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Transmission problem between two
Herschel-Bulkley fluids in thin layer
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Abstract. The paper is devoted to the study of steady-state transmission problem
between two Herschel-Bulkley fluids in thin layer.
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1. Introduction

The rigid viscoplastic and incompressible fluid of Herschel-Bulkley has been
studied and used by many mathematicians, physicists and engineers, to model the
flow of metals, plastic solids and a variety of polymers. Due to the existence of the
yield limit, the model can capture phenomena connected with the development of
discontinuous stresses. A particularity of Herschel-Bulkley fluid lies in the presence
of rigid zones located in the interior of the flow and as yield limit increases, the rigid
zones become larger and may completely block the flow, this phenomenon is known
as the blockage property. The literature concerning this topic is extensive; see e.g.
[7, 8, 9, 11]. The purpose of this paper is to study the asymptotic behavior of the
steady flow of Herschel-Bulkley fluid in a two-dimensional thin layer. The paper is
organized as follows. In section 2 we present the mechanical problem of the steady
flow of Herschel-Bulkley fluid in a two-dimensional thin layer. We introduce some
notations and preliminaries. Moreover, we define some function spaces and we recall
the variational formulation. In Section 3, we are interested in the asymptotic behavior,
to this aim we prove some convergence results concerning the velocity and pressure
when the thickness tends to zero. Besides, the uniqueness of a limit solution has been
also established.
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2. Problem statement

Denoting by I the open interval I = ]0, 1[. Introducing the functions h; : I — R%.
such that h; € C1(I), i = 1,2.
Considering the following domains

2 = {(z,y) eR*/zeland 0<y < h(2)},

Q; = {(xl,x2)6R2/ z1 €1 and 0 < zy < chy(z1)},

Q = {(z,y) eR*/zeland hi(z) <y<ho(z)},

Q5 = {(z1,22) €R?*/ z1 € I and ehy(z1) < 22 < cha(z1)},

where ¢ > 0. Remark that if (z1,72) € Qf then (z,y) = (21, %2) € ;. This permits
us to define, for every function ¢ : QF — R, the function E : Q; — R given by
E(x,y) = ¢5(z1,22), i = 1,2. Let 1 < p < 2, p’ the conjugate p, (% + i = 1) and
fi = (fir, fi2) € L' (Q;)? a given functions. We define the functions f& € L¥'(Qf)?
such that ﬁg = fi, © = 1,2. We consider a mathematical problem modeling the steady
flow of a rigid viscoplastic and incompressible Herschel-Bulkley fluid. We suppose that
the consistency and yield limit of the fluid are respectively p;eP, g;e where p;, g; > 0,
i = 1,2 and p represents the power-law index. The first fluid occupies a bounded
domain Q C R? with the boundary 995 of class C'. The second one occupies a
bounded domain Q5 C R? with the boundary 925 of class C'!. We denote by Q¢ the
domain Qf U Q5 and we suppose that Q] =T'o UT'; and 095 = I'g U 'y the velocity
is known and equal to zero, where I'y,I'1, 'y are measurable domains and meas(I'7),
meas(T's) > 0 . The fluids are acted upon by given volume forces of densities f1, fa
respectively. We denote by Sy the space of symmetric tensors on R?. We define the
inner product and the Euclidean norm on R? and Ss, respectively, by

wU = Wy Yu,v € R? and 0.7 = 0y Tim Vo, T € So.
lu| = (uuw)? YueR? and |o|=(0.0)7 Vo € Ss.

Here and below, the indices [ and m run from 1 to 2 and the summation convention
over repeated indices is used. We denote by of the deviator of o} given by

e _ e e
0; = _piI2+Uiv

where p7, i = 1,2 represents the hydrostatic pressure and I, denotes the identity
matrix of size 2. We consider the rate of deformation operator defined for every
v € WHP(Qg)?2 by

D) = (Dim(0)); Di(v5) = 5((@Fham -+ (0Fma), = 1,2

We denote by n the unit outward normal vector on the boundary I'g oriented to the
exterior of 2 and to the interior of €25, see the figure below. For every vector field
vi € WHP(Q5)? we also write v for its trace on 9, i = 1,2.

The steady-state transmission problem for the Herschel-Bulkley fluids in thin
layer is given by the following mechanical problem.
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Problem P.. Find the velocity field u$ = (uf,us,) : QF — R2, the stress field
of = (05,05) : & — S5 and the pressure pf : Qf — R, i = 1,2 such that

divef + ff = 0in Qf. (2.1)
dives 4+ f; = 0in Q5.
= me? (D)™ D(us) + gre [Zetl i [D@i)| £0 |
— ! in Qf, (2.3)
7| < if |D(uf)| = 0

75 = pae” [D(u5)|""% D(u5) + gae 22 if |D(us)| # 0

P 05, (24)
if |D(ug)] =0

sy
o5 <

s g __ 3 €
divu] =0 in QfF,
3 g __ 3 €
divu; = 0in Q5 ,
ui:OOH Fl y

us =0 on I'y,

NN NN
© 0 N O >

uj —us =0on Iy,

oim—o5n=0onTy. (2.10

SN T oo o S

)
-6)
)
-8)
9)
)
2.4)

Here, the flow is given by the equations (2.1) and (2.2). Equations (2.3) and
represent the constitutive law of Herschel-Bulkley fluid. Equations (2.5) and (2. 6)
represents the incompressibility condition. Equality (2.7), (2.8) give the velocities on
the boundaries I'y and I's, respectively. Finally, on the boundary part 'y, equations
(2.9) and (2.10) represent the transmission condition for liquid-liquid interface. Let
us define now the following Banach spaces

WeP(Q5) = {vie W'P(Q5)? v, =0onTy,i=12}, (2.11)
WES(QS) = {v; e WHP(Q5)? 1 div(v;) = 0in Qf, i = 1,2}, (2.12)
Wi () = {v e WhP(Q)? 1 div(v;) =0in Q;, i =1 2} (2.13)

Wy

{ (p1,p2) € LP(E1) x LP(€2) : }7 (2.14)

G e LP(), 582 € LP(Q)

©s e LP(Q8) :
p _ ) 1
Lo(©F) = { fo 05 (r1,x2)dr1de, =0,1=1,2 [~ (2.15)

e _ (v1,v2) € WEZ(QF) x WES(Q5) : v1 = v2
we = { onTy, vy =00nTq,vo =00nT, ' (217)

For the rest of this article, we will denote by ¢ possibly different positive constants
depending only on the data of the problem.

The use of Green’s formula permits us to derive the following variational formu-
lation of the mechanical problem (P;), see [10, 11].
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Problem PV, . For prescribed data (ff,f5) € LP(Q5)% x LP (Q5)2. Find
(u§,u) € We and (p5,p5) € L (925) x LE (925) satisfying the variational inequality
mep/ D@E)|P~2 D(us) D (v —ui)dxldx2+glg/ D(v1)| dardas

Q1 Qs

—gla/ \D(u§)|dx1dm2+u25p/ D) P2 D) D(vs — u5)drdars
Qs Qg

1 2
|D(ve)| dxidxe — ggs/ |D(u3)| dzydas

+g25/
Q3 Q5

> fi-(vy —uj)dzrdas + / pidiv(vy — uf)dzidasy
Q5 Q5
+ f2€.(1)2 — ug)dxldxz + / p; diV(UQ — U;)dl‘ldl'g, V(’Ul,vg) S We. (218)
25 Q3
It is known that this variational problem has a unique solution (u§,u§) € W¢ and
(p5,p5) € LY (Q5) x L§ (Q5), see for more details [7, 10, 11].

3. Asymptotic behavior

In this section, we establish some results concerning the asymptotic behavior of
the solution when e tends to zero. We begin by recalling the following lemmas (see
(12, 1, 3, 6])

Lemma 3.1. 1. Poincaré’s inequality. For every v; € W;;p(Qf) we have

ovg
a$2

Li=1,2. (3.1)

||Ui6||Lp(Q§)2 <e
Lr(Q5)?

2. Korn’s inequality. For every v; € Wlizp(Qf) there exists a positive constant Cy
independent on €, such that

VUil Loy < Co D7) [ Loaeys» 1= 1,2, (3-2)

Lemma 3.2. Let E be a Banach space, A: E — E’ a monotone and hemi-continuous
operator, J : E — ]—00,+00] a proper and convez functional. Let w € E and f € E’.
The following assertions are equivalent:

1. (Ausv —wpxe +J(v) —J(uw) > (fiv—u)pxg Vv € E.
2. (Aviv —wWpxp+JW) —J(u) > (fiv—u)pxg YveEE.

The main results of this section are stated by the following proposition.

Proposition 3.3. Let (uj,u3) € W< and (p3,p5) € Lgl(Qi) X Lg,(Qg) be the solution of
variational problem (PV.). Then, there exists (u1 ,uz) € W2 and (p1 ,p2) € Ly (1) x
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L’O’/ (Q2) such that

(ZE, @) — (ur ,ug) in Wg weakly,

dus, Ous, .
LP(Q) LP(Q)
( 3y ' 0y — (0,0) in LP(Qq) x LP(Qy) weakly,

5. 05) — (B . p2) in LE () x LE () weakly.

667

(3.3)
(3.4)

(3.5)

Proof. Choosing (v1,v2) = (0,0) as test function in inequality (2.18), we deduce that

pae” [P |z eys + p2e” 1D (us)lI70 g

< fruSdridzs + fsusdrrdzs.
Q3 Q35

this permits us to obtain, making use of Poincaré’s and Korn’s inequalities and by

passage to variables x and y

| + 3 < o
Lr(5))? Lp()?
—~ —~
Il oy
Yll@nz 1Y llzra)
o i <<
oz ox -
LP(Q1)? Lr(Q2)?

(3.6)

(3.7)

(3.8)

Moreover, we get using the incompressibility condition (2.5), (2.6) and Green’s for-

mula, for any function (5, p5) € Wplip(Qs) X Wl’p(QE)

a 12 a 22
oidudy + o5 drdy
Ql 8 Qg a

— 995 — 9g5
= s/ us, (’;pl d:cdere/ ug, (;Pzdxdy

Which gives, making use of (2.14)

‘a(;ﬁz T 8;32 < ce.
Y W—10"(Q4) y W17 (Qs)

We can then extract a subsequences still denoted by (E, u/\g) such that

(@, 43) — (@, @) in L7(9)° x LP(Q)? weakly,

ouE Ous ouy 0wz | ) 2
_— LP(Q LP(Q) kl
<8y’5‘y>_>(6y’8y>m (Q1)” x LP(Q2)” weakly,

(ag;’ 8;;) 5 (0,0) in LP(Q) x LP(() weakly.

(3.10)

(3.11)

(3.12)
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Let now (v§,v5) € Wlllp(Qﬁ) X erf(ﬂg) , we obtain by setting (u§ — v§,u§ — v§)
as test function in inequality (2.18), using the incompressibility conditions (2.5) and
(2.6) as well as the Green formula and Holder’s inequality

Vpividridze + Vp5v5dzides
Q1 Q3

1 1
|D(uf)|” dxldx2> (/ |D(v5)|? dxldx2>

1

< pa? /
Q5

L4+1 e\ 27
+g1e? " meas(Q])» (/

i

1
P

[ D(vi)I” dxldxz>

=
1
. e &

1 +5‘f2 2

+5‘

LP'(95)?

+ 0P /
Q5

+ggsr%’+1meas((2§)i (/
Q

WP () L7 (95)? WP (92)

1
7

» v
|D(u$)|” dzldz2> (/ |D(v$)|” dxldx2>

2
1
|D(v3)” dmldx2> : (3.13)
3
On the other hand, it is easy to check that, after some algebraic manipulations, we
find

£

D(v)|P dzqdxs <evtoF
| ( k2
Qs

i=1,2. (3.14)

)

WP ()

Hence, from (3.7), (3.8), (3.13) and (3.14) it follows that

Vpividridrs + Vp5vsdrides

o5 as
0e ) 3.15
! W;;(92>> (3.15)

< cs(‘v

Passing to the variables 2 and y in the left hand side of (3.15) we find the following
estimates

€
2

.
WFiP(Ql)

. +\ 5 c, 3.16
’Pl L @) b2 L7 () ( )
op; ops
< 3.17
‘Fm , + Oz , = ¢ (8:17)
W1 (Q) W1 (Q2)
ops ops
ea] +|| 22 < e (3.18)
dy , dy ,
W12 (1) W17 ()
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Consequently, we can extract a subsequence still denoted by (pAi, 5;) such that

(5.5) = (B1,52) in L (@) x LE (22) weakly, (3.19)
which achieves the proof. This proof permits also to deduce that the limit pressure
verify (p1 (z,y), p2(x,y)) = (P1(x), p2(x)) - O

Proposition 3.4. The velocity limit given by (3.3) verifies

hl(z) hQ(I)
/ 11 (z, y)dy —l—/ o1 (x,y)dy =0 Vr e l. (3.20)
0 hl(z)

Proof. We know from incompressibility conditions (2.5) and (2.6) that
J

This implies, using Green’s formula

d d
/ uil(xl,xg)ﬂ(xl)dxldxg —|—/ ugl(xl,xg)ﬂ(xl)dxldxg
Q dxq Q dzq

divu‘i(xl,xg)gpl(xl)dxldxgJr/ div u§(x1, x2)pa (21 )driday
Q3

=0 for all (¢1,¢2) € D(I)%

€
1

£ £
1 2

g

- /Qsi 881;122 (w1, 22)p1(21)dr1d2s + /Q3 881;222 (w1, 22)p2(x1)dr1drs.

Hence, by passage to the variables x and y using Fubini’s theorem and Green’s for-
mula, we can infer

1 d hi(z) 1 d ha(z)
/ v1(z) d—/ u§y (z,y)dy d:r—i—/ wa(x) d—/ ugy (x,y)dy | dz
0 T Jo 0 L Jhy(x)

=0 Y(p1,92) € D(I)>.
Then,

1 d hl(:c) — hz({r) -
/ v(z) e / ugy (7, y)dy +/ u3y (z,y)dy | | dv =0, Yo € D(I).
0 €L 0 h1(z)

Then
d h](x) - hz(x) -
e / uiy(z, y)dy + u5y (z,y)dy | = 0.
0

)

h1 (ac)

Moreover, the fact that (uS;,u5,) € LP(4) x LP(Qy) and (hy, hy) € CH(I)? gives,
using the Sobolev embedding W1?(I) c C°(1)

hi() __ ha(z) __ _
/ u$, (z,y)dy —l—/} uy (z,y)dy € co().
0

11 ()

Thus, by passage to the limit when ¢ tends to zero, taking into account the boundaries
conditions (2.7), (2.8) and (2.9), the assertion (3.20) can be deduced. O
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We derive in the proposition below the strong equation verified by the limit
solution (uy,uz) € W72 and (p1,p2) € L (1) x L (Q2).

Proposition 3.5. If (a";, 83;1) # (0,0) then the limit point (411, uz21) and (p1,P2)

given by (3.3) and (3.5) verify the limit problem

—— P P2
_g 57%} 85;1 Buu + \2[9151971 <8u11) + ;3 6;;1 85;1
dy —&-iggszgn 8“;1
— dp
- f11 - 5 + f21 - E mn W~ (Q) (321)

Proof. Introducing the operator ® defined as follows
W — W,

(@(u, uz), (v1,03))we e = le”/ﬁ |D(ui)["~* D(u§) D(v})dzydz
1
+pge? / |D(u$)[P~? D(u§) D (v§)day das.
Q3
It is easy to verify that ® is monotone and hemi-continuous (see for more details the
reference [11, 4, 2]). Moreover, we know that the functional
(vi,v5) € W — gle/ |D(vi)| dxydxs + 926/ |D(v5)| dxydxs

i Q3
is proper and convex. Then, the use of Minty’s lemma permits us to affirm that (2.18)
is equivalent to the following inequality

pe? [ 1D DEHD(E — u)dnides + e [ D] dnde

Q1 o

—gle/ |D(u)| dz1dzs + ,ugap/ |D(v5) P2 D(v5) D (v — u5)dxydas
i Q25

+ggs/ \D(vS)| da s —gge/ \D(uS)| dadzs

25

fi-(f —uf)dzidrs + / pi div(v] — ui)dxidzy

Qs Qs

+ | f5.(v5 —uS)dzidrs —|—/ p5 div(vs — uj)dzidzs V(vi,v5) € WE.
Q3 25

Our object now is to pass to the limit when ¢ tends to zero. To this aim, we use

Proposition (3.3) and the weak lower semi-continuity of the convex and continuous

functional

(v5,05) € W* %gle/

|D(v5)| dz1dze + 926/ |D(v3)| dxydes.
Q3

e
2
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We find the following limit inequality

L_Q - — —
1 8171\1 2 6171\2 27 2 1 85;1 3(1)%711)
H1 p—2 X 61/ d(12—113) dxdy
O 2z ay 8y 2 4 9012 1z S02-thz)
2 2 1 o %
L |[%m ‘8@ ’ / L%
o + drdy — — dzd
gl/le/TU dy dy L v o 815;52 y
Yy
1 a1 2 O3 01 55 1 81}21 M
+ 2 /Qg 2"22 ‘ 81/ ‘ 6y X 5 +6v22 8(1;220711775) dxdy
1 o1 | o5 12 2 357/2\1 B
21 292 2
o2 / V2 ’ + ‘ dxdy — go . drdy
Qo \/27 [ 8y o"'y . \/* N o 2

Oy

F1.(61 — u)dady + / A div(ey — w)dady + | fo. (03 — U3)dady

Q1 Q1 Qo

—|—/ P2 div(0z — ug)dzdy  V(vi,v5) € W*. (3.22)
Qa

Furthermore, from (3.3) and (3.4) we find
(8@ O

Oy = Oy

It follows, keeping in mind (3.20), that ui(z,y)

(t21(w,y),0), this permits also to choose (v132,793)
now the operator ® such that

):@mmmx%.

(13 ( ))and ug(z,y) =

U1
(0,0) in (3.22). Considering

°:W, — W,
<<I>(171\17172\1) (011, 021))wy xw,

Buu 81}11 3“21
By dacdy + fm By

371.11
Oy

8u21 81}21
5 dxdy.

— Ml le

It is clear that the operator ® is monotone and hemi-continuous and the functional

— 2
(vll,vgl)GW 4)\[ dd +\[

8”011 8172\1
dy Jy

is proper and convex. Hence, we deduce using again Minty’s lemma

g1 dxdy

2 Q

2 Q0

o~ -2 o~ o~
2 Oury |77 Quny O(v11 — Ouny) / 57)11
— d dy + — dxd
2% Oy Oy Oy + 91 o vy
V2|0 g / Dz |7 23@5@—5@1%@
2 o | 0y 2% dy dy Jy
\/i 6’021 \/i 6122\1
+792 /Ql 3y dxdy — 792 o, | Oy dzxdy
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— dpy
> Ju-(o11 — aqy)dedy — / dp1 (011 — uq1)dady
Q1 1951 €

~

— /\ d _ P
+ A fo1.(021 — U21)dxdy — A dp (021 — Ug1)dxdy  Y(011,021) € W, . (3.23)
2 2

This yields, via Green’s formula
_p—2 o

H1 0 oun [P7" 0un |, ~ V2

Y o v11 — urr)drdy + ——g1

22 Jq, Oy ( oy dy ( ) 2 o

o171
dy

dxdy

V2 dini o (|low|P 0w |, ~
_ys dedy — 22 [ < ] — i1)dxd
2 g o, | Oy 22 Q, Oy ‘ dy oy (021 = 1) dzdy
\[ 81}21 \/i 81f2\1
-— dedy — — dxd
2 g2 0, Ay ray D) g2 0, By ray

— dp;
f11(’011 - Ull)dzdy - / dp1 (’011 - Un)dxdy
Ql Q1 €L

DU dp;
+/ fgl(vgl — UQl)d.Tdy — / d; (’U21 — U,Ql)d{)?dy V(’Uu, ’U21) S Wp. (324)
Qo Q2

Due to the fact that Wllp(Qz) is dense in W, (€;), see [1, 5] , we can take 017 = 111

and U1 = g1 @2 in (3.24), where (¢1,92) € Wllip(Ql) X erép(ﬂg) to obtain the
following inequalities

o~ -2 o~ o~
& 0 Ou1 Ou11 V2 / O(u11 + 1)
5y ( 9y By ><p1da?dy—|—2 a1 o, Ty dxdy
V2 Oury H2 0 diz1 [P 72 dum
Ve dedy — 22 [ 2 dd
2 7 o | oy 2% Jo, 0y \| oy gy | LT
\[ O(u21 + p2) V2 Ot
T T ey | e Ty | B
friprdrdy — ——p1dxdy + forpaddy
ol o dx Qs
dp2 dxdy vV WEP(Qq) x WEP(Q
= ), a2y (1, p2) € WrP(€1) x Wp)'(22).
and
m o (|oun [P7? dun V2 / A(un1 — ¢1)
dxd —_ dxd
25 Jo, 9y (‘ Ay gy )T dy o
V2 Oun1 2 0 Oty |77 Oumy
- dzd dzd
291Ql By xy+22/923y By 5 padrdy
5 _
\[92 O(uz1 — p2) dxdy — 92/ 3U21 dxdy
2 Qs dy Qs
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_ di: _
> | Fipidady + / W dady — [ Forpadady
ol N dx Qs

d5
+/Q %wgdxdy Y(p1,p2) € W;;”(Ql) X erf(Qg).
2

Replacing in these two inequalities the test function (¢1,92) by (Ap1, Ap2), A > 0,
dividing the obtained inequalities by A. The passage to the limit when A tends to 0

implies, under the hypothesis (39—,1\1 @) # (0,0), that

Jdy ' Oy
duyy oury

k1 0
dxd
2% Jo, dy ( dy y ><p1 v
\f . dun )
—gl sign dxdy
o dy dy
K2 0 diz1 [P 72 dum
B - dwd
93 Qzay<ay By )902“/

8U21 8902
" 92/92529 ( dy )( Ay )d W

dp1
2/ f11@1d$dy—/ T@1d$dy+/ Forpadady
Q1 Q1 €L Qo

dp>
- /Q T;%daﬁdy (1, 02) € WP () x Wl (Qa),
2

Nl 0
0, Oy
,[ sign Oz Op1 dxd
9 g1 o, g ay 8y Yy
M2 0
+— —
22 Qo 3y (
—@ sign Dy 0¢2 dxd
5 g2 0 g dy By Y

_ d; -
—/ f11<p1da:dy+/ %tpldxdy—/ Sforpadxdy
Ql Ql €z QZ

and

.
4 [ Pgadady W o) € W) X WEP(03),
Qo

Consequently, we get by combining these two inequalities and using a simple integra-

tion by parts
-2 4~ _
0 2 0
Ull) + iglgzgn <gy11>‘| <p1dxdy

_/ 9 m
[oN 3y 2% 8y 2

oun [
dy
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Ougy [P~

,/2 H2
a, 0y |\ 2% | 9y
- — ) ordad dxd
[ (7 )i+ [ (- )
2).

(1, 02) € Wi (1) x W (9

2 o~ o~
ou V2 . ou
8;1> + 5 928ign (78;1 )] podxdy

Let us consider

1,p . o (,01 in Ql
€W, (Q)~<p{ oy in O
and
[ s |oa |P72 oum V3 oz \ |
H1 | oul guil 11 o
a = _(25 oy oy > + 918%971( By ) in Qy,
in Qo,
in Qq,
~ — r . p72 . . h
a2 = <2”§ Lg;] ag;1> + f9282gn (6“51) in o,
~ _ L’I Q
b fll dz ln 1
! { in QQ,
I; in le
2 f21 - dﬂ in Q.
Then,

/(di + az)pdrdy = / (a1 + az)p1dxdy +/ (a1 + a2)padxdy
Q Q1 Qo

:/ cﬁ@ldmdy+/ aspodrdy
N

Qg

o | lomn|P P oan, V2. dum

B dus1 P72 dum V2 . Ouxn
-z o2 v T2 dxd
+/§\22 ay [( % ay 6y ) + D) gQSlgn( ay ) wa2axay

= / (fn - A) p1dzdy +/ <f21 — A) padxdy
o2 Qo

= biprdedy + bapaddy
Q1 Qo

= / (b + ba)dzdy Vi € Wy P(Q).
Q

Which eventually gives (3.21).

From now on we will denote by (u11,u21) € W), and (p1,p2) € Lg/ (Q1) x Lg/ (Q2)

the solution of the limit problem (3.21).

O
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The following proposition shows the uniqueness of the limit solution (77, p1)
and (U1, D3).

Proposition 3.6. The limit strong problem (3.21) has a unique, solution (u11,tg1) €
W, and (p1,p2) € Lgl (1) x Lg (Q2) with the condition (3.20) .

Proof. Suppose that the limit problem (3.21) has at least two solutions (u11, U21) €
Wy, (51, 53) € L8 () x L& (Q) and (a1, Ga1) € Wy, (71, 55) € L (1) x L& ().
In particular, (a1, u21), (P1,p2) and (ui1,u21), (P1,D2 ) are solutions of the weak
formulation (3.23). Then

% Ouq1 p—2 Otq1 8(’()/1\1 — 6u11)d dy + 791/ 81111
23 Jo, | Oy dy oy
_le dun1 dody + 2 142 / dun |72 0z (021 aum)dmdy
2 a0, | 0y 2% Jo, | Oy y 8y
+7gg/ 5’021 dady — 792/ 31&21
Qz QZ
f11(U/1\1 — 1 )dxdy — d (171\1 — w11 )dxdy
Q1 1951
— dps
+ f21(1}21 — UQl)dl‘dy — / P2 (’U21 — ’U,Ql)dl‘dy V(’Ull, 1]21) S Wp, (325)
Qo Qs dx
and
— P2 == — —~
l% 01y Ouyy 0(011 — aull)dxdy n \/591/ 0011 dwdy
22 Jo, | Oy dy oy 2 o, | 9y
——p—2 -
2 i1 Otz 091 — Oty
_£91 diny dudy + 2 / Ougy o1 O(021 u21)d$dy
2 o, | Oy 2% Q, | Oy dy dy
V2 D1 V2 duz
+—=g drdy — —go dxdy
2 ? Qs Jy 2 Qo Jy
T~ e d P1
fi1 (011 — any)dedy — p —— (011 — 11 )dzdy
Q1 (951 €
_, ~ e dT —~ e o~ o~
+ le(vgl — UQ1>d$dy —/ %(Ugl — UQl)d.’Edy V(’Ull, Ugl) S Wp. (326)
Q2 QZ

Setting 017 = @11 , Ua1 = 21 and 011 = 11 , D21 = Uoy as test functions in (3.25) and
(3.26), respectively. Subtracting the two obtained inequalities, we can infer



676 Saf Salim, Farid Messelmi and Kaddour Mosbah

— P2 —— —~ p— o~ — o~
M1 Ouyy Ouyy ‘31011 P72 9uny \ A(an — Uu)d
Py - xdy
27 Jo, oy dy Jy oy dy
— P2 — ~ p—2 o~ —_
2 Oty Ougy Ouzy Ougy | O(uz1 — 21)
— — dxdy
2 Ja, \| Oy dy dy y oy
d DT — Dy —— o~ d Do — I e~ —
< / 7@1 ) (u11 — ur1)dxdy +/ 7@2 P2) (21 — tg1)dwdy. (3.27)
1 dSU Qo dl’
Observe that for every x,y € R",
2
(22— g 2y) @) 2 0 <
(Jz| + ly|)
This leads, making use (3.27), to
o —mm) | (@ —man) |
0 5]
Lain 1 v o dady + 22 1 5 ddy
22 m(r’?u;ﬁJrau;ﬁ) 22 92(@+@)
oy oy dy Oy

~ —~

d(p - — ~ d — el o1
S/ M(Un —uu)dl‘der/ M(Uzl — tz1)dxdy
o

dx Q0 dx

1 ~ = hi(x)
d(p1 — )/ e
= T (u11 — un1)dy| dx
/0 [ e ; 11 11
1 ~ = ha(x)
d - 2 — —
==y (uﬂuﬂ)dy] i
0 h

d$ 1(€E)
The use of (3.20) gives

2 —
9(uz1—u21)

d(ur1—u11)
dy

dy

dury
dy

s

2 dxdy = 0. 3.28
22 g ( 2 e ( )

2
M2
)2_pdxdy+2g QZ<

Which gives, keeping in mind (3.28)

O(in — ) (o —u2) | _
( T = (0,0).

duy
dy

Ouzy
dy

duir

oy +

+

Since (i1 (z, b1 (2)), @1 (@, ha(2))) = (@51 (@, b (@), @i (2, ha(2))) = (0,0), we de-
duce that (w11, u721) = (U11,U21) a.e. in Q1 X Qo. Finally, to prove the uniqueness of
the pressure, we use equation (3.21), with the two pressures (p1 , p1 ) and (p3 , p2 ).
We find B B
7d(p1 — 1) =0 and 7d(p2 — ) =0.
dx dx
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Then, due to fact that (51 , 1 ) € L8 () x LE (1), (2 , pz ) € LE () x LE ()
the result can be easily deduced. O
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