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Global nonexistence of solutions to a logarithmic
nonlinear wave equation with infinite memory
and delay term

Abdeldjabar Bourega and Djamel Ouchenane

Abstract. As a continuity to the study by M. Kafini [24], we consider a loga-
rithmic nonlinear wave condition with delay term. We obtain a blow-up result of
solutions under suitable conditions.
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1. Introduction

In this paper, we are concerned with the blow-up in finite-time of solutions for
the initial boundary value problem:

u — Au+ [° g(t — s)Au(z, s)ds + prug(z, t)
+poug(z,t —7) = ulu[P~2In|ulf, in Q x (0,00), (1.1)
u(z,t) =0, x €N,
and the initial conditions
ut(x,t —71) = fo(z,t —7), in (0,7),
u(z,0) = up(x), u(xz,0) =uy(z), =€ Q.

where u = u(z,t), t > 0, z € Q, A means the Laplacian administrator regarding
the = variable,  is an ordinary and limited area of R", n > 1, p > 2, k, 1, are

positive constants, po is a genuine number, 7 > 0 speak to the time delay. The
capacity g : RT — R is a bounded C" function, the unwinding capacity exposed to
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conditions to be determined and wug, u1, fo are given capacities having a place with
reasonable spaces.

Presenting the defer term pou.(x,t — 7) makes the issue unique in relation to
those considered in the writing.

In [24] the nonappearance of the viscoelastic term (g = 0), the issue has been
widely examined and numerous outcomes concerning neighborhood presence result
has been set up utilizing the semigroup hypothesis. Likewise, for negative introductory
energy, a limited time explode result is demonstrated. For example, for the condition

gt — A+ prug(x,t) + poug(z,t —7) = wlu/P 2 Inful, in Qx (0,00). (1.2)
In [22], Han studied the global existence of weak solutions for the initial boundary
value problem
e — Au+u —uln|ul? +up +ulul®> =0, in Q x (0,T),
u(z,t) =0, z €I, (1.3)
u(x,O) = UO(Z'), ut('rao) = U1($), z €.
where 2 is a smooth bounded domain in R3. The model (1.1) is closely related to the
following equation with logarithmic nonlinearity
Ugp — Ugz +u —euln |ul? +u; =0, in O x (0,7T),
u(z,t) =0, z €00, (1.4)
u(z,0) = uo(z), w(z,0)=ui(x), =€O.
where O = [a, b], the parameter € € [0, 1] [22].
The remainder of our paper is coordinated as follows. In section 2, we review
the documentation, speculations, and some fundamental primers. In section 3, we

demonstrate the globale nonexistence result utilizing the semigroup hypothesis [24].
In section 4, we present the statement and the proof of our main blow-up result.

2. Preliminaries and assumptions

In this section, we give notations, hypotheses, (.,.) and |.|[, denote the inner
prodution in the space L () and the norm of the space LP (), respectively. For
breviy, we denote |||/, by ||| .

For the relaxation function g we assume the following.
(G) : We assume that the function g : RT — R is of class C! satisfying:

1= [ gt =1>0. g =0. g <0
0

and under the assumption
p1 = |pel .
By using the direct calculations, we have

| ot = 5) (T ). V) ds = = a(o) [ 0 + 506" 0 Tu))

e w0 - ([ oas) Ivuog]

N | =
Q“g‘
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where

(gou)(t) = Aoo g(t = 5) lu(t) = u(s)|3 ds.

3. Local existence

We introduce the variable

z(x, p,t) = u(z, t — 7p), (x,p,t) € Qx(0,1) % (0,00).

Consequently, we have
Tz(x, p, t) + 2p(z, p,t) =0, (z,p,t) € Qx(0,1) x (0, 00).

Therefore, problem (1.1) is equivalent to:

ug(w,t) — Au(z, t) + [° g(t — s)Au(z, s)ds + prug(x, t)

tuoz(z,1,t) = u(z, t)|u(z, t)[P2In|u(x, t)|*, in Q x (0,00),

Tz¢(z, p,t) + 25(x,p,t) =0, 2€Q, pe(0,1), t>0,

and the initial conditions
z(x,1,t) = fo(z,t — 1), in Q x (0,1),

u(z,t) =0, z€ N x(0,00),
u(xz,0) = up(x), u(z,0) =uyi(z), x € .

Let v = u; and denote by
@ = (u,v, Z)Ta ®(0) = @9 = (uo, u1, fol., _pT))T7
Then ® satisfies the problem

0P+ AD = J(P)
®(0) = Do,
where the operator A : D(A) — H is defined by

—v
A® = [ —Au+ pv+ pez(1,) + [ g(t — s)Au(z, s)ds
T2
and .
J(®) = (0, ululP2njul¥, 0)" .
We introduce the following Hilbert space:

H = (Hy(Q)NLZ(RY, Hy(Q))) x L*(Q) x L*(Q x (0,1)),

839

(3.1)

(3.2)

where L2(R*, Hj(2)) denotes the Hilbert space of Hj-valued functions on R*, en-

dowed with the inner product

<¢7’9>L§(R+,H5(Q)) :/Q/O g (t —s)Vo(x, s)VI(z, s)dsdz.
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We define the inner product in the energy space H,

1 o0
<<I>,<I>> :/(vuvﬂ—&—vﬂ)daz—i—ﬂuﬂ/ /zdedp+// g(t—s) v u<y udsdr,
H Q 0 Jo QJo

for all ® = (u,v, 2)T and P = (6,7,2)T in H. The domain of A is

{ deH: ueH(QNLYRT, Hj(Q), ve Hy(Q), 2(1,.) € L*(Q), }

D(A) = z, z, € L2 (2 x (0,1)), 2(0,.) = v.

Lemma 3.1. [24] For every €, there exists A > 0, such that the real function

j(s) =|sP2In|s|, p>2,
satisfies
7 (s)] < A+ [s[P72e.

We have the following existence and uniqueness result:

Theorem 3.2. Assume that py > |ua| and p be such that

2<p<oo if n=1,2,
2 <p< Aozl if n> 3.

Then for any ®o € H, problem (3.2) has a unique weak solution ® € C([0,T];H).
Proof. First, for all ® € D(A), we have

(3.3)

—U u
(A®,®),, = < —Au+ pv + pgz(l + IS 9t = s)Au(z,s)ds |, | v >

?Zp z

/ vuvvdm—i—/ { Aupv+pzz(1, )—&—/Oo g(t—s)Au(x,s)ds} dx

+|H2|/ /zzpdxdp+// (t— s) v uy vdsdz
:Nl/ o] d$+u2/vz(1,.)dx+M/|Z(1’_)|2d |M2|/| 2 da
a Q 2 Ja
+/U(x,t) (/ g(ts)Au(x,s)d5> dx
Q 0

[ ] a9 9 0t 7 viesydsde (3.4)

Looking now at the last term on the right-hand side of (3.4), we have

|m//%xpxmm~mv/28 (. p)dpd

= |u22|/Q (ZZ(I, 1) — 22(9:,0)) dz.

= |,u22|/Q (z%(z,1) — v?) da.
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Using Young’s inequality, estimate (3.4) becomes

TN TN

By combining all the estimates,

(A0 ), > = lal) [ ol do+ 5 [ o) (Vute.0)? do
—f// 't — s) (Vu(z, t) — Vu(z, s))* deds

> 0.
Therefore, A is a monotone operator.
Next, we prove the operator A is maximal. It is sufficient to show that the operator

(I + A) is subjective. Indeed, for any F = (fl,fQ,fg)T € H , we prove that there
exists a unique V = (u,v, 2)T € D(A) such that

(I+AV =F
Or, equivalently
u—v = fi
v—Au~+ v+ pez(l,.) + / g(t — s)Au(z,s)ds = fo (3.5)
0
Tz+2, = Tf3.

Noting that v = u — f;, we deduce, from (3.5),, that

z2(p,.) =(u— f1)e T + 71T /Ot fa(r,.)e7 dy. (3.6)
Substituting (3.6) in (3.5),, we obtain
ou — Au + /OO g(t — s)Au(z, s)ds = fa, (3.7)
where, ’
c=1+pr+pue">0, G=fot+ofy —Tu2e™ " /01 fa(1,.)e"dy € L*(Q). (3.8)

Now we define, over H}(Q), the bilinear and linear forms

BmAOZUAuw+(1—Aw @)/vqu L(w !/hw

Thus, for some a > 0
2
B(u,u) = aullg1 o)

Thus B is coercive and L is continuous on H}(2). According to Lax-Milgram Theo-
rem, we can easily obtain unique
u € Ho(Q),

satisfying
B(u,w) = L(w), Yw € H}(Q). (3.9
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Consequently, v = u — f; € H}(Q), v = u— f1 € H}(Q) and, z, € L*(Q x (0,1)).
Thus, V € H. Using (3.9), we get

U/uwder <1/ g(s)ds)/Vu.dem/Gwdx, w € HYHND).
Q 0 Q Q

The standard elliptic regularity theory, gives u € H?(Q2). And using Green’s formula
and (3.5),, we obtain

/Q [(1+u1) v—Au+ /Ooo g(t — s)Au(x, s)ds + poz(1,.) — fQ] wdx =0, Yw € H} (Q).
Hence,

14+ pm)v—Au+ /OOO g(t — s)Au(z,s)ds + p22(1,.) = fo € L*(Q)
Therefore,

V = (u,v,2)" € D(A).

Consequently, I + A is surjective and then A is maximal.
We prove that J : H — H is locally Lipschitz. So, if we set

F(s) = |s|P~%sln|s|® then F'(s) = k[1 4 (p — 1)in|s|] |s|P~2.
Therefore,
HJ((I)) - J((T))Hl = 1|0, ululP~2inful* - @faP-2ml@®, o),
= [julul"=2njul* — @@l 2m]il* |}
= |F (u) = F (@) 72(q - (3.10)
Consequently, using value theorem, we have, for 0 < 6 <1,
|[F (u) = F (@) = [F" (Qu+ (1 - 0)w) (u—1)|
<k[l+@-DnOu+1—-0)0)]|0u+1—0)u"?|u—a
<klfu+ 1 —0)al " fu—ul +k(p— 1) |j (Ou+ (1 — 0)W)| |u— 1l
By Lemma 3.1, we find
|F(u)— F @) <kl0u+(1—0)a" ?u—a|+kp—1)Alu—
+k(p—1)|0u+ (1 —0)u”*" ju—1l
< (Jul + @) fu =] + k(p — DAJu —u
+k(p— 1) (Jul + [@)? > ju —al . (3.11)
Asu, u € HY(Q), we then applying Holder’s inequality and the Sobolev embedding

2n
n—2’

HY(Q) = L'(Q), V1<r<
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to get

[ [+ =2 =] e

- / (] + )22 |u - @2 de
Q

(p—2) 1
(p—1) (p—1)
< c(/ (|u|+ﬁ|)2(p1)dx> x (/ lu — 2@ d;v)
Q Q
2(p—1) 1) = 2
< Ol g + 1S o] 7 X e = il ey

Similarly,

2
[ [t @y -] o
Q
= [ Qul+ 1) - o
Q

IN

IN

. 2(p=2+e)(p—1) EP*>
[+ @)= T o) = ey

Since, p < 2((:__21)), we can choose € > 0 so small that

2e(p—1) < 2n
p—2 “n-—-2

pr=2(p—-1)+
Therefore, we have
[ Gl @) e
Q
* =3 2
pP— ~
< O lullf e gy NI o] 7 X e = 010

(p—2)
* ~p* (p—1) ~12
<C [HUHI[){(%(Q) + ”U”%‘%(Q)} ! X [Ju — UHHg(Q) .

A combination with (3.9) — (3.14) gives
~ 2
J(@) - J(@)|
|r@ -a@)|

< [K(p— 1247 lu— 7 @
2p-1)\ =1 - =3
(Nl + 1)) 7 + (lullfys oy + 1l o)

+C

| S

3 ~12
< € (Il gy + 1l my e ) e = 30

(p=24e)( —1) =
([l + 3582 a0) 7 o ([ ju—apos dx>
Q

843

(3.12)

(3.13)

(3.14)

~112
X lu— U||H3(Q)
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since
~ 112
|7(@) = 1@)|| | < K ju =l

Hence, J is locally Lipschitz. See [25]. This completes the proof of Theorem 3.2. O

Remark 3.3. The weak solution is taken in the sense of [29]. That is, a function
@ = (u,us,2) € C([0,7); H),
satisfying, for a.e x € (O,

% . ug(z, t)w (z) + /Q Vu(z,t).Vw () dx

—/Q [(/Ooog(t — $)Vu(z,s).Vw (z) ds)] dx
—&—uljt/ut(at,t)w (@) dx—i—,ug/ﬂz(x,l,t)w(a:) do
_ /Q w(w, 8)ulz, P2 n [u(z, )[*w (z) da. (3.15)

for all (w, 1) € HE(Q) x L*(Q x (0,1)).

4. Main result

Our main blow-up result reads as follows.

Lemma 4.1. Now, we introduce the energy functional defined by

1 e 1 k
B0) = 5 I3+ 5 (1= [ o0)as) IVull + 5007w 0+ £ vl
E// |2(x, p, )] dxdp—f/|u|pln\u| dx,
where
Tlpe| <& <7(2p1 —[p2l),  p1 > [pel, (41)

satisfies the estimate
E'(t) < -Cy {/ (|Ut|2 + |2(z, 1,t)|2) dx]
Q
1 1
_ §g(t)/ V) do -+ 5 (o o Tu)(t) < 0, (4.2)
Q

Proof. We approximate the initial data (ug, w1, fo(., —p7)) by a sequence
(ug,ut, f5) € Cg° () x C° () x C5° (€2 x (0,1)).
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Then problem (3.1) has a unique classical solution (u”,u}, zV) such that (3.15) takes

the form

up (o, t)w (z) + /QVu”(x,t).Vw(x)da:

_ /QK/Ooog(t_s)vuv(a;,s).w(m)dsﬂ dx

d
R v t
+ Mg Qu (z,t)w (z) dx

+ ug/zv(:c,l,t)w(z)dx
Q

dt Jo

= [ a0l 0 e o6 (o) do
Q
and
d 1
%AZ/O Tzv(%Pvt)w(ﬂ?,P)dxdp + /QZU(Z‘,p,t)w(gj7p)dx
- /Quﬂx,t)w(x,p)dx.

By replacing w by u} and ¢ by z¥ and integrating over (0, c0), we obtain

1

3 | (w0 + v w0 F) do

w3 [wovurer - ([ aas) 1w 1]+ [ [t as

= 5 [ (m@F + 19u3r) d“f‘lfooog(s)'uv (9l ds + 500" o Tu)(0)

2 2
1 v 2 v 2
= 5 | (@P+ Vg do
~3 | o I @I ds+ 56 Va0

—,ug/Q/O 2Y(x, 1, s)uf (z, s)dxds
1 uw’(z, )P In jub (z, ) F — klub (z,t)P] dz
o [ 0y et 0l — K 0] d

/Q [(u§ ()P I Jug () — kg (2) ] da

1
p
and

TZt(z7pa t)Z(JL‘,,O, t) + Zﬂ($7p7 t)Z([E,p, t) = O

(4.4)

(4.5)
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integrating over (0,00) and p € (0, 1), then

¢! v 2 et 2
5 |z°(@, p, )" dadp = |fo(z, —p7)|" dzdp
2Jo Ja 2Jo Ja
b [ [ G0l dodp
21 Jo Ja
[ e
S 1
2, Q|z: (x,1,8)|" dxds

where £ > 0 is defined in (4.1) . Also integration by parts, we get

/Q [“t(xv 2 (/OOO g(t — s)Au(z, s)dsﬂ da

=— /000 [g(t —3) (/Q Vut(x,t).Vu(:E,s)dx)] ds,
and using
—Vuy(z,t).Vu(z,s) = %% {|Vu(x, s) — Vu(z, )] }
55 {Ivuto},

then

0 { ( / V(1) Vula, )dzﬂ ds
:5/0 [g(t—s) (/ {1Vt 5) - Vu(x,t)|2}dx)]ds
_;/OOO [g(t—s) (dt{|Vu( 2,1)] }dxﬂds.

Using the direct account and (G), we find

1 /OOO [g(t—S) (/th{|Vu(I,s) —vu(;c’t)ﬁ}dx)} ds
o0 [(2& (g(t—s) (/QIVu(x,s) _vu(x,t)de))ﬂ ds
g "t —s / (/ |Vu(z,s) — Vu(z, t)|2dx> ds

/ Vu(z, s) — Vu(z, t)|? dxds}

</|Vu Vu:ct|dx)ds

{(goVu)(®)} - *( o Vu)(t);

| = w\»— [\3\,_\ l\DM—‘ N = N

\&\, &\&\

S—

Sy
=

(4.7)

(4.8)

(4.10)
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_;/Ooo [g(t 5) (jt/ [V, t)|2}dx>}ds
:_% </0 gt — s)ds>( /{|Vu(ac )| }m)
g 5)ds ) ( {IVu(a, 1) )
o[

(o s>d>< s o)

|Vu )| (4.11)

1
2
1

2

By replacement of (4.6) — (4.10), we get

/[ut(xt <0°°g( s)Au(z, )s)]dx

15@{(9 u)(t )}**( Vu)(t)

2dt[/0 9(s)d )( IVuxt)}da:>]
/Q{|Vuxt

£ oo ( o) ([ vt Py )

—%( 2Vt + 50(0) | {\Vu(a: 0} da. (112)

Combining (4.6) and (4.10) we get

/Q(; |uf(x,t)|2+;|Vu“(a:,t)|2—/Q;(u“(x,t))pln|u”(x,t)|kd:c+;|u“(x,t)|p)dx
+5 [we v - ([ stoas) e 01

+ g /Q /01 2% (2, p, t)|? dpdx

=~/ /Ooo/gluf(x7s)|2dxds—u2 /Ooo/glz“(m,l,s)uf(%s)dxds

v / (luf @) + Vg (2)[) da

5 | A @lds 5 [ o Tun s
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g/ /\fox—ml dxdp

75/9 [(uo( )P In |u (x )‘h? ug(x )I”} dz

//\ut (z,1)]? da:dp——/ /|z (z,1,5)|? duds.

Repeating the steps (3.6) — (3.11) of [2], we conlude that for any v € N,

(u?) is uniformly bounded in L>°((0,T); Hg ()
(u?) is uniformly bounded in L*°((0,7); Hy(Q))
(2¥) is uniformly bounded in L ((0,T); L*(Q2 x (0,1))).

thus, we get

u¥ — u weakly star in L>((0,7); H&( )
uY — uy weakly star in L>((0,T); L?(Q2))
2V — z weakly star in L®°((0,T); L?(Q x (0,1)))

and by using Loins-Aubin theorem,
u’ — uin L*(Q x (0,T)) and for a.e (z,t) in Q x (0,T).

By integrating (4.3) over (0,00), we arrive at
/ ug (z,t)w (x)de  + ul/ u’(z, t)w (x) dx
Q Q
= —/ Vu®(z,s).Vw (x) drds
0o Ja

“,
—ug/ / (x,1,8)uy (x, s)dzds
// Uz, t)ul (2, t)|P 2 In |u® (z, 1) [Fw

—/Qull’(x,t)w (z) dx—,ul/ﬂug(x,t)w (2) dx,

P Feonvepd= — [ [ e di

and

+ T/Qfo(x,—pr)w(x,p)dx.

(4.13)

/00 (/05 (€ — s)Vu'(z, s).Vw (z) ds) dg] de

(z) dsdx

(4.14)

(4.15)
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By passing to the limit, we get

/Q w(z,w(x)de + m /Q u(z, tyw (z) do

- / /Vuws)Vw()dxds
/ /sz K/ = 8)Vu(z, s).Vw () d8>] dzdg
_“2/0 /Qz(xa1>S)U§’(x7s)dxds

- P=21n |u(z, s)|Fw (z) dzds
[ [ a2 fute. o) ) dea
—/ uy(x, t)w () dx—,ul/ uo(z, t)w (z) dx, (4.16)
Q Q

and
R A Oy L
+ T/fo(l‘,*pT)d)(l’,p)dl', (4.17)
Q

for all (w,) € H}(Q) x L*(Q x (0,1))).
Notice that the right hand sides of (4.16) and (4.17) are absolutely continuous. So,
by differentiating, we obtain, for a.e x € 2,

/ up(z, t)w (z)de + | Vu(z,t).Vw (z)dz
Q Q

_ /Q K/OOO g(t — $)Vu(z, s).Vw (z) dsﬂ do

+ pl/Qut(x,t)w(m)dx—l—ug/ﬂzp(m,l,t)i/) (x,p)dx
/Q w(w, B)u(w, )P~2 In Ju(z, )[Fw (z) d (4.18)

T/Zt(x,p,t)Q/) (x,p)dm+/ 2p(z, p,t)¢ (z,p)dz =0 (4.19)
Q Q

for all (w,) € H}(Q) x L?(Q x (0,1)).
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We use the density of Hg () in L?(Q) to replace (w, 1)) by (uy, ) in (4.18) and (4.19).
Then we integrate (4.18) over (0,¢) and (4.19) over (0,t) x (0, 1), we obtain

B(t) = (ul—)/ /|ut 2, 9)|? duds

+;(1_/ g(s)d >||Vu||2 1(goVu)()

/ /|z (z,1,9)] d:vds—ug/ / (z,1,t)us(x, t)dxds + E(0).
Therefore,

E@=—Qu—;)/WMwW¢Hj@wvw@—§mwénmmem
/| z(x,1,1)] dx—ug/ z(z, 1, t)u(x, t)de. (4.20)

for a.e t € (0,7).
Using Young’s 1nequahty, we estimate

iz [ 2o e e < B2 (juate o) + 12601, o
Q 2 Q

Hence, from (4.20), we obtain

)<~ (-5 -2 [uoa - (5220 [wnopa

+ (' o Vu)(t) — g(t) / |V (t, )] da. (4.21)
Q
Using (4.1), we have, for some Cy > 0,
PO - [ (juf+ w1 0f) ]
Q
1 1
- 5g(t)/ |V (t, )| de + 3(g" o Vu)(t) < 0. (4.22)
Q

where Cy = min {ul - 2i - @ £ _ ‘“22‘} which is positive by (4.1). O

Lemma 4.2. There exists a positive constant C' > 0 such that

(/ |u|pln|ukd:z:>p gc[/ |ulP In [ul*dz + |Vl .
Q Q

For any u € LPY1(Q) and 2 < s < p, provided that [, |ul? In |u|*dz > 0.

Proof. If [, |ulPIn |u*dz > 1 then

(/ |u|plnu|kdx> ’ §/ [ul? In |ul*dz. (4.23)
Q Q
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If [, |u[?In|ul"dz < 1 then we set
QG ={zeQ ||u>1}

and, for any S < 2, we have

</ luf? In |u|kdx) ’
Q

8 8
(/ |u|p1n|ukdx> < </ |u|pln|ukdx>
Q 1951
& & B(p+1)
([ wrsar)” < ([ peae)” = puinft”
o Q

([ 1 miuas) < ulf, < €19uls. (124)

Combining (4.23) and (4.24), we get the desired result. O
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We choose 8 = z% < 2 to get

Lemma 4.3. There exists a positive constant C' > 0 such that for any u € LP(Q) we
have

fully < | [ 17 tnlultas + 9ul] (429)
Q
provided that [, |ulP In|u|"dz > 0.
Proof. We set
Qp ={zreQ|jul >e} and Q_ ={z € ||ul <e}.

ull? :/ |u|de+/ lufPda
Q Q

g/ |u|pln\u|kdx+/ ep|g|pda:
Q4 Q_ €

§/ |u|pln\u|kdx+ep/ \E|2dm
Q4 o €

S/ |u|pln\u|kda:+ep72/ |u|?dx
o Q

<C (/ |ul? In |u)*dz + ||w||§> )
Q4

Corollary 4.4. There exists a positive constant C' > 0 such tha

2
D 4
( / |up1n|u|kdx) IVl
Q

provided that [, |ulP In|u|*dz > 0.

Therefore,

Jull3 < C (4.26)
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Lemma 4.5. There exists a positive constant C such that for any u € LP(Q2) and
2 < s < p, we have

llull, < C{llully + HVullﬂ : (4.27)

Proof. If [lu||, > 1 then

lully, < llull -
If fJull, <1 then, [lu) < ||u||§ Using Sobolev embedding theorems, we have
2 2
lull, < llull, < ClIVul;-

Now we are ready to state and prove your main result. For this purpose, we define

1 1 1 1
1) = ~B() = & [ 0l a0l — Ll ~ 5 lul - 3 [Vul?
1 o0 , 1
=5 (1= [ ateas) 19l - a0 vuro
0

—ﬁHVqu—ﬁ/ /1 22(z, p, t)dpdz
D p 2 0o s Ps PAxT .

Theorem 4.6. Suppose that (4.1) and (3.3) hold. Assume further that

1 s 1 s k
BO) = 5 IVuoly+ 5 e+ ol

1
1
—|—§/ / | fo(z, —p7) | dpda — f/ [uo[P In |uo|*dz < 0. (4.28)
2 JaJo pJa
Then the solution of (3.1) blows up in finite time.

Proof. As E(t) is a nonincreasing function, we have

E(0) > E(t).
A differentiation of H(t) gives
H'(t) = —FE'(t)
1
> Go [ (1l et 1.0 ) do| + gato) [ [Vutt o) o
Q 2 Q
—5 [ o u) )iz
2 Q
> Co/ 22(z,1,t)dz > 0. (4.29)
Q
and )
0<HO)<H(@) < f/ uP In ug|"dz. (4.30)
P Jo
We set

L(t) = H'"™(t) + 5/

utudac—l—aﬁ/qux, t>0,
Q 2 Ja
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where € > 0 to be specified later and

2(p - 2) p—2

0<
p? p?

<1 (4.31)

Differentiating L(t) we easily obtain
L't) = (1—a)H *OH'(t)+elluwl; | Vul;

-1-5/ gt —s) | Vu(s,z).Vu(t,x)ds
0 Q
—sug/ uz(z,1,t)dx + E/ uP In |u|*dz. (4.32)
Q P Jo
Using Young’s inequality, we estimate
—5;@/ uz(z,1,t)dx
Q
1
> —¢ | g (6/ u?dz + 7/ 22(z, 1,t)dx) , V6 >0. (4.33)
Q 40 Jo
and Cachy-Schwarz and Young inequalities, we have
/ g(t — s)/ Vu (s, z) . Vu(t, z)dxds
0 Q
= / g(t — s)/ Vu (t,x). (Vu(s,x) — Vu(t, z)) dxds
0 Q
[ gt s |vulas
0
1 o0
> <1 - 45> (/ g(s)ds> [Vull; — (g0 Vu) (), V&> 0.
0

We get, from (4.32),

vz 0= - Pel mo

ve(1-55) ([ o) 19

—ed(g 0 Vu) (t) + ¢ w3 — € |Vl

—55\u2|||u||§+5/ fuf? In Ju|*dz. (4.34)
Q

Of course (4.34) remains valid even if ¢ is time dependent. Therefore by taking ¢ so
that

|12 —
= H @
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for large x to be specified later, and substituting in (4.34) we arrive at

L'(t) > [(1— &) — es] H-(t)H'(t) + ¢ |Jue]l5 — ¢ [|Vull3
te (1 _ 415> </0 g(s)ds) IVul2 = e8(g 0 V) (£)

2
- j:éjo HE(t) ||ull3 +€/Q Jul? In u|*dz.

For 0 < a < 1, we have

L) 2 (- a) - e B R0 + = [l nfultde + L2
te (p(12_ ) _ (p(l _;) —2, 415) /OOO g(S)dS) IVull3
ve (P ) (gowu )+ ok 1 -l ~ S22 o g
+ep(1—a)H(t) + % /Q /01 22(x,1,t)dpdz. (4.35)

Using (4.26), (4.30) and Young’s inequality, we find

([ 1 mluttas) ol
Q
at? a a
</ |upln|u|kdx) + (/ |u|pln|u|kdx) ||w||5]
Q Q

pap+2 %
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Q Q

Exploiting (4.31), we have

HO(t) [|ull3

IN

IN

C

IN

C

2
2<ap+2<pand2< ozp2§p.
p

Thus, lemma 4.2 yields

H“<t>|u||§<0[ / Jul” Inu|*dz + | Vull3] - (4.36)
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Combining (4.35) and (4.36), we obtain

2
a_¢d )/|u|plnu|kdx
0/ Ja

L'(t) > [(1 - a) —en] H()H'(t) + <p - 4,/;%'

TEURE e B e :
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(287 = 6) (g0 va 0+ eb (1 - a) g + 2O 02 gy

1— 1

+8p(1—a)H(t)+%// 22(z, 1, t)dpdz. (4.37)
QJo

We choose a > 0 so small that
1—a)—2 1—
% >0, M“”O’

and k so large that

p(l—a) elpl* (p(l-a)—2 1 /°° a  glpsf?
5 1nCy 5 +45 ; g(s)ds>0andp 1m0 > 0.

We pick € so small so that
(1—a)—ex>0, H(O)—|—€/ uourdx > 0.
Q
Next, for some A > 0, estimate (4.37) becomes

L) = A+ Jull} + 1Vul3 + o]
+ {goVu // (2,1 tdpdx—i—/ lu|” In |ul dx} (4.38)

L(t) > L(0) >0, t > 0. (4.39)
Using Holder’s inequality and the embedding ||ul|, < C'[[u]|,, we have

and

/Qutudff < ully uelly < Clull, luell,

and exploiting Young’s inequality, we obtain

i—a . IL 1 1
<0 (Il + ) o Tel1 )

1
11—
/ ugudx
Q
2

To be able to use Lemma 4.2, we take § = 2(1 — «) which gives t£- = 5= < p.
estimate (4.40) gives

Consequently, for s = 12—,

1
.
/ upudx <C
Q

2 s
(1hael3 + Il )
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Hence, Lemma 4.2 gives

1
.
/ upudr <C
Q
1

LTa(t)= (H" “()+a/ﬂutudx+—/ de) -

2 2
(I57ul3 + el + ul?) (4.41)

Consequently,

<C|H(t)+ (g0 Vu)(t ‘/ wpudz| " ully ]
<SC|H(t)+ (9o Vu)(t ‘/ wpudz| +Hu|| ]
< CH®) + (g0 Vu) (&) + [ Vull} + luel3 + Jull}] (4.42)

Combining (4.38) and (4.42), we obtain
L'(t) > ALT=(t), for t > 0. (4.43)

where A is a positive constant.
A direct integration over (0,t) of (4.43) then yields

1
LTa(t) > —  fort>0
L) - A
Therefore, L(t) blows up in time
T<T*= 177{}‘3‘_
AaLT-=(0)
This completes the proof. O

References

[1] Abdallah, C., Dorato, P., Benitez-Read, J., et al., Delayed positive feedback can stabilize
oscillatory system, San Francisco, CA: ACC, (1993), 3106-3107.

[2] Al-Gharabli, M.M., Messaoudi, S.A., Ezistence and a general decay result for a plate
equation with nonlinear damping and a logarithmic source term, J. Evol. Equ., 18(2018),
105-125.

[3] Ball, J.M., Remarks on blow up and nonexistence theorems for nonlinear evolutions
equations, Quart. J. Math. Oxford, 28(1977), 473-486.

[4] Bartkowski, K., Gérka, P., One-dimensional Klein-Gordon equation with logarithmic
nonlinearities, J. Phys. A. Math. Theor., 41(2008), 355201.

[5] Bialynicki-Birula, I., Mycielski, J., Wave equations with logarithmic nonlinearities, Bull.
Acad. Polon. Sci., Sér. Sci. Math. Astron. Phys., 23(1975), 461-466.

[6] Boulaaras, S., Ouchenane, D., General decay for a coupled Lamé system of nonlinear
viscoelastic equations, Math. Meth. Appl. Sci., 43(2020), no. 4, 1717-1735.



A logarithmic nonlinear wave equation with delay 857

[7] Brezis, H., Functional Analysis, Sobolev Spaces and Partial Differential Equations, New
York, Springer, 2010.

[8] Cazenave, T., Haraux, A., E‘quations d’évolution avec non-linéarité logarithmique, Ann.
Fac. Sci. Toulouse Math., 5(1980), no. 2, 21-51.

[9] Choucha, A., Boulaaras, S., Ouchenane, D., Ezponential decay of solutions for a vis-
coelastic coupled Lame system with logarithmic source and distributed delay terms, Math.
Meth. Appl. Sci., 2020 (in press).

[10] Choucha, A., Ouchenane, D., Boulaaras, S., Well posedness and stability result for a ther-
moelastic laminated Timoshenko beam with distributed delay term, Math. Meth. Appl.
Sci., 43(2020), 9983-10004.

[11] Dafermos, C.M., Asymptotic stability in wviscoelasticity, Arch Ration Mech Anal.,
37(1970), 297-308.

[12] Dafermos, C.M., An abstract Volterra equation with applications to linear viscoelasticity,
J. Differ. Equ., 7(1970), 554-569.

[13] Datko, R., Not all feedback stabilized hyperbolic systems are robust with respect to small
time delays in their feedbacks, SIAM J. Control Optim., 26(1988), no. 3, 697-713.

[14] Datko, R., Lagnese, J., Polis, M.P., An ezample on the effect of time delays in boundary
feedback stabilization of wave equations, SIAM J. Control Optim., 24(1986), no. 1, 152-
156.

[15] De Martino, S., Falanga, M., Godano, C., Lauro, G., Logarithmic Schrédinger-like equa-
tion as a model for magma transport, Europhys. Lett., 63(2003), no. 3, 472-475.

[16] Feng, H., Li, S., Global nonexistence for a semilinear wave equation with nonlinear
boundary dissipation, J. Math. Anal. Appl., 391(2012), no. 1, 255-264.

[17] Georgiev, V., Todorova, G., Ezistence of solutions of the wave equation with nonlinear
damping and source terms, J. Differ. Equ., 109(1994), 295-308.

[18] Gérka, P., Logarithmic quantum mechanics: Existence of the ground state, Found Phys.
Lett., 19(2006), 591-601.

[19] Gérka, P., Convergence of logarithmic quantum mechanics to the linear one, Lett. Math.
Phys., 81(2007), 253-264.

[20] Gérka, P., Logarithmic Klein-Gordon equation, Acta Phys. Polon. B., 40(2009), 59-66.

[21] Guo, Y., Rammaha, M.A., Blow-up of solutions to systems of nonlinear wave equations
with supercritical sources. Appl. Anal., 92(2013), 1101-1115.

[22] Han, X., Global existence of weak solution for a logarithmic wave equation arising from
Q-ball dynamics, Bull. Korean Math. Soc., 50(2013), 275-283.

[23] Hiramatsu, T., Kawasaki, M., Takahashi, F., Numerical study of Q-ball formation in
gravity mediation, J. Cosmol. Astropart. Phys., 6(2010), 008.

[24] Kafini, M., Messaoudi, S.A., Local existence and blow up of solutions
to a logarithmic mnonlinear wave equation with delay, Appl. Anal., 1-18.
https://doi.org/10.1080/00036811.2018.1504029.2018.

[25] Komornik, V., Ezact Controllability and Stabilization. The Multiplier Method, Paris,
Masson-John Wiley, 1994.

[26] Levine, H.A., Some additional remarks on the nonexistence of global solutions to non-
linear wave equation, STAM J. Math. Anal., 5(1974), 138-146.

[27] Levine, H.A., Instability and nonexistence of global solutions of nonlinear wave equation
of the form P,,, = Au+ F(u), Trans. Amer. Math. Soc., 192(1974), 1-21.



858 Abdeldjabar Bourega and Djamel Ouchenane

[28] Levine, H.A., Serrin, J., A global nonezistence theorem for quasilinear evolution equation
with dissipation, Arch. Ration. Mech. Anal., 137(1997), 341-361.

[29] Lions, J.L., Quelques Methodes de Resolution des Problemes auz Limites Non Lineaires,
2nd ed. Paris, Dunod, 2002.

[30] Messaoudi, S.A., Blow up in a nonlinearly damped wave equation, Math. Nachr.,
231(2001), 1-7.

[31] Ouchenane, D., A stability result of a timoshenko system in thermoelasticity of second
sound with a delay term in the internal feedback, Georgian Math. J., 21(2014), no. 4,
475-489.

[32] Ouchenane, D., Boulaaras, S.M., Alharbi, A., Cherif, B., Blow up of coupled nonlinear
Klein-Gordon system with distributed delay, strong damping, and source terms, Hindawi
J.F.S, ID 5297063, 1-9. https://doi.org/10.1155/2020/5297063, 2020.

[33] Ouchenane, D., Zennir, K., Bayoud, M., Global nonezistence of solutions for a system
of nonlinear viscoelastic wave equation with degenerate damping and source terms, Ukr.
Math. J., 65(7)(2013), 723-739.

[34] Rahmoune, A., Ouchenane, D., Boulaaras, D., Agarwal, S., Growth of solutions for a

coupled nonlinear Klein—Gordon system with strong damping, source, and distributed
delay terms, Adv. Difference Equ., 2020.

Abdeldjabar Bourega

Laboratoire de Mathématiques Fondamentales et Appliquées d’Oran (LMFAO),
Université Oran 1. B.P. 1524, El Mnaouer, Oran, Algerie

e-mail: jabourega@gmail.com Or a.bourega@lagh-univ.dz

Djamel Ouchenane

Laboratory of Pure and Applied Mathematics, Amar Teledji University,
Laghouat, Algeria

e-mail: ouchenanedjamel@gmail.com Or d.ouchenane@lagh-univ.dz



	1. Introduction
	2. Preliminaries and assumptions
	3. Local existence
	4. Main result
	. References

