∇u‖22

− 1

2

(
1−

∫ ∞
0

g(s)ds

)
‖∇u‖22 −

1

2
(g ◦ ∇u)(t)

− k

p
‖∇u‖pp −

ξ

2

∫
Ω

∫ 1

0

z2(x, ρ, t)dρdx.

�

Theorem 4.6. Suppose that (4.1) and (3.3) hold. Assume further that

E(0) =
1

2
‖∇u0‖22 +

1

2
‖u1‖22 +

k

p
‖u0‖pp

+
ξ

2

∫
Ω

∫ 1

0

|f0(x,−ρτ)|2 dρdx− 1

p

∫
Ω

|u0|p ln |u0|kdx < 0. (4.28)

Then the solution of (3.1) blows up in finite time.

Proof. As E(t) is a nonincreasing function, we have

E(0) ≥ E(t).

A differentiation of H(t) gives

H ′(t) = −E′(t)

≥ C0

[∫
Ω

(
|ut|2 + |z(x, 1, t)|2

)
dx

]
+

1

2
g(t)

∫
Ω

|∇u (t, x)|2 dx

−1

2

∫
Ω

(g′ ◦ ∇u)(t)dx

≥ C0

∫
Ω

z2(x, 1, t)dx ≥ 0. (4.29)

and

0 < H(0) ≤ H(t) ≤ 1

p

∫
Ω

up ln |u0|kdx. (4.30)

We set

L(t) = H1−α(t) + ε

∫
Ω

utudx+ ε
ut
2

∫
Ω

u2dx, t ≥ 0,
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where ε > 0 to be specified later and

0 <
2(p− 2)

p2
< α <

p− 2

p2
< 1. (4.31)

Differentiating L(t) we easily obtain

L′(t) = (1− α)H−α(t)H ′(t) + ε ‖ut‖22 − ε ‖∇u‖
2
2

+ε

∫ ∞
0

g(t− s)
∫

Ω

∇u (s, x) .∇u(t, x)ds

−εµ2

∫
Ω

uz(x, 1, t)dx+
ε

p

∫
Ω

up ln |u|kdx. (4.32)

Using Young’s inequality, we estimate

−εµ2

∫
Ω

uz(x, 1, t)dx

≥ −ε |µ2|
(
δ

∫
Ω

u2dx+
1

4δ

∫
Ω

z2(x, 1, t)dx

)
, ∀δ > 0. (4.33)

and Cachy-Schwarz and Young inequalities, we have∫ ∞
0

g(t− s)
∫

Ω

∇u (s, x) .∇u(t, x)dxds

=

∫ ∞
0

g(t− s)
∫

Ω

∇u (t, x) . (∇u (s, x)−∇u(t, x)) dxds

+

∫ ∞
0

g(t− s) ‖∇u‖22 ds

≥
(

1− 1

4δ

)(∫ ∞
0

g(s)ds

)
‖∇u‖22 − δ(g ◦ ∇u) (t) , ∀δ > 0.

We get, from (4.32),

L′(t) ≥
[
(1− α)H−α(t)− ε|µ2|

4δC0

]
H ′(t)

+ ε

(
1− 1

4δ

)(∫ ∞
0

g(s)ds

)
‖∇u (t, x)‖22

− εδ(g ◦ ∇u) (t) + ε ‖ut‖22 − ε ‖∇u‖
2
2

− εδ|µ2| ‖u‖22 + ε

∫
Ω

|u|p ln |u|kdx. (4.34)

Of course (4.34) remains valid even if δ is time dependent. Therefore by taking δ so
that

|µ2|
4δC0

= κH−α(t),
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for large κ to be specified later, and substituting in (4.34) we arrive at

L′(t) ≥ [(1− α)− εκ]H−α(t)H ′(t) + ε ‖ut‖22 − ε ‖∇u‖
2
2

+ ε

(
1− 1

4δ

)(∫ ∞
0

g(s)ds

)
‖∇u‖22 − εδ(g ◦ ∇u) (t)

− ε|µ2|2

4κC0
Hα(t) ‖u‖22 + ε

∫
Ω

|u|p ln |u|kdx.

For 0 < a < 1, we have

L′(t) ≥ [(1− α)− εκ]H−α(t)H ′(t) +
εa

p

∫
Ω

|u|p ln |u|kdx+ ε
p (1− a) + 2

p
‖ut‖22

+ ε

(
p (1− a)

2
−
(
p (1− a)− 2

2
+

1

4δ

)∫ ∞
0

g(s)ds

)
‖∇u‖22

+ ε

(
p (1− a)

2
− δ
)

(g ◦ ∇u) (t) + εk (1− a) ‖u‖pp −
ε|µ2|2

4κC0
Hα(t) ‖u‖22

+ εp (1− a)H(t) +
ε (1− a) pξ

2

∫
Ω

∫ 1

0

z2(x, 1, t)dρdx. (4.35)

Using (4.26), (4.30) and Young’s inequality, we find

Hα(t) ‖u‖22 ≤
(∫

Ω

|u|p ln |u|kdx
)α
‖u‖22

≤ C

[(∫
Ω

|u|p ln |u|kdx
)α+ 2

p

+

(∫
Ω

|u|p ln |u|kdx
)α
‖∇u‖

4
p

2

]

≤ C

[(∫
Ω

|u|p ln |u|kdx
) pα+2

p

+ ‖∇u‖22 +

(∫
Ω

|u|p ln |u|kdx
) αp
p−2

]
.

Exploiting (4.31), we have

2 < αp+ 2 ≤ p and 2 <
αp2

p− 2
≤ p.

Thus, lemma 4.2 yields

Hα(t) ‖u‖22 ≤ C
[∫

Ω

|u|p ln |u|kdx+ ‖∇u‖22

]
. (4.36)
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Combining (4.35) and (4.36), we obtain

L′(t) ≥ [(1− α)− εκ]H−α(t)H ′(t) + ε

(
a

p
− ε|µ2|2

4κC0

)∫
Ω

|u|p ln |u|kdx

+ ε

(
p (1− a)

2
− ε|µ2|2

4κC0
−
(
p (1− a)− 2

2
+

1

4δ

)∫ ∞
0

g(s)ds

)
‖∇u‖22

ε

(
p (1− a)

2
− δ
)

(g ◦ ∇u) (t) + εk (1− a) ‖u‖pp + ε
p (1− a) + 2

p
‖ut‖22

+ εp (1− a)H(t) +
ε (1− a) pξ

2

∫
Ω

∫ 1

0

z2(x, 1, t)dρdx. (4.37)

We choose a > 0 so small that

p(1− a)− 2

2
> 0,

p (1− a)

2
− δ > 0,

and κ so large that

p (1− a)

2
− ε|µ2|2

4κC0
−
(
p (1− a)− 2

2
+

1

4δ

)∫ ∞
0

g(s)ds > 0 and
a

p
− ε|µ2|2

4κC0
> 0.

We pick ε so small so that

(1− α)− εκ > 0, H(0) + ε

∫
Ω

u0u1dx > 0.

Next, for some λ > 0, estimate (4.37) becomes

L′(t) ≥ λ
[
H(t) + ‖ut‖22 + ‖∇u‖22 + ‖u‖pp

]
+ λ

[
(g ◦ ∇u) (t) +

∫
Ω

∫ 1

0

z2(x, 1, t)dρdx+

∫
Ω

|u|p ln |u|kdx
]

(4.38)

and

L(t) ≥ L(0) > 0, t ≥ 0. (4.39)

Using H
..
older’s inequality and the embedding ‖u‖2 ≤ C ‖u‖p, we have∫

Ω

utudx ≤ ‖u‖2 ‖ut‖2 ≤ C ‖u‖p ‖ut‖2 ,

and exploiting Young’s inequality, we obtain∣∣∣∣∫
Ω

utudx

∣∣∣∣ 1
1−α

≤ C
(
‖u‖

µ
1−α
p + ‖ut‖

θ
1−α
2

)
, for

1

µ
+

1

θ
= 1. (4.40)

To be able to use Lemma 4.2, we take θ = 2(1 − α) which gives µ
1−α = 2

1−2α ≤ p.

Consequently, for s = 2
1−2α , estimate (4.40) gives∣∣∣∣∫

Ω

utudx

∣∣∣∣ 1
1−α

≤ C
(
‖ut‖22 + ‖u‖sp

)
.
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Hence, Lemma 4.2 gives∣∣∣∣∫
Ω

utudx

∣∣∣∣ 1
1−α

≤ C
(
‖∇u‖22 + ‖ut‖22 + ‖u‖pp

)
. (4.41)

Consequently,

L
1

1−α (t) =

(
H1−α(t) + ε

∫
Ω

utudx+
utε

2

∫
Ω

u2dx

) 1
1−α

≤ C

[
H(t) + (g ◦ ∇u) (t) +

∣∣∣∣∫
Ω

utudx

∣∣∣∣ 1
1−α

+ ‖u‖
1

1−α
2

]

≤ C

[
H(t) + (g ◦ ∇u) (t) +

∣∣∣∣∫
Ω

utudx

∣∣∣∣ 1
1−α

+ ‖u‖
2

1−α
2

]
≤ C

[
H(t) + (g ◦ ∇u) (t) + ‖∇u‖22 + ‖ut‖22 + ‖u‖pp

]
. (4.42)

Combining (4.38) and (4.42), we obtain

L′(t) ≥ ΛL
1

1−α (t), for t ≥ 0. (4.43)

where Λ is a positive constant.
A direct integration over (0, t) of (4.43) then yields

L
1

1−α (t) ≥ 1

L−
α

1−α (0)− Λ αt
1−α

, for t ≥ 0.

Therefore, L(t) blows up in time

T ≤ T ∗ =
1− α

ΛαL
α

1−α (0)
.

This completes the proof. �
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