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Abstract. In this paper, we obtain some existence results for the integral boun-
dary value problems of nonlinear fractional ¢g-difference equations. The differential
operator is taken in the Riemann-Liouville sense.
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1. Introduction

In this paper we will study the existence and uniqueness of solutions for the
following singular boundary value problem of fractional ¢-difference equations

(Dgu) (t) + ¢ (t) f(t,u(t) =0, 0<t<l, (1.1)

1
w(0) =0, wu(l) :a/ h(s)u(s)dqA(s)+b, (1.2)
0

where D is a fractional g-derivative of Riemann-Liouville type with 1 < a < 2,
fol x (t)dgA(t), is the Riemann-Stieltjes g-integral of z with respect to A (t) such
that dyA (t) = DgA(t)dgt, f:[0,1] x R — R is a continuous function, A : [0,1] — R
is a continuous function, ¢ is defined on the interval (0,1) and ¢ may be singular at

0or 1.

In the last few years, fractional differential equations have been studied exten-
sively, because of their demonstrated applications in various fields of science and
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engineering; see [5, 16, 19, 27, 36, 39]. Recently, many researchers study the exis-
tence of solutions of fractional differential equations such as the Riemann-Liouville
fractional derivative problem [3, 12, 17, 31, 32, 34, 35, 37, 38, 40, 41, 42] the Caputo
fractional boundary value problem [3, 33], the Hadamard fractional boundary value
problem [28, 30], conformable fractional boundary value problem [20, 24, 25] etc.

Quantum calculus is ordinary calculus without limits. There are several types
of quantum calculus: h-calculus, ¢-calculus and Hahn’s calculus. In this paper we are
concerned with the g-calculus. The g¢-derivative and the g-integral were first defined
by Jackson [14, 15]. For some recent existence results on g-difference equations see
[2, 6, 10, 13, 22, 26] and the references there in.

There has also been a growing interest on the subject of discrete fractional
equations. Fractional g-difference equations have recently attracted the attention of
several researchers for the applications of fields such as physics, chemistry, biology,
economics, control theory, signal and image processing, electricity etc. Some recent
work on the existence theory of fractional g¢-difference equations can be found in
[4, 7,8, 9, 23]. Motivated by all the works above, in this paper we discuss the problem
(1.1)-(1.2) and we will give the existence results for this problem.

The paper is organized as follows. In Section 2, we give some preliminary results
that will be used in the proof of our main results. In Section 3, we establish the exis-
tence of a solution for the nonlinear fractional ¢-difference boundary value problems

(1.1)-(1.2).

2. Preliminaries

In this section, we list some useful definitions and preliminaries, which will be
used in the proofs of the main results.
Let g € (0,1) and define
1—4qg°
la], = - ,a € R.
The g-analogue of the power function (a — b)lc ke Ng={0,1,2,...}is

(a—b)ozl, a—b(k) H qi7 k€N, a,beR.

More generally, if a € R, then

Note that, if b = 0 then a(®) = a°.
The g-gama function is defined by

(1—q)"

g zeR\{0,-1,-2,...}

Ly (z) =

then
Lg(z+1)=[z]Ty(z).
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The ¢-derivative of a function f is here defined by

_ f(@) — flgx)
(Dgf) (x) = =g +(Dqf) (0)

and ¢-derivatives of higher order by
(Dgf) (z) = f(z) and (D;’f) (z) = D, (D;’flf) (z), m€N.
The g¢-integral of a function f defined in the interval [0, b] is given by

m (Dgf)(x) for o #0

=1l
x—0

<@ﬂ@»=43vm¢=xu—@§jﬂmww, ref0.b).
n=0

If a € [0,b] and f is defined in the interval [0, ], its integral from a to b is defined by

/ab f(t)dgt = /Ob f(t)dgt — /0 F(t)dyt.

Similarly as done for derivatives, an operator I;’ can be defined, i.e.,

(I9f) (@)= f(z) and (I}f)(z) =1, (I7"'f)(z) , n€N.
The fundamental theorem of calculus applies to these operators I, and Dy, i.e.,
(Dolyf) () = f (x)
and if f is continuous at x = 0, then
(IgDqf) (x) = f (x) = f(0).

We now point out two formulas that will be used later (;D, denotes the derivative
with respect to variable t)

Dyt =)' = o] (t—s) 7Y,

(qu /Om f(a:,t)dqt) (@) — /Oxxqu(x,t)dqt+ f gz, ).

Remark 2.1. If « >0 and a < b < ¢, then (¢t — a)(a) > (t— b)(a).
Definition 2.2. [1] Let o > 0 and f be a function defined on [0,1]. The fractional
g-integral of the Riemann-Liouville type is

(Igf) (@) = f()

and

o 1 ¥ a
IN@ = [ @ rwde. zep.
Definition 2.3. [29] The fractional g-derivative of the Riemann-Liouville type of order
a > 0 is defined by
(Dg f) (z) = f(z)
and
(D f) (x) = (DRIF=f) (), >0,
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where p is the smallest integer greater than or equal to .
Next, we list some properties about ¢-derivative and g-integral that are already
known in the literature, which are helpful in proofs of our main results.
Lemma 2.4. [21]
(1) If f and g are g-integral on the interval [a,b], o € R, c¢ € [a,b], then

Lo [P () +g®)dat = [} f (&) dgt + [ g(t)dgt
2. [Paf(t)dgt=a [’ f(t)dt

3. ff Ydgt = [T f (¢t dt+ff

4. [a%dgs = [:J:], (a#—1);

(2) If |f| is g-integral on the interval [0,x], then

/|f )| dt;

(3) If f and g are g-integral on the interval [0,z], f(t) <g(t), Vtel0,z], then

/ " p)dgt < / " gt)dt

Lemma 2.5. [9] Let o > 0 and p be a positive integer. Then, the following equality
holds:

fdt

i
L

‘,Eoz—p-ﬁ—k
Iy(a+k—p+1)

(IgDyf) (x) = (DYITf) () — (DE £)(0).

b
Il

0

Now, we will give the existence theorems used in our main results.
Theorem 2.6. [11] Let T : X — X be a map on a complete non-empty metric space.
If some iterate T™ of T is a contraction, then T has a unique fixed point.
Theorem 2.7. [18] Let X be a Banach space and P C X be a cone. Suppose that
Q1 and Qo are bounded open sets contained in X such that 0 C Q C Q1 C Q.
Suppose further that T : PN (Q\Q1) — P is a completely continuous operator. If
either

1. ||Tul|l < |lull for w e PNOQy and ||Tul|l > |lul| for uw € PN oQs, or
2. ||ITu|| > ||u|| for u e PNOQy and ||Tu| < ||u|l for w € PN oQy, then

T has at least one fived point in PN (Q2\Qy).
Theorem 2.8. [4] (Nonlinear alternative for single valued maps) Let E be a Banach
space, C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that
F: U — C is a continuous, compact (that is, F(U) is a relatively compact subset of
C) map. Then either

1. F has a fized point in U, or

2. There is a u € QU (the boundary of U in C) and X\ € (0,1) with u =\ F(u).

The next result is important in the sequel.

Lemma 2.9. Let g(t) : [0,1] — [0, 00) be a given continuous function. Then the
boundary value problem

(Dgu) (t) +g(t) =0, 0 <t <1, (2.1)
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w(0) =0, u(1) :a/o h(s)w(s) dy A (s) + b (2.2)

has a unique solution

u(t) = /0 H (t,qs) g (s)dgs + % a1

where

H(ts) = G ts) + o Gals)
such that
L g s, s <t
G(tys)* Fq(Oé) { (t(l_s))(a—l)’ SZt,
1
Ga(s) = / h(t)G (t,s)dyA(t)
t=0
and

1
kzl—a/o h(s)s* ! d,A(s) # 0.

Proof. From Lemma 2.5 and Definition 2.2, we have

1 ¢ a—1) 2
u(t) = —7/ (t— qs)( g (8)dys + cit® ™t + ot 2,
Ly (@) Jo !
Since u(0) =0 we get co = 0. Thus, we have
1 ! (a—1) —1
u(t):—i/ (t—qs) g (s)dgs+ it .
Ly (@) Jo !

Using the second boundary condition we get

_ 1
L'y (@)

1
/ (1—q5) Vg (s)dgs + 1
0

—of s i ) e wdge e ()

Thus, we have

o [1 - a/: h(s)s*1d, A (s)] _ Fql(a) /01 (1= g) @ Vg (s)dys

== 1 I lqh<s> (5= qu) "V, 4 (9)| g ) dyo -+

and

(1) Vg (s)dys

/1 h(s)(s— qw)(a—l)qu(s)] g (w) dqw} +%

wq
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SO

_ 1 ! (a—1)

- ﬁ /o1 U: h(t) (t = qs)<a1)qu(t)} g(s)dgs + g

Therefore, we have

) =~ [ ) g s+ L [T (1= )@V (5) dys
(t) = pq(a)/o(t qs) (5) dgs + — {Fq(a)/o(l qs) g9 (s)dq

[ roaaaa0] a0 ash + e

L'y (@)
1 (a—1) S (a-1)
= - (t —qs) g (s)dgs+ W /0 (1—gs) g (s)dgs

ta—l 1

o f, a9 = 5 (s [0 a0
r, ( ) / U h o) (e~ q8>(“”qu<t>] 9.(5) dgs } b e

- i i h(t) (t—gs)“ VdgA(t)| g (5) dys 4 e
s=0 LJt=sq k

Thus
o= 1
/ Glt.as)g ds+ / Ga(s (s)dqs+£ta_l,
where
Gt s) = 1 (t(1 S))(a 1) (t )(a D ooy
To(e) | (t(1—s) Y, g
/ h(t) G (t,s) dgA(t),
and

k—l—a/oh()aldA()#.

Consequently, we can write
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where
a—1

t
H(t,s) = G(ts)+ ——Gals). O
Lemma 2.10. Assume that 0 < k < 1 and Ga(s) > 0 for s € [0,1], then H(t,s)
satisfies followings:
1. H(t,s) >0, Vt,sel0,1]
2. There exist a constant

such that
at®— 1

k

Gals) < H(t,s) <L (1—s) "o,
where .
o= / h(£) 21 d,At).

0

Proof. 1. (i) For s < t, we know that

L (a=1) (a=1)
= —7|(t(1 - —(t— .
Gt:8) = gy (1A =) = (=9
Since (1)
1 s s\ (a— (a—1)
t<1:>¥>léf¥<fsé(l t) <(l-s) ,
we get
1 -1 (a—1) 1 (e=1)
271 - —t 1 (1-2
T, (@) [ (1-s9) ( t)
L a1 (a=1) AN
t 1-— —(1—-- >0,
” T, (@) {( s) (1-3)
so G(t,s) > 0.

(#4) For s > t, it is clear that G (t,s) > 0.
Thus we get G(t s) > 0 Vi, s € [0,1].

Since G4 (s ft _oh (t,s)dgA(t) > 0, then H (t,s) > 0,for t,s € [0,1].
2. Since 1 1
G (t,s) < i1 —s) e« — (1 g)le
e e M TR
we have
1
1 _
Ga (s):/ h(8) G (ts) dy Alt / B0 gt (= 9, A)
t=0 I‘q (a)
(a—1) _ o\(a—1)
_ -9 / hty Ay =12y
Lq (@) t=0 L (@)
Also, we know
toz—l
H(t,s) =G (ts) + Gals)
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that
1 _ a-1) 1 (a—1)
H(t,s) < 11— gy 4 11— o) VH
Ly (@) kLq ()
1 aH _
= 14+ == )11 — )@
Iy (@) ( * k ) ( )
<L (1—s) @bt
In conclusion, we have
at! 1 aH 4
G <H(ts) < 14+ =) (1 -s)e b1, O
G < H () < s (145 ) -9

3. Main results

We are now in a position to state and prove our main results in this paper.
Transform the problem (1.1) —(1.2) into a fixed point problem. We define the operator
T:C(0,1],R) - C((0,1],E) by

T ) = [ (tas) 0 (5) (o)) dys 1o (3.1)

It’s easy to show that, from Lemma 2.9, the fixed points of operator T' coincide
with the solutions of boundary value problems (1.1) — (1.2).

Suppose that the following conditions are satisfied.
(Hy) ¢ (t) is nonnegative on (0, 1) and

1
/ (1—q9) P (s)dys < o0
0

(H) |f (t,u) — f(t,v)| < K.|lu—wv|, forall te0,1] , w,v€eR

(H3) feC(0,1] xR, [0,00)), CCB, C={ueC]|0,1]:u(t) >0}

(H4[) f]e C([0,1] x [0, 00),[0, 00) ), f(t,u1) < f(t,uz) for 0 < u; < up and any
telo,1].

Let B = C([0,1],R) is the Banach space with the norm ||ul| = max;c[o 1) |u(t)]
and C ={u € B:u(t) > 0}. Then C is a normal cone on B. Also we denote uj < ug
if and only if us_u; € C for ui,us € B.

Lemma 3.1 If there holds (Hy) and f meets (Hs). Then the operator T : C — B

1
(Tu) (t) = /0 H (t,qs) o (s) f (s,u(s)) dqs—ﬁ—%to‘*l

satisfies T(C) C C and T is completely continuous.

Proof. 1t follows from (H;) and the nonnegativeness and continuity of H (¢, ¢s) and
f(t,u(¢t)) that T has definition and satisfies T(C') C C. The next proof will be given
in several steps.

Step 1. T is continuous.
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Let {u,} be a sequence such that w, — u. Then for each ¢ € [0, 1], according to
Lebesgue control convergence theorem and Lemma 2.10, we have

[Tun = Tull =, Zig" 3 1) () = (Te)0)
- sup 1 1
= S a9 o (D ds = [ (9060 (s (9) s
< S [ o) 1F (o (5) = F )] dys
1 Al a1 ' —g8) @ V(s s,Un (8)) — f (s,u(s s
< g () [ 0= e 18 ()~ £ o)
—- 0, n—oo

Therefore, T is continuous.
Step 2. T maps bounded sets into bounded sets in C ([0, 1], R).
Indeed, it is enough to show that for any p > 0, there exists a positive constant

| aH (a—1) b
=M — 14+ — ) (1 — o —.

Such that for each v € B, = {u € C'([0,1],R) : ||u|| < p}, we have |T,| <r.
Denote M = mazcio),u|<u 1.f (t,u(t)) 4+ 1}. We have for each ¢ € [0, 1],

1

Tu(®) = [ H(03)p(5) (5, (s) dgs 1"

1
< /0 H(t,qs)gp(s)f(s,u(s))dqur%

1
< M/ H(t,qsm(S)qu%
0

bl aH (a—1) b
< _— _— — o= —_=T.
< M/o T, (@) <1+ - )(1 qs) @ (s) dgs + p =7

Thus we get [|[Tu|| < r.

Step 3. T maps bounded sets into equicontinuous sets of C ([0, 1], R).

Let t1,to € [0,1], t1 < t2, B, be bounded set of C'([0,1],R) as in Step 2 and let
u € B,. Then

[(Tw) (t2) — (Tw) (t2)] = /0 (H (t2,qs) — H(t1,q5)) ¢ (s) f (s,u(s)) dgs

b
+E (t2a—1 _ tla—l)
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582
[ (2 —g9) Y
: /o L'y (@) p(s)f(s,u(s)) dgs
t a—1 1 (a1)
+ k;q (04)/0 (1—gs) 1 ¢ (s) f(s,u(s))dqs
B aty® 1 1 1 EPUNCESY . o uls ) é -
/{Tq(a)/o l:/sq(tz qs) h(tz)qu(tQ) o(s) f(s, ())dq +k.t2
+/“(tl_qs)(al)¢(s)f(su(s))ds
0 Iy (a) ) q
tloc—l 1 (a—1)
T (@) /0 (1—gs) p(s) f(s,u(s))d,s
at,*~1 ! 1 - o) ) é N
+kI‘q () /0 {/Sq (t1 —qs) h(t1)dsA (tl):|<,0(8) f(s,u(s))d,s ktl
Furthermore, we deduce that
a-1) ~us (a—1)
(t1 — gs) @ (8) f(s,u(s))dys

/tl (tg _ qs)(
0 Ly (@)

ts —us (—1)
N / %w(S)f(&U(S))dqs

|(Tw) (t2) = (Tw) (11)] <

1

a—1 1
;;q (@) /0 (1- qs)(a_l)ga (s) f(s,u(s))d,s

ZEZ?Z) / [/ (t2 = 43)* " Vh(t2) dy A (tgﬂ p(s) f(s.u(s))dys
_ ljlij(al) /01 U: (ty qs)(a—l)h(tl)qu(tl)}gp(s) f(s.u(s))d,s

+ g ’tga_l — ha—l’
(a—1)

t1 (a—1)
0 q (@
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M to _ M t a—1 —¢ a—1 1 1— ((1—1)
b [ a0 (s st & — ‘/( BN (5) dys
0 q (a

1—‘q (a) t1 )
a ! ' !
+ quj\({m)/o {tzalf (t2 —qs) "V h (t2) dyA (t2)

— o /: (t1 — q8)* Vh(ty) qu(tl)}

q

b
+ E |t20471 - t1a71| ) (32)
Obviously,
t1 a—1
/ (<t2 49 () — gs)' )) o (5) dys
0
< /1 (to — gs) @™V (- gs) @™ (1= )@ o (s)dys.
“Jo \@—g9) Y (1—gs)*Y !

(t—gs) ™V
(1—gs)(«=1
it is uniformly continuous on [0, 1] x [0, 1].

The function is continuous with respect to ¢ and s on [0,1] x [0, 1] and so

Therefore, for any t1,t2 € [0,1], t1 < ta, s € [0,1], as t; — {2, we can conclude that
(tz _ qs)(a—l) - (tl _ qs)(a—l)
(1—gs) ™" (1—gs)7V

/ ! (<t2 09 = -0 ) (o)

(a—1 (a=1)
S /1 ((tg —qs) ) (t1 —qs) ) (1— qs)(a_l) ¢ (s)dgs
0

— 0.

So we can see

(1—gs) @D (1-gs)@V
—0 s t1 — to.

For
2 (a-1)
/ (1 - )@ Do (s) dys,

t1
according to Cauchy criterion for convergence of an improper integral, as to — t1,

to
/ (1—gs)* Vo (s)dys — 0.

t1

In conclusion, as ty — t1, the right-hand side of the above inequality (3.2) tends to
zero. As a consequence of Step 1 to 3 together with the Arzela-Ascoli theorem. Hence
T is completely continuous. The proof is complete. O

Our first result is based on the generalization of Banach contraction principle.
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Theorem 3.2. Assume (Hy) and (Hs) hold. Let

M = / (1—gs) (Oﬁl)go (5)dys

and

1 aH
MK 1+ — 1
Ly (@) ( - k ) =

Then the boundary value problems (1.1) — (1.2) have a unique solution.

Proof. We shall prove that under the conditions (H;) and (Hz), the operator 7" is a
contraction map in the space C' [0, 1] for sufficiently large n.

T:C[0,1 = C[0,1]

By Lemma 2.10 we have

() (1) = (7o) (0] = | [ (t.03) 0 (5) f (5. (9) s

= [ H 06 ()7 (0 () dgs— g
0

[ a9 9] 1 (s(6)) = 520 () s
bl aH —gs) @1, (s u(s) —v(s)|dys
< [ (145 ) -9 Ve ) K lute) - u(old

Lq ()
1 ﬂ U — v a—1 ! _ 8(04_1) s s
<t (1 50) Khu=ol e [Ca- a9 Ve,
l
1 aH a1
SI‘q(a) <1+k> Klu—o| t“7 1
|[(T%u) (1) — (T*v) /|th5||<P()| [ (s, (Tw) (5)) = [ (s, (T) (5))] dgs
S| aH (a—1),a—1
g/o ey (1+k)(1—qs) Vio1o (s) K |Tu—To| dgs
P af ’ —gs) @Vt () K2 ||u— v s S
< [ i (1 5) 0=a e o) Kl 1,

1 H 2 1 a—
= (1+ak> K flu—ol| 2711 / s (1= g5)" g (5) dys
0

M
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By the induction method, we have

Ty (@) — () () < Le—l (H“H> K 1Mt et

I\ %
< BRI Ay
= T, (a) po) b

we can choose enough large n, such that

K LMl el "
T, (o) k 2’

then it follows that )
|(T") () = (T"0) @)] < 5 llu =]l
By means of Theorem 2.6, we claim that the operator T has a unique fixed point. [

Theorem 3.3. If there holds (H1), define two constants

1
Hi(t d = w d,s.
(t,s)e%%x[o,u (tqs) and Q /0 P(s5)dqs

If there exist two positive constants ro > r1 such that

b

k tou) <

@ oy gy W) < 72
and

k ] tou) >

EH Qi /00 27

then the boundary value problems (1.1) — (1.2) have at least one solution satisfying
r1 < Jul|| < ro.

Proof. 1t follows from continuity of H(¢,qs) and f(¢,u) that H(t,gs), f(t,u) has a
maximum on any closed field.

Let @y ={ueC: |Ju|| <r1}. For uwe CnNoN, we have 0 < u(t) <7 on [0,1],
1
sup b o
i = 20 ([ e o g

- /0 tg[c(lfl]H(t’qs)‘p(s)f(&u(s))dqs+%

! b
= / Wga(s)f(s,u(s))dqur%
0

1

b

= ' t, 0% dost 2

- (t,u)e[%ﬁ?x[o,rl]f( U)/O v (s) qs-l-k
> =l

Let Qo ={u e C: |lu|]| <rg}. For ue C NNy, we have 0 < u(t) < rg on [0,1],
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(17| ; ;?(i 1 </o H (t,qs) ¢ (s) f (s,u(s)) dqs—i—Zt(’_l)

IA

1
f(t,u)/o W (s) dqs—l—%

max
(t,u)€[0,1]x[0,7r2]

IA

T2 = [luf|.

By Theorem 2.7 and Lemma 3.1, we can conclude that the operator equation Tu = u
has a solution satisfying r; < ||u|| < r9. The proof is complete. 0

Theorem 3.4. Assume that f:[0,1] x R — R is a continuous function. Let (Hy) and
(Hg3) be satisfied. If there exists a constant R such that

R
1 .
- > (3.3)

Then the boundary value problems (1.1) — (1.2) have at least one solution, where r is
given in Lemma 3.1.

Proof. Let u be a solution. Then for ¢ € [0, 1], using the computations in proving
that T is bounded, we have |u(t)| = |ATu(t)| <r and thus we have

bl

r
In view of (3.3) there exists R such that ||u|| # R. Let us set

U={ueC(0,1],R): |ul| <R+1}
Note that the operator T : U — C([0,1],R) is completely continuous. From the
choice of U, there is no u € U such that u = AT'u(t) for some A € (0,1).

Consequently, by the nonlinear alternative of Leray-Schauder type, we deduce
that T has a fixed point v € U which is a solution of (1.1) — (1.2). O

Now we will give the upper and lower solutions result.

Definition 3.5. Let z € C?[0,1], we say that z is a lower solution of the boundary
value problems (1.1) — (1.2), if

(Dg) (t) + () f (t,z(t)) 20,  t€(0,1)

1
z(0)=0, x(1) §a/ h(s)xz(s)dsA(s)+0b
0
Let y € C?[0,1], we say that y is a upper solution of the boundary value problems
(1.1) = (1.2), if
(D2y) () + o()f (ty(1) <0, te(0,1)
1
yO=0. 5 =a [ hEyEdAE b

Theorem 3.6. Assume that (Hy) holds, boundary value problems (1.1) — (1.2) has a
lower solution ug € C' and an upper solution vy € C such that up=< vg. The boundary
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value problems (1.1) — (1.2) has the mazimal lower solution u* and the minimal upper
solution v* on [ug, vo] C C, both u* and v* are positive solutions of boundary value
problems (1.1) — (1.2).
Furthermore,

0<wuy <u* <v* <wg.

Proof. The proof will be given with three steps.
Step 1. We will obtain the lower solution sequence {uy} and the upper solution se-
quence {vg}. According to Lemma 2.9 for given ug € C,

Deuy (8) + 9 (t) f (Lo (1) =0,  te(0,1)

1
up (0) =0, ul(l):a/o h(s)ug(s)dgA(s)+b

has a unique solution wu;.
Since uy is a lower solution of boundary value problems (1.1) — (1.2) then

anuO (t)+§0(t)f(tvu0 (t)) 207 le (Ov 1)

o (0) = 0, g (1) :a/o B (s) o (5) dg A () + b

Thus we can get that

an (u1 (t) — Up (t)) S 0

and
(ug —up) (0) =0, (u1 —wup) (1) > a/o h(s) (uop —uo) (s) dqA(s) > 0.
If we define u (t) — ug (t) = k(¢), we get
DGk (t) = g(t)

k(0)=0, k(1)=~
so we know that

mw:jécwwmwmﬁ+ww%

since g(t) < 0 and v > 0 we say that &k (¢t) > 0 and so uy (t) > ug (t) .
So we can get that if ug < uy than f(¢,u1) > f(t, up), from the condition (Hy).
Using this, we get

Dguy (t) = =@ (t) f (t,uo () = =@ (8) f (t,us (1))

" (0)=o,u1(1)=a/0 h(s)uo(s)qu(s)+bga/O h(s)wr (5) dy A () + b

Since
D(‘;‘ul )+ t) f(t,ur () >0, te(0,1)

1
m@%ﬂ,UMUéaéh@Mu®%A®+h

then u = uy(¢) is a lower solution of boundary value problems (1.1) — (1.2).
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Starting from the initial function uy by the following iterative scheme

Dguy (t) + ¢ (t) f (t,up—1 (1)) =0, te(0,1), k=1,2,...

up (0) =0, ur(l)= a/o h(s)ug—1(s)dqA(s)+ b, (3.4)

we can obtain the sequence {uy}, where u = uy(t) are lower solutions of boundary
value problems (1.1) — (1.2) and ug_1 < uk, so that {ug} is monotonically increasing.

Starting from the initial function vg by the following iterative scheme

Dov (8) + ¢ (1) f (bupr () =0,  t€(0,1), k=1,2,...

v (0) =0, v, (1) = a/o h(s)vg—1(s)dsA(s)+b, (3.5)

we can get the sequence {v}, where v = v (¢) are upper solutions of boundary value
problems (1.1) — (1.2) and {v;} is monotonically decreasing.

Step 2. We prove that uy < vy if up_1 vg_1, k=1,2,...
Since uk—1 < vg—1, then ug_1(t) < vg—1 (¢) and Dgug—1 (t) > Dgvg—1 (t) and from
(Hy), we have
f (t7uk71 (t)) < f (takal (t)) .
Thus, by (3.4) and (3.5), we get

DY (v (t) —ur(t)) = — ¢ () (f (t,vr—1 (1)) — f (£, un—1 (1)) <0,
Vk (0) — Uk (0) = 0,

v (1) — g (1) = a/o B (5) vk () dyA (s) a/o B (5) w1 (5) dg A (5) > 0

Similarly we can show that u; < v; in the same way as the above.
Therefore,

U S UL SU S-S S0 S X U1 X V-
Since C is a normal cone on B, the {uy} is uniformly bounded. Because H, G, ¢ and
f are continuous, we can easily get that {ug} is equicontinuous. