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On generalized close-to-convexity related with
strongly Janowski functions
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Abstract. Strongly Janowski functions are used to define certain classes of ana-
lytic functions which generalize the concepts of close-to-convexity and bounded
boundary rotation. Coefficient results, a necessary condition, distortion bounds,
Hankel determinant problem and several other interesting properties of these
classes are studied. Some significant well known results are derived as special
cases.
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1. Introduction

Let A be the class of functions f of the form
f(2) =2+ an2", (1.1)
n=2

which are analytic in the open unit disk D = {z € C : |z| < 1}. If the functions f and
g are analytic in F, we say that f is subordinate to g, written f < g or f(z) < g(2),
if there exists a Schwartz function w in D such that f(z) = g(w(z)). Furthermore, if
the function ¢ is univalent in D, then we have the following equivalence

f(z) < g(z) & f(0) = g(0) and f(D) C g(ID).
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Let f be given by (1.1) and g € A is of the form g(z) = z+ >_ b,z™. Then the
n=2
convolution (Hadamard product) of f and g is defined by

(f#9)(z) =24 anbaz", z€D.
n=2

Let § C A be the class of univalent functions in D and let C, $* and I be the
subclasses of S consisting of convex, starlike and close-to-convex functions, respec-
tively. Also, let p be analytic in D with p(0) = 1. Then the function p is known a
strongly Janowski type functions of order « if

14+ A2\¢
1. —1<B<A<1 D.
WH(HBZ) . a€(0,1], <B<A<land:ze€

We note that, when a =1, A =1 and B = —1, then p is a Carathéodory function of
positive real part.

Definition 1.1. Let p be analytic in D with p(0) = 1 and let ¢ be convex univalent in
D. Then p € P,(¢), m > 2, if and only if there exists functions p; with p;(0) = 1,

i = 1,2 such that
p0) = (5 +5)me - (5 - 5) mea) (12

where p; < ¢.

Special cases:

[
Let ¢(z) = Gigz) ,a € (0,1], =1 < B < A < 1. Then the series representation

of ¢(z) is given by

o(z)=14a(A-—B)z+ {—a(A—B)B—F;a(a—l)(A—B)ﬂ 24

On differentiating we get
¢,(Z)_<1+Az>a a(A— B) .
1+Bz) (14 A2)(1+ Bz)
Now, for -1 < B< A< 1 and z € D, we have

(1—Ap*!

R(¢'(2)) = {a |A— B|

and by simple calculations we can easily prove that
’ /
T COIATN
¢'(2)

This implies that ¢(z) is convex univalent function in D.

Thus we have
14+ A2\
Pm ((HBZ) ) = ,Pm@ [A, B] C Pm(p),
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where p = (%) . Also, we note that P,,1[1,—1] = Py, see [19]. Moreover,
Paq[l,—1] = P is the well-known class of Carathéodory functions of positive real

part. When m = 2, then p € Py, [1, —1] implies |arg p(z)| < &F. When m =2, a =1,
A =1-28and B = —1, we obtain the class P(5), 8 € (0,1], of functions with real
part greater than .

For the class Pp,(p), we refer to [18]. It is worth noting that P, [1, —1] = P,
and the class P [1,0] = £P is associated with the right-half of the Lemniscate of
Bernoulli 0£ (see [11]) enclosing the region

£={weC:Rw) >0,

w2—1|<1},

where £ C {w € C: |argw| < T}.
The well-known hypergeometric function G (a, b, ¢; z) is of the form

) B I'(c) =T(a+b)T(b+n) 2"
Glabez) = I‘(a)I‘(b)Z T(ctn) !

n=0
_ e w1 —w) T (1 = zu) P du

where R(a) > 0, R(c — a) > 0 and T represents notation for Gamma function.

Definition 1.2. Let f € A. Then f € R, o [4, B] if and only if

2f'(2)
f'(z)
Definition 1.3. Let f € A. Then f € V,, o [A, B] if and only if
(=1'(2))
— A, B].
Fio) ¢ Pmeld B
We note the following special cases.
(1) R21[A,B] = S*[A,B] and V, 1 [A, B] = C[A, B], see [9].
(i) Rma(l,—1] = Ry and V1 [1,—1] = V,,, the class of functions with
bounded radius and bounded boundary rotations, respectively; see [2, 19].
(iii) Voo [A,B] =Ca[A,B] C C(p) C C, with p = (%) , where C is the class
of convex functions.
(iv) Rm.a [4, B] C R (p) and Vi, o [A, B] C Vi, (p), see [18].
It is observed that

[ E€VmalA Bl & 2f € RimalA, B].

€ Pm.a [A, B].

Definition 1.4. Let f € A. Then f € Ty, [4, B] if and only if

f'(2)
9'(2)

€ P.[A, B],

for some g € Vyy, o [1, —1].
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The class T [l,—1] = T, has been introduced and studied in [17], and

T21[1,—1] = K, the class of close-to-convex functions, see [10].

In the present work, we derive coefficient inequalities and distortion results for
certain subclasses of analytic functions. Further, necessary condition and radius prob-
lem are discussed. Also, the Hankel determinant problem is estimated. We need the

following results in our investigations.

Lemma 1.5. [24] If f € C, g € §*, then for each h analytic in D with h(0) =1,

(f * hg) (D)
(f *g) (D)

where COR(D) denotes the closed convex hull of h(D).

C COh(D),

Using well-known distortion results for the class P, we can easily prove:

Lemma 1.6. Let p(z) be analytic in D with p(0) = 1. Let

p(z)-<(1+Az) ,ae(0,1], —1<B<A<I.

1+ Bz
Then
1—Ar\“ 14+ Ar\“
(=SIRCHGS)
and
2p'(2) a(A—B)r
p(z) |~ (L—Ar)(1-Br)

Lemma 1.7. [21] Let 01 <0y < --- <0, < b1 +2nm and A\ > X\; (j =1,2,---

V(z) = (1- e i z)_k"

—

j=1

n
bnz",

I
M8

n=1

then

b, = O0(1).n*71, asn — oc.

Lemma 1.8. [8] Let p € P and z = re'?. Then

2w
NK 1
0/ )]0 < elo) =

where n > 1 and c¢(n) is a constant depending on 1 only.
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2. Main results

This section presents our main investigations. In the following theorem we derive
the coefficient inequalities. Here, we use terminology Schlicht disc d by the disc d
contained in the image of D under univalent function f.

Theorem 2.1. Let %f' € Pm.o [A, B], g € Vs, and let f be given by (1.1). Then

{ma|A—B|(n—1)+4}.

<
jan] < 4n

Proof. Let g € V5 be of the form

g(z)=z+ anz",

n=2

and since g is convex univalent in I, so we have |b,| < 1, for all n.
Let

z;’ =p(2) € Pm.al4,B], (2.1)

where p(z) be of the form p(z) =1+ > ¢,2". We write p(z) as given in (1.2) with

n=2

pi(2) = 14+ > cn2™ @ = 1,2. Then |c, ;| < o|A— B| by using a result due to
=2

Rogosinski [2%] From this, it easily follows that
ma|A— B|

— 5
Now, using the expansions of f(z), g(z) and p(z) in (2.1) to get

z+ inanz” = (z + ib,ﬂ”) (1 + ic,ﬂ") .
n=2 n=2 n=2

On simplification and equating the coefficients of z™ (n > 2), we have

el < (n>1). (2.2)

n—1

n|an| < Z |bk‘ |Cn7k| + ‘bn‘ )
k=1

using |b,| < 1 together with (2.2), we obtain

n—1
A-B
nlaa < TAZBIS L

- 2
k=1
_ ma|A—B| [n(n—1) +1
2 2
_ ma\A—B}n(n—l)_’_l,

and this implies
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This proves our required result.
In particular, we have

las] < ma |A — B| +1
- 4 2
and
‘ag‘gma\A Bl 1
2 3

O

Corollary 2.2. Let %f’ € Pao[A,B], g € Vo, and let [ be given by (1.1). Then f (D)
contains the disc d such that

d= : <72
=qw:w 5TalA—B| )

Proof. Let wg (wy # 0) be any complex number such that f(z9) # wq for z € E.
Then, the function

o =g =7

is analytic and univalent in E, see [7]. Now, using the well known Bieberbach theorem
for the best bound of second coefficient of univalent functions, we have

wo f(2) <a2+1) 24
Wo

B T P | Rk
|wol 2
5+alA- B|
> .
this implies
2
|w0|_5—|—a|A B

Thus, f (D) contains the disc d such that

d= : <72
=qw:w 5ralA_B|J"

Theorem 2.3. Let ’gc—: € P, for g € Vi o[A, B]. Then

2(20471)7,.5
Tl [G (a7 bv ¢, 71) -G (a’a bv C, 77’1)} < ‘f(Z)|
2(2(1—1)7,,1—5
<z 1
- 3
where &€ = [(1—0) (B —1) +a+1] with o = (1 - A)/(1 - B))*, r1 = L*_:, G is
hypergeometric function and a,b, ¢ are given in (2.9).

[G (a,b,c,—1) = G (a,b,c, —171)]
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Proof. If z—: € P, for g € V,, o[A, B], then we can write
f'(z) =9 (2)p(2), p€Pa. (2.3)
Since g € Vim.alA, B] C Vin(p), with o = ((1 — A)/(1 — B))“ implies

g (2) = (g1 (2))' 72, for g1 € Vi, (see [18)).

Therefore, by using distortion results of V,, [2, 19], we have

m_q7(-0) m_q17(=0)
(1-r2" / (1+7)>
=0 | <wei<|SE ) (2.4)
(147r)=t (1-r)2"

Also, for p € P,, we have
1—-r\“ 1+r\“
< < . 2.
(155) =wwis< () (25)

Therefore, from (2.3) to (2.5), it follows that
(1 — r)la-o(5-1)+a} / 1+ r)la-a(5-1)+e}
- <[f (2] < = :
(1 4+ r)la-o(5+1)+a} (1 — r)la-o(5+1)+a}
Let d,. = |f (2)| denote the radius of the largest Schlicht disc centered at the origin
and contained in the image of |z| < r under f(z). Then there is a point zo, |29| =

such that |f(zo)| = d..
Thus, we have

N

(2.6)

d = el = [ 17 @l
[ okl
T Jo (14 zla-o(s 1)t}
=l (1 — gyl—a) (% -1)+a}
> / U= ds
0 (14 s)t0-(5+1)+e}
gy (OlE
- S 2.7
; <1+S) REPEED (2.7)
Let i—jrﬁ = t. Then (1+2)2 ds = dt and we can write (2.7) as
1f(20)] > 220 AU d g e gy (2.8)

Now, let %;: =7y and t = ryu. Then, from (2.8), we get

|f(20)]

Y

1 1-o)( 7 -1)+a

229*1/ (rlu){ (%) }(1—|—T1u)_2g(r1du)
1

{a-o B +2a+1}
1

920—1 [ — L],
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with

L = /Ohu{“”(?l)”} (1 + 1) "% (du)

~_ T(a)I'(c—a) Wb —r
= TN G (a,b,c,—r1), (2.9)

where G (a, b, ¢, z) represents hypergeometric function and

a:(l—g)(m—1>+a+1,b:2g7c:a+1.

2
Therefore,
1
I, = G (a,b,c,—r1)].
2 (1—Q)(%—1)+a+2[ (a,b, ¢, —71)]
Also,
L fao(pt)ee
ho= / Lol }(1 + ) 2 (du)
0
_ F(CL)F(C — CL)
= T(c) G (a,b,c,—1). (2.10)
Thus
|f(20)] > 229—1T1{<1*9>(%—1)+a+1} .

(1—9)(%—1)+a+2><
G (a,b,e,—1) — G (a,b,c,—11)].

For the upper bound, we use (2.6) with similar method and routine computations and
have

22@—1rf(1—g)(%71)+a+1} 1 )
1-0) (% - ) +a+2
[G( 7ba C, — ) G’(a/,b7 c, —7'1)]
< |f(2)] < 221, (0@ —1)vat1} .

(1—9)(——1)+oz+2><
[G(a,b,c,—l) —G(a,b,c, —rl_l)}.
O

Corollary 2.4. (Covering result) Let r — 1 and f satisfy the condition of Theorem
2.3. Then f(D) contains the Schlicht disc |z| < 222—4, E={1-0(Z-1)+a+1}.

As special cases, we note that the radius of this disc is
(i) +2, when A =1, B= -1 and a =1, (see [15]).

(i) %, vvhenm—2andforg—a—l it is 2.
1

27

(ii) m = 4 gives m and for p = a = 5, it is %
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Theorem 2.5. Let g—: € Po for g € Vim.o[A, B] and let f(z) be given by (1.1). Then,
form > 2+ %, . Thus, by taking r = (1 — l), n — 0o, it follows that

n

an = O(1)n” with B = {(1 —p) (% - 1) —I—a},

«
where O(1) is a constant depending only on o, m, A, B and p = (%) .

Proof. We can write

' (2) =g (2)p(2), 9 € Vm.alA Bl C Vi (p),

where p = (%)a and p € P, implies, for z € D,
p(z) = (p1(2))", pLEP. (2.11)
For g € V,, (p), it is well known that there exists g1 € V,, such that
1—
9'(z)=(91(z)) ", zeD. (2.12)
Also, it is known [3] that, for g1 € V,,,
gi(z) =s(z)h®1(2),m>2,s€S" heP. (2.13)

From (2.11), (2.12), (2.13) and Cauchy theorem, we have

lan| < :
nla
e

27 .
/0 1(2)[7 h(2)] (F D02 ()] db

(M)l_p [2177 /027r |h(z)|{(%*1)(1fp)}ﬁ de} 232 )

1 2 9 5
BN
™ Jo
1 }(g—l)(l—p)+a+1

< C(p,m,a) {(1—7")

where we have used distortion result for starlike functions, Holder’s inequality and a
result for the class P, due to Hayman [8], with

Sg42za _[1-A\"
mn -, P~\1-B) -

)

Thus, by taking r = (1 — %), n — 00, it follows that

an = 070025, (1 o).

Special cases:
(i) We note that, for m = 4, we have

ayn = O(1).n1=P+e).
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(ii)A:1,B:flgivesusp:OandWitha:%,m:5,weget6:2.
Therefore, in this case
an = 0(1).n?, (n — c0).
(iii) Choosing p in such a way that p = o and m = 4, we have

an =0(1).n, (n — 00).

Theorem 2.6. Let f;—: € Py for g € Vio[A,B]. Then f(z) is a convexr function of
order p for |z| < r., where

T*:TYH-F\;@, with mlzm—i—%.
Proof. We have
f'(z) = ¢'(2)p(2), p € Pa. (2.14)
Since V.o [A, B] C Vin(p) with p = %)a, .

J(2) = (91(2))' ", g1 € V.

Also, for g1 € V, it is known [3] that there exists a starlike function s such that

gi(z) = (Sj)>< ) ED m>2 hep. (2.15)
From (2.14) and (2.15), we can write
1-p
6= ("2) eI ey mer. (216)

Logarithmic differentiation of ([19]) yields to us
zf"(2) z8'(2) m zh!(z) 2p'(2)
7 =00 G ) 00 (5) T e
Now, for h, p and h; in P, we have

"(2) _ m ()L ()
1+ e —p+(1—p){h1(2)+(2—1> ) }+ap(z) )
That is,
(=f'(2) [ m 2l (2) zp'(2)
R[S ] 2 e resen- (3 -0) |53« 56
[1—r m 2r 2ar
z (1-p) 1+7r (571) 1—7"2] C1—2
- 2 3
~ -y _1 2r+17’_r2(m 2)7“}12:1:2,
where we have used Lemma 1.6 with A =1 and B = —1. Therefore, we get

- 1—1r2 1—r2’

L [EPEY 1= (mt25)r e 1
(1—,0)%{ 2) "’F B
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We note 7(0) =1 >0 and T'(1) = 1 —m — 2% S +l=2- (m+ 2*“) < 0. This shows
€ (0,1). Solving T'(r) = 0 gives us the Value of r, which is
2
T* = B . D
(m+22) +y/(m+£2) —4

When A =1, B= -1, a =1, then p = 0 and g € V,,. This gives radius of
. _ 2 _
convexity for f € Ty, for |z| < r, = [C TS e awrnt Furthermore, the case m = 2

gives us r, = 2+1 73 and this is the well-known radius of convexity for the class
K of close-to-convex functions, see [7]. By assigning other permissible values to the
parameters «, A, B and m, we obtain several new and known results.

Theorem 2.7. Let f € Ty [A, B]. Let, forb> —1,

Fz) =211 /0 21 f (1), (2.17)

z

Then F € Ty o [A, B] in D.

Proof. Since f € Tz [A, B], f—, (%igz)a, for some g € Vs, [1,—1]. We can write
(2.17) as
F(z) = ¢u(2) * f(2),

where x represents convolution and ¢y(2) = § Ltlon, see [23).
We define "

G(z) = b;I / 7 g(t)dt, g € Voo [l,—1].
Then ’

2 (G (2)) = dy(z) + ((j))) 29(2).

So

zg'(2)
(2G'(2))" _ Pb(2) ¥ %.zg’(z)
G'(2) Po(2) *.29'(2)
Since g € Va4 [1, —1], this implies zg’ € Ra [1,—1] C S*, we use Lemma 1.5 and it
follows that G € Vs o [1, —1].
Now,

P o) 5820 (2)

G on(2) * 29'(2)
and this proves F'(z)/G'(z) < ((1+ Az)/(1+ Bz))“. Hence the class Tz [4, B] is
preserved under the integral operator given by (2.17). This operator is known as
Bernardi operator, see [1]. O

b
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Theorem 2.8. Let f € Tpno [0, —1]. Then, for z =re?, 0 < 6; < 6y < 2w

02 TN
J, 25 peo o
where B = (1—p1) (m/2 — 1) + «, with p1 = (1/2)“.
Proof. Tt can easily be seen that
Vin,a [0, =1] C Vin (p1), for p1 = (1/2)%.
So, for g € V,,, (p1), there exists g; € V,,, such that
g(=) = (6(2)"" (218)
Also, for g1 € V,,, we have

= [ (z1(2)) m
/91 %{ e }d0> (2 1)77. (2.19)
We have h € P, which implies h(z) < ((1+42)/(1—2))" and so h(z) = (h1(2)),

h, € P.
We observe, for h; € P

0

9 arg hy (re'?) R{—iln hl(rew)}

00 90
_ 5 reh} (fela) .
h,l (7'819)
Therefore
b2 re'®n) (re'?) - -
—— A L df = arg hy (re'??) — arg hy (re'®
/91 §R{ P (rei®) } arg hy(re'”?) — arg hy (re'*),
and
0> ’I“Bwhll (reie) ” )
_ 02\ 161
max /@1 R {hl(reie) } do max |larg by (re'??) — arg hy(re )’ .

Since hy € P, it is known [25] that

2r
- 1—r2

1472
1—7r2

hl(z)

and so

2
larg by (2)] < sin™! <1 ! ) .

—r2
02 01 i0

/ %{7’6’%07;)}(19

o, hi(re?)

< 2sint (2
1—12

2
< w—?cos_l(l ! ) (2.20)

This gives us

max
h,€P

)
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For f € T, [0, —1] we can write

F(2) = (g,()" " (hi(2)™, p1 = (;) . 91 € Vi, b1 € P. (2.21)

Hence, from (2.18), (2.19), (2.20) and (2.21) together with some computations, it
follows that

[ {7

Remark 2.9. Tt has been proved in [10] by Kaplan that f satisfying (2.22) is close-to-
convex in D if and only if 8 = {(1 —p1) (2 —1) + @} < 1. Thus f € T o [0,—1] is

univalent in D for 2 < m <2+ fgl_p(f))’ with p; = (l) )

We shall now discuss the rate of growth of gth Hankel determinant L,(n) of
f(z) =24+ > anz™ € Tma[0,B], B €[-1,0), a € (0,1], and L,(n), ¢ > 1,n>11s
n=2
defined as

max
hi1€P

e (e 5=t o,

(2.22)
O

(07%% Ap+1 An+q—1
An+1 Apn+2 .
Ly(n) = . : . : , (2.23)
Up4q—1 QAniq Up4-2qg—2

Hankel determinant problem has been studied by several prominent researchers
in the past, see [4, 5, 12, 13, 14, 16, 20, 21].
Now, we prove

Theorem 2.10. Let f given by f(z) = z+ Z anz" and let f € P, [0,B], B €[-1,0)

with g € Vo [0, B], m > 2. Then, for k = 0 1,2, there are numbers vy, and cp,
(L=0,1,2,--- k) that satisfy |cro| = |ckx| =1 and
2
Zw <3, 0<m <y (2.24)
1=0
such that
> chutniy = O™, Br=p+ (5 —1) (1= p)+a—2, (n—00).
n=0

The bounds (2.24) are the best possible.

Proof. We can write
fz)=4g' (2)h(2),
where g € V,, [0, B] with B € [~1,0) and h(z) < (ﬁg) . Since g € Vin.a [0, B]

«
implies g C Vi, (p1), where p; = (1_13> :
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Thus, we have

F(2) =g ()" (m(2)", g1 € Vi, h €P. (2.25)

It is shown [3] that, for all m > 2, there exists a starlike function s and p € P such
that

24} (2) = s(z)(p(2)) (V). (2.26)
From (2.25) and (2.26), it follows that

s(z . (1—p1)
) = [“@(z»(z-l)} (hn (2))" (2.27)

Now s(z) can be represented by as
27 1
= log ————dv(t
) = zexp [ log )

where v(t) is an increasing function and v (27) — v(0) = 2. We here note the jumps
of v(t) asay > ag > -+ at t =tq, tg, ... and assume ¢t; = 0. Then a + as+ ... < 2
also a1 + ao+ ... + ay = 2, for some ¢, if and only if s(z) is of the form

= H —e'iz) = (2.28)

Following the similar arguments given in [21], we define

k -2

on(z) = [[ (1—e2) ™ = Zcmz :
p=1
and consider three cases. It is shown in [21] that the bounds (2.24) are the best

possible.
We use Lemma 1.7 to complete the proof. We write

br.2f (2 Z benz" Tk + Z n+ k) apnz"" (2.29)

where
n

brn = Z (n + U) Cr—vln—u,

v=0
@kn = Crutnip,  |Crnl = [Cri| = 1.
pn=0
Let s(z) in (2.27) be not of the form (2.28). Then a1 + as+ ...+ g <2 for g > 1
and in particular a; < 2

0< v < s Mo+m+...<3.

2
1+1
It can easily be shown [21] that, in each of three cases considered in [21],

Maz |61.5(2) = O(1) (1 = r) " (2.30)



On generalized close-to-convexity related 813

where

n , M+ +...<3

ST
and

1 2 1 k
5k:§mm mfnkaﬁ 3*];07% s

Thus, from (2.27), (2.29) and Cauchy integral formula, we proceed with m >
(2+ 12:;‘1) for p; = (ﬁ) and B € [-1,0).

1 1 [ _ m_1)(1— o
(k+n) lokn| < k[%/ B (5(2))' 7| Ip(2) (70O gz ‘w]
2—«a
4p1 1 [2" (m-2)0-p\] 2
< Smpmaxlons) |5 [ e )

(;ﬂ /0% hl(z)|2d0) %. (2.31)

Where we have used distortion result for starlike function s(z) along with the Holder’s
inequality. Now using Lemma 1.8 and (2.30), we obtain from (2.31)

(14 1) |agn| < Clm,a) (1 — r){—ﬁk—"/k—(%—1)(1—;71)—1—&-@} L (r— 1),

where C'(m, «) is a constant m > (2 + 12:;) with p; = (ﬁ) _
This implies, with r =1 — %7 N — 00
Qkn = O(l),n{7k+(%_1)(1—[)1)—%(1—2}’

where O(1) represents a constant.
The case when s(z) is of the form (2.28) follows on similar lines. O

We can now easily prove the following.
Theorem 2.11. Let the function f satisfy the conditions given in Theorem 2.10. Then,

«
foqul,nzlandm>2+12:§‘1 withplz(ﬁ) .

Ly(n) = 0(1)_n2+{(%—1)(1—p1)+a—2}q_
We note some special cases:
() B=-1, = (125) =(3)" a=1 Then, form >4
Ly(n) = 0(1) > (5 -3) -1},
(ii) Also L1(n) = a, and, from Theorem 2.5, we have

Li(n) = O(1).ni(#-1)0-p)ta}

e

for m > <2+ 12_75;) with p; = (ﬁ
For the case m = 2, we solve this problem separately as follows.
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Corollary 2.12. Let 5—: € Po with g € Voo [-1,0], € (3,1]. Then, forq>1,n>1
and m =2,
Ly(n) = O(1).n?* (=2,

Proof. Let g—: € Po with g € Voo [-1,0], @ € (3, 1]. Then

F1(2) = (91(2)) " h(2), g1 € Vs, hEP.

We take % = ¢}(2), and s(z) of the form (2.28) and in the case a; + s+ -+ = 2,
lZ:ow <3, 0<% < k%_l Also v = k%-l implies that k =¢—1, cn =as = - = o

So using distortion result for s(z) together with Cauchy’s theorem, we can write

4P2
(k+n) |agn| < Dy

2
[ lonsta i1 ds
0
by Holder’s inequality, this implies
1 1
4P2 1 2m B 2 1 2m . 2
()l < e |5 [ o as) (5 [T ae) L s
When we write |¢y.s(z)|> in the form (1.3) the exponent (—A;) satisfy
A< 2y, (E=1,2,...,q:k>0).

Hence, using Lemma 1.7, we have
2
/ |or.s(2)|* do < Cyn®* 71, (n — 00). (2.33)
0

Also, for « € (5,1], it follows from Lemma 1.8

1
2
27
/ Ihy(2)2* d8 < Con?=1, (n — o). (2.34)
0

Hence, from (2.32) to (2.34), we obtain
(n + k) lagn| < Cygnrto—t (2.35)
From (2.35), we have
apn = O(1).n"* T2 (n — o0).
Thus, forg>1,n>1
Ly(n) = O(1).n*e=2q, O
Particularly, when o = 1, L,(n) = O(1).n*79, and the exponent (2—q) is best possible,
1)

see [13]. C;, (1 =1,2,3), O(1) represents constants, and f is close-to-convex in D.
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