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Hardy-Littlewood-Stein-Weiss type theorems
for Riesz potentials and their commutators
in Morrey spaces

Canay Aykol and Javanshir J. Hasanov

Abstract. In this paper we consider weighted Morrey spaces L, x |.jv(R™). We
prove the Hardy-Littlewood-Stein-Weiss type Ly .| (R"™) to Lg x . ju (R™) the-
orems for Riesz potential I* and its commutators [b,I*] and |b,I%|, where

0<a<n,0§>\<nfa,1<p<"a;/\,fnJr)\S'y<n(p71)+)\,
=1, %f%: —25, b€ BMO(R™). As a result of these we obtain the con-

ditions for the boundedness of the commutator |b, I*| from Besov-Morrey spaces
By g a7 (R™) to By g 5 j.u (R™). Furthermore, we consider the Schrédinger oper-
ator —A 4+ V on R™ and obtain weighted Morrey Ly, 5 |.|» (R™) estimates for the
operators V(=A + V)™ and V*V(=A + V)~?. Finally we apply our results to

various operators which are estimated from above by Riesz potentials.
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1. Introduction

The well known Morrey spaces £P*(Q) introduced by Charles Morrey (see [24])
in 1938 in relation to the study of partial differential equations, and presented in
various books, see e.g. [11, 16, 39]. They were widely investigated during the last
decades, including the study of classical operators of harmonic analysis maximal,
singular and potential operators on Morrey spaces and their various generalizations
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have found wide applications in many problems of real analysis and partial differential
equations. Morrey spaces are defined by the norm

_2
[ fllzon = sup t™ 72| fllL,(Bxt))
x, 1>0

where 0 < A < n, 1 <p < oo and B(z,t) is the open ball in R™ of radius ¢ centered
at x. In the theory of partial differential equations, together with weighted Lebesgue
spaces, Morrey spaces play an important role. Later, Morrey spaces found important
applications to Navier-Stokes ([22], [39]) and Schrodinger ([28], [29], [30], [33], [34])
equations, elliptic problems with discontinuous coefficients ([5], [8]), and potential
theory ([1], [2]).

The results on the boundedness of potential operators and classical Calderén-
Zygmund singular operators go back to [1] and [27], respectively, while the bounded-
ness of the maximal operator in the Euclidean setting was proved in [6].

Hardy-Littlewood-Stein-Weiss inequality in the Lebesgue spaces was proved by
H.G. Hardy and J.E. Littlewood [12] in the one-dimensional case and by E.M. Stein
and G. Weiss [37] in the case n > 1. In the Lebesgue and Morrey spaces with variable
exponent the Hardy-Littlewood-Stein-Weiss inequality was proved by S.G. Samko [31]
and J.J. Hasanov [13], respectively.

Let f be a locally integrable function on R™. The so-called fractional maximal
function is defined by the formula

M2 (@) =sup B O [ play, 0<a<n
t>0 B(z,t)
where |B(z,t)] is the Lebesgue measure of the ball B(x,t) such that |B(z,t)] = w,t"
in which w,, denotes the volume of the unit ball in R™. It coincides with the Hardy-
Littlewood maximal function M f = M, f. Maximal operators play an important role
in the differentiability properties of functions, singular integrals and partial differential
equations. They often provide a deeper and more simplified approach to understanding
problems in these areas than other methods.
Fractional maximal operator is intimately related to the Riesz potential

I"‘f(a:):/ Wy,
e Jo =y

such that .

M f(a) <wi (I°|f](x)).

The aim of this paper is to give the necessary and sufficient conditions for the
boundedness of Riesz potential I and its commutators from weighted Morrey
spaces Ly, y |.jv(R™) to Ly 5 .« (R™). We also obtain the necessary conditions for the
boundedness of the commutator [b, 1| from Besov-Morrey spaces B, , |, (R") to
B;ﬂ:/\’l-\“(Rn)' Furthermore, we consider the Schrodinger operator —A 4+ V on R™
and obtain weighted Morrey L, 5 |.|»(R") estimates for the operators V*(—A +V)~#

and V*V(—A + V)~#. Finally we apply our results to various operators which are
estimated from above by Riesz potentials.
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Throughout the paper we use the letters ¢, C' for positive constants, independent
of appropriate parameters and not necessarily the same at each occurrence. If A < CB
and B < CA, we write A ~ B and say that A and B are equivalent.

2. Preliminaries

We use the following notation. For 1 < p < oo, L,(R™) is the space of all classes
of measurable functions on R™ for which
1

I, = | [Wpds | <o,

up to the equivalence of the norms

Ifllz, ~  sup

/<1 |JRn

f(y)g(y)dy‘ (2.1)

190,

and also WL, (R™), the weak L, space defined as the set of all measurable functions
f on R™ such that

n 1
1£lwe, =supri{z €R™ : |f()] > r}"" < oo
>
For p = oo the space Lo, (R™) is defined by means of the usual modification

1fllL. = ess sup|f(z)].
zER™

For 1 <p < oo let L, ,(R™) be the space of measurable functions on R™ such that

1/p

£y = I Fw P L, @n) = /\f(x)IPW(x)dff < 0,
and for p = oo the space Lo ,(R") = Loo(R™).
Definition 2.1. The weight function w belongs to the class A,(R™) for 1 <p < oo, if
the following statement
p—1

1 / 1 / _a
sup  ———— w(ydy | —— w71 (y)dy
- ATy B B ] o
B(x,t) B(z,r)

is finite and w belongs to A; (R™), if there exists a positive constant C' such that for
any € R” and t > 0

1
|B(x,t)| / w(y)dy < C ess sup ——.
B(z.t) yEB(x,t) w(y)

The following theorem was proved in [37].

Theorem 2.2. Let0 <a<n,1<p<Z, %_%: o ap—n<7<n(p—1),u:%.
Then the operators M and I* are bounded from Ly, .5 (R™) to Lg . ju(R™).
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Theorem 2.3. [36] Let 1 < p < 0o and —n < v < n(p — 1). Then the operator M is
bounded on Ly, |5 (R™).

Let M* be the sharp maximal function defined by

Ad“f(x)==supLB(w,ﬂ|‘1]/ W) = fonldy,
t>0 B(xt)

where fB(a:7t)(x) = ‘B(J?,t”_l fB(z,t) f(y)dy

Definition 2.4. We define the BMO(R™) space as the set of all locally integrable
functions f with finite norm

1 flsaro = sm>\Bumr{/ W) — Fanldy
T€R™, t>0 B(x,t)

or

Iflasio =it _sw (B0 [ |f) - Cldy
zER™, >0 B(a,t)

Definition 2.5. We define the BMO,, ,,(R™) (1 < p < 00) space as the set of all locally
integrable functions f with finite norm

||(f() - fB x,t )XB x,t ”L o (R™
||fHBMOp,w = sup (z,t) (@) 1 Lp,w( ).
T€R™, £>0 IXB(2,t) | Ly, (B7)
Theorem 2.6. [14, Theorem 4.4] Let 1 < p < oo and w be a Lebesque measurable

function. If w € Ap(R™), then the norms | - |pmo,. and || - ||Bro are mutually
equivalent.

We find it convenient to define the Morrey and weighted Morrey spaces in the
form as follows.

Definition 2.7. Let 1 < p < co. Morrey spaces L, »(R™) and weighted Morrey spaces
Ly 5 .| (R™) are defined by the norms

A
[fllL,s = sup 77| fllL, By
z€ER™ t>0

and

_2
Hf”Lp,A,HW = reﬂb%lig Ot P ||f||Lp,‘."v(B(:r,t))7

>

respectively.

For 1 < p,0 < oo and 0 < s < 1, Besov-Morrey space B;S)_e N HV(Rn) consists of
all functions f € Ly 5 |.]»(R™) such that

5@ =)= O8N
||f||3;§,9,x,\-m = fllzynr + (/Rn ||t Lpal] dx) < 00.




Hardy-Littlewood-Stein-Weiss type theorems 617

3. Riesz potential operator in the spaces L, , |..»(R")

In this section we prove the Hardy-Littlewood-Stein-Weiss type L, » |.|+(R") to
Lo R ) -theorem for Riesz potential I®, where —n + X < v < n(p— 1) + A
l<p< =2 u—qp“’and%—%:n“ﬁ.

First we glve following theorems which we use while proving our main results.
Theorem 3.1. [25] Let 1 < p < oo, then M : L, ,(R") — L, ,(R™) if and only if
¢ € Ap(R™).

Theorem 3.2. [15] Let 1 <p <00, 0 < A <n, ¢ € A,(R"), then M : Ly 5 ,(R") —
Lpe(R™).

Theorem 3.3. Let0<a<n,0<A<n—a,1<p< ";)‘, —n+A<vy<nlp-1)+A
and p = 41 Then the operator I* is bounded from Ly y |.|+(R™) to Ly y 1.1« (R™) if and
only zf L_

[e3

1
g n—X

Proof. Sufficiency: Let % — % =2 and f € Ly (R"). Then

1 f(2) + / F@)lle — y|*"dy
B(z,t) R"\B(z,t)
Fl(‘r7t) + Fg(l‘,t).

First we estimate Fi(z,t). By using Holder’s inequality we have

Fi(at) = / F@)lle -yl dy

B(z,t)
-1

< S e[ Ul
j=—o0 B(,2i+10)\B(z,27t)

< Ct*Mf(x). (3.1)

Now we estimate Fs(x,t). By using Holder’s inequality we get

Fy(at) < / F@)lle -yl dy

R7\ B(z,t)

o0
< Yen [
j=0 B(z,20t1t)\ B(z,29t)
o0
< Z 2Jt ||XB(I52j+1t)HLP/(_)‘l_lry/(l—p) HfXB(x,QjJrlt)HLp,‘.w
j=
N o0
_n=2X -2
< Gt | p||f||Lp,A,\-wZ
j=0
_n=x _ 7
< Gt xR flle,
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Thus
a—n=2 _x
FQ(xvt) <Ct P "7;| P ”fHLp,)\,pm' (32)

Therefore from (3.1) and (3.2) we get

a— n—>\ _a
1% ()] < CHoM () + Ot T Jal F £, , -

D
n—>X\

Minimizing with respect to t = [(Mf(;v))’l ||f||Lp N H”f:| |z| "7 we arrive at

po

f%@ﬂsc<ﬂ““>) ol

1z, 0o

It is obvious that

o] = Jaf~ 75,

From Theorem 3.2, taking ¢(x) = |z|7 we get

| ueswra < ey [ 00w iy

B(z,t) B(z,t)
< I IR L
= Ct)\ ||f|‘%1>1>\1\‘\7 :

Therefore I*f € Lg x,.j»(R™) and we obtain

1 fll < Clflzp s

PR e

Necessity: Let I* be bounded from Ly, y .v(R™) to Ly » .« (R™), 1 < p < =2 Define
fi(x) =: f(tz), t > 0. Then

1/p 1/p
_ _nty _
(T’ A/ ft(y)lplyl”dy> =t (T A/ If(y)l”lyl”dy)
B(z,r) B(z,tr)

1/p
_n=2+vy _
=tp(WﬂA/ ﬂwwmwa
B(x,tr)

_n—A+y

S t P ||f||Lp,)\,H’Y °

Therefore we get

Aty

Wello, o <5, -

Since

I%fe(x) = t~T f(tx),
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we obtain

1/q 1/q
( / 1 £, ()] |y|ﬂdy> _— ( / T f (1) |y|“dy>
B(z,r) B(z,r)

1/q
_ —a_n= >\+u I q iy
t (tr) = L f )| ly[*dy
B(z,tr)

+u a
||I f||Lq,A“,‘p .

< 4o n—>x

Therefore we get

L _n=Atp
H‘[aftHLq»\Y‘,w, S t “ K ||Iaf||qu>\YHp :

Since the operator I is bounded from L,, ,\AHW(R”) to Lg .|+ (R™), we have

—a—=n +u n— Mrw
1l ., <Ct P Fllgy e (3.3)
where C depends on p,q,\,y,u and n.
If 1 > 1 + —2. from the inequality (3.3), || I ft||L e = Oforall fe Ly (R™)
as t — 0
If 1 < = + , from the inequality (3.3) ||I"ft||L s = Oforall fe Ly 0 (R™)
as t — 00. Therefore i % = 5. g

Remark 3.4. The proof of the sufficiency part of Theorem 3.3 is also given with
different methods in [26].

Corollary 3.5. [26] Let0<a<n,0§)\<n—a,1<p<"a;)‘, —n4+A<v<

np—1)4+ X\ p = % and % - % = —25. Then the operator M® is bounded from

LP,AJ."Y (Rn) to Lq,)\,|~|# (Rn)

4. Commutators of the Riesz potential operator in the spaces
pr)\’H’y(Rn)

It is well-known that the commutator is an important integral operator and it
plays a key role in harmonic analysis. In this section we consider commutators of the
Riesz potential defined by the following equality

b, 1] (z) = / (b(z) — b))z — y|°™ fy)dy, 0<a<n.

Given a measurable function b the operator |b, [*| is defined by

b, 1| f (z /|b )= b(y)| [z — yl°" | f@)ldy, 0<a<n

The following statement holds:
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Lemma 4.1. [9] Let 1 < s < oo and b € BMO(R™). Then there exists a positive
constant C, independent of f and x, such that

M¥([b, 11 f(2)) < Cllblsaro [(MII F@)*)* + (M| f(@)])*].

Proposition 4.2. ([36], Lemma 8.5) Let 1 < p < oo. Then for all f € LP(R™) and
gerL” (R™) there exists a positive constant C' such that

fW)g(y)dy /n M“f(y)Mg(y)dy’ :

R'll
The following lemma is valid.

<C

Lemma 4.3. Let 1 < p < 00, ¢ € Ap(R™). Then there exists a positive constant C,
independent of f, such that

1 1
lfer L, @) < CHSDPMﬁfHLp(Rny
Proof. By (2.1) we have

1 1
1o g <C sup FW)9(y)eh <y>dy‘ .
HQHLP,(R")Sl R
According to Proposition 4.2,
Itz mn <C s | Mﬂf<y>M<gw>(y>dy\ .

||9|\Lp,(1w)S1

From Holder inequality and Theorem 3.1, we obtain

1 1 _1 1
Iferlle,®n <C  sup  [lor M*f|lL, @nlle » M(ge?)|z, @)
HQHLP,(Rn)Sl

v 1
< CH H sup - ||80pMﬁfHLp(Rn)||g||Lp,(Rn) < CH‘P"MﬁfHLP(Rn). 0
Il pp’ ®ny>

Corollary 4.4. Let 1 < p < 00, ¢ = |- |V € A,(R™). Then there exists a positive
constant C, independent of f, such that

1 1
Hf¢p ”LP,HW(R") < CH/(bpMﬁf”LpJ.n(R")'
Lemma 4.5. Let 1 < p < 00, 0 < A < n. Then the following inequality holds
Hf”Lp,)nl'l'Y S ¢ ||Mﬁf||pr,\y‘.w '
Proof. 10 < 6 < 1, ¢(z) = (MXp(2,m)’ € Ap(R"), from Lemma 4.3 we have
||f||Lp1|.|'y(B(TJ,T)) < ||f¢;HLpY‘."y(R") < C”l[};MﬁfHLp,‘.m(R") < C”Mﬁf”[/p)\.m(B(‘Tﬂ‘))'
Therefore we get

A
”fHLp,)\,\.w = meﬂsﬁl’}p Or P ||f||Lp,\.m(B(mvt))

A
<C sup v PMfllL, B = CIM fllL, -
x€R™,r>0
Thus the lemma has been proved. O
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In the following theorem we give the necessary and sufficient conditions for the
boundedness of the commutator [b, I*] from L, y .+ (R™) to Ly » |.|» (R™).

Theorem 4.6. Let0 < a<n,0<A<n—a,1<p< %A, —n+A<y<n(p—1)+A,

p= =L and 11— _a Then the commutator [b,I*] is bounded from L, y |..»(R™)

to Lg .|« (R™) if and only if b € BMO.

Proof. Let f € L,y .7 (R") and b € BMO(R"). From Lemma 4.5, we have
H[b7 Iu]fHLq,)\,\-\H < Cl||Mﬁ([b> I(X]f)HLq,)\,\-\#'

From Lemma 4.1, we get

1 1
s s

(| ME([b, I Lgspe < CallbllBrmo H(M\[afm + (M| f]*) .

Lq,x,-#]

< Calltlawro || a1re 1)

+ ||zt gy®

@AM

From Theorem 3.2 and Theorem 3.3, we have

1
s

|@izeg1)

1
_ @ p£IS||s
= Mg,

@A H

SO FP

1
Lo yy = CMH e, s CIL, 5

Similarly it can be shown that

|| <cns,

@AM

P
Therefore we obtain
I8 1% fllzy 1 e < Collbllao 111, .-

(1) = (i) Now, let us prove the "only if’ part. Let [b, I%] be bounded from
Ly to Lo u(R™), 1 <p < ”T_)‘ Now we consider f = xp(sr). It is easy to

compute that

1/p

- XB(ac,r)(y”y"ydy

B(y,t)

||XB(:E,7")HLP,A,|-|’Y ~ t>()S,l;:FéR” '

1/p

sup t= / ly|"dy ~rt
B(y,t)CB(w,r)
B(y,t)

Q
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Then
1
|B(z,1)] /B(m,t) 16() = brieldz

1 1
:m/ b(z)_m / b(y)dy| dz

B(z,t) B(z,t)

)

1 1
S|B(:c,t)|1+% / B /(b(z)—b(y))dy dz

B(z,t) (z,t)

1 _
< B [Fs / / (0(2) = b(y)) [z — y|* "dy| d=
’ B(z,t) [B(z,t)
1
< Bz O / |16, I°IX B (ot (2)] dz
’ B(z,t)

<Ot I X B Ly IXBG L s
q/ x|t
n—XA+p

n—>A
< Qe Aot o o

Hence we get
Bl [ ) oy < .
B(z,t)

which shows that b € BMO(R™).
Thus the theorem has been proved. O

Theorem 4.7. Let0 < a<n,0<A<n—a,1<p< %/\, —n+A<y<n(p-1)+A,
W= % and b € BMO. Then the commutator |b, I*| is bounded from Ly 5 .~ (R"™) to

Lg .« (R™) if and only zf% — % = .

Proof. 1) The sufficiency follows from Theorem 4.6.
Necessity: Let 1 < p < =2 and |b, I°| be bounded from Ly, .} (R") to Ly » .1« (R™).
Define fi(x) =: f(tx), t > 0. Then

1/p 1/p
_ _nty _
<7" A/ ft(y)l”lylvdy> =t v (T A/ If(y)l”lyl”dy>
B(z,r) B(z,tr)

1/p
_n=A+y _
— 5 <WﬁA/ ﬂmwmwa
B(x,tr)

n—

_ Aty
S t P ||f||Lp,)\"_"y :

Therefore we get

n—

_ Aty
Hft“LP,)\J'rY S 3 P ||fHLP)>\,‘_"y .
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Since
b, 1| fe(z) = t~*[b, I%| f(tx),

1/q
- b, T A q B
<7‘ /B(m [, 1% £e]* () |yl y)

1/q
=t (T_A/ [l[o, 71 F1]* (ty)|y|“dy>
B(z,r)

1/q
o n=At -~ a
=t g <(t7’) A/ [l[o, 7% 1] (y)|y|“dy>
B(z,tr)

Atp

<t |I[b, I £,

we obtain

@[

Therefore we get

Atp

o, 221 fell g,y e <707 0 lIB I

Since the operator b, I*| is bounded from L, s .|+ (R™) to Lg x,). |« (R™), we have

@XM

n—=Atp | n=A+~vy
T

P Hb”BMO ”fHLp,)\,\-wv (4'1)

b, %1 fell, 0 < CE7

where C' depends on p,q,\,y,u and n.

If% > %—&—ﬁ, from the inequality (4.1), |||b, Ia|ft||Lq,x,\.w =0forall f € L, .~(R")
ast — 0.

If 5 < 24525, from the inequality (4.1), | |b, I fellp, . . = 0forall f € Ly .2 (R™)
as t — oo. Therefore % — % = 2. O

The following theorem gives the conditions for the boundedness of the commu-

tator [b, 1| from B, 5y ||, (R") to By, \ |, (R").

Theorem 4.8. Let0 < a <n,0<A<n—a, 1 <p< 22 —ntA <y <n(p—1)+),

uw = %,O<s< 1,1 <6 < oo, %—% = % and b € BMO(R"). Then the
commutator |b, I*| is bounded from By, |, (R") to By 5\ | |.(R™).

Proof. From the definition of the Besov-Morrey type spaces it suffices to show that
116, 11 f (z =) = 16, I f )l £y v < C bl paso 1 (@ =) = FOllL, 0
Hence we have
|0, 19 f (@ =) = [b, I f] < b, I%[(|f (x — ) = f1)-

Taking Ly |.]»(R™) norm of both sides of the above inequality, from the bounded-
ness of [b, I%| from Ly, 5 |.j+(R™) to Lg x |.;»(R™), we obtain the desired result. Thus
Theorem 4.8 has been proved. O
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5. The weighted Morrey estimates for the operators V*(—A + V)%
and V*V(-A +V)7#

In this section we consider the Schrodinger operator —A + V on R", where the
nonnegative potential V' belongs to the reverse Holder class B, (R™) for some ¢; > n.
We obtain weighted Morrey Ly,  |.|»(R™) estimates for the operators V*(—A + V)=#
and VSV (-A + V)4

Schrédinger operators on the FEuclidean space R™ with nonnegative potentials
which belong to the reverse Holder class have been studied by many authors (see [10,
32, 40]). Shen [32] studied the Schrodinger operator —A+V | assuming the nonnegative
potential V' belongs to the reverse Holder class B,(R") for ¢ > n/2 and he proved the
L, boundedness of the operators (—A + V)¥, V2(—A + V)™, V(=A + V)~ and
V(—A + V)7l Kurata and Sugano generalized Shens’ results to uniformly elliptic
operators in [18]. Sugano [38] also extended some results of Shen to the operator
V(A4 V)P 0<s<B<land VV(-A+ V)P 0<s <1 <pB<1and
B—s> 1. Later, Lu [21] and Li [19] investigated the Schrédinger operators in a more
general setting.

We investigate the weighted Morrey Ly, y .| — Lg,x,.|» boundedness of the operators

=V (-A+V) P 0<s<pB<U,

T =VV(-A+V)#, 0<s< s <B<T, fos>

DO =

Note that the operators V(—A + V)~ and V2V(=A + V)~! in [19
case of T1 and Tb, respectively.

It is worth pointing out that we need to establish pointwise estimates for 77,
Ty and their adjoint operators by using the estimates of fundamental solution for
the Schrédinger operator on R™ in [19]. And we give the Morrey estimates by using
Ly a7 — Ly, boundedness of the fractional maximal operators.

are the special

Definition 5.1. 1) A nonnegative locally L, integrable function V on R™ is said to
belong to the reverse Holder class B, (1 < p < 00) if there exists a positive constant
C such that the reverse Holder inequality

(|;|/BV(x)pda?>p < |g| BV(J:)dx

holds for every ball B in R™.
2) Let V > 0. We say V € By, if there exists a positive constant C' such that
the inequality

C
v < — | V(x)d
Wl < 57 [ Vi)o
holds for every ball B in R".

Clearly, B C B, for 1 < p < oco. But it is important that the B, class has a
property of ”self-improvement”; that is, if V' € By, then V € B,,. for some ¢ > 0
(see [19]).
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The following two pointwise estimates for 77 and T5 were proved in [40] with

the potential V' € B,
Theorem A. Suppose V € By, and 0 < s < [ < 1. Then there exists a positive
constant C' such that

T f(z)| < CM“ f(z), fe€C5(R),
where o = 2(8 — s).
Theorem B. Suppose V € By, ogsgégﬁgl and f — s >
a positive constant C such that

T f(z)| < CM® f(z), f e C(R),

where o = 2(8 — s) — 1.

Note that the similar estimates for the adjoint operators 77 and T with the
potential V' € B,, for some g1 > % are also valid (see [20]).
Theorem C. Suppose V € By, for some g1 > 5, 0<s< 3 <1 and let q% =1-=,
Then there exists a positive constant C' such that

1
IT5 f(2)] < C (Mag, (If1%) () . f € CE°(R™),
where a« = 2(8 — s).
Theorem D. Suppose V' € By, for some g1 > 5,0 < s <
And let
1 1— =, if g1 >,
q1 {1—0‘;114-711, if%<q1<n.
Then there exists a positive constant C' such that
1
|75 f(2)] < O (Mag, (If1%2)(2)) ™ . f € CR™),
where a = 2(f — s) — 1.

%. Then there exists

The above theorems will yield the weighted Morrey estimates for 77 and T5.

Corollary 5.2. Assume that V € By, and 0 < s < <1. Let 1 <p < %, —n+ A<
y<nlp-1)+A p="1, %f%:ﬁ and 0 < XA < n, where o =2(8 — s) < n.
Then for any f € C’O (R™) there exists a positive constant C such that

HTlf||Lq,)\,|-|# < CllfHLp,,\,|.w'

Corollary 5.3. Let V € Boo, 0<s < < B<1, 5> 3, 1<p< 2, L -1 =0y
—n+A<y<nlp-1)+A p="=2 and0 <A <n, wherea—2(6 s)—1<n.
Then for any f € C5°(R™) there exists a positive constant C such that

HTQfHLq PRI < C||fHLp,>\,|.w'

Corollary 5.4. Assume thatVGBq1 for 1 > Loand 0 <s< B <1.
Letl—l——1<p< i_1 zlo‘_)\,—n+/\§’y<n(p—l)+/\,
2

o +°‘ P g 7
,u:q; and 0 < \ < nqo, whereoz*2(ﬂ s) < n.
Then for any f € C5°(R™) there exists a positive constant C such that

HTlf||Lq,A,|-|# < CllfHLp,/\,|-w'
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Corollary 5.5. Assume that V € By, for q1 > 5, and

0<s<35<B<L, f5<q<n

Letoz:Q(,B—s)—1<nand,8—32%, and let 1 <p< i%,%—%

o )
q1 q2
q%:l—%, —n—|—/\§’y<n(p—1)—|—/\,,u=% and 0 < \ < nga, where
1:{ (%7 if¢11>”a
b1 aT—il_l+%> if%<£]1<n-

Then for any f € C5°(R™) there exists a positive constant C such that
HT2f||Lq.A.|.|u < C”fHLp,)\,pw'

6. Some applications

The theorems of the Section 3 can be applied to various operators which are
estimated from above by Riesz potentials. Now we give some examples.

Suppose that L is a linear operator on Lo which generates an analytic semigroup
et with the kernel pi(x,y) satisfying a Gaussian upper bound, that is,
c1 _, le=ul®
tn/2 e

lpe(z,y)| < (6.1)

for x,y € R™ and all ¢ > 0.
For 0 < a < n, the fractional powers L=/2 of the operator L are defined by

. 1 dt
LR @) = o | 0 =

Note that if L = —A is the Laplacian on R™, then L~%/2 is the Riesz potential I¢.
(See, for example, Chapter 5 in [36].)

Theorem 6.1. Let0 < a<n,0<A<n—a,1<p< %A, —n+A<y<np—1)+A,
w= % and condition (6.1) be satisfied. Then condition % - % = 25 is sufficient for

the boundedness of L=%/2 from L, 5 |.}»(R™) to Lg .1« (R™).

Proof. Since the semigroup e~ has the kernel p;(z,y) which satisfies condition (6.1),
it follows that
(L= f(2)] < CI°|f|(=)

for all z € R™ (see [7]). Therefore from the aforementioned theorems we have

1Ly < CH gy < Ol - =

Large classes of differential operators satisfies condition (6.1). Now we investigate
two of them:

(i) Let us consider a magnetic potential @, i. e., a real-valued vector potential
d = (a1, as2,...,a,), and an electric potential V. Assume that for any k =1,2,...,n,
ap € L and 0 <V € L!{°. The magnetic Schrédinger operator, L, is defined by

L=—(V—id)?+V(z).
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From the well-known diamagnetic inequality (see [35], Theorem 2.3) we have the
following pointwise estimate. For any ¢ > 0 and f € Lo,

|e—th| < e_tA|f|,

which implies that the semigroup e~** has the kernel p;(z,y) that satisfies upper
bound (6.1).
(#7) Let A = (a;j(x))1<ij<n be an n x n matrix with complex-valued entries
ai; € Lo satisfying
Re Y ai;()Gi¢; = AlCP?
i,j=1
for all z € R™, ¢ = ((1,(2y..-,(n) € C™ and some A > 0. Consider the divergence
form operator
Lf = —div(AVf),
which is interpreted in the usual weak sense via the appropriate sesquilinear form.
It is known that the Gaussian bound (6.1) for the kernel of e~** holds when
A has real-valued entries (see, for example, [3]), or when n = 1, 2 in the case of
complex-valued entries (see [4, Chapter 1]).
Finally we note that under the appropriate assumptions (see [23]; [36], Chapter
5; [4], pp. 58-59) one can obtain results similar to Theorem 6.1 for a homogeneous
elliptic operator L in Lo of order 2m in the divergence form

Lf=(-1)" Y D*(aasD’f).
|l =|8]=m

In this case estimate (6.1) should be replaced by

c _ |z —y] )27n/(2n171)
3 e C4<t1/(2m)

‘pt(:r’a y)| S tn/gm

for all t > 0 and all z, y € R™.
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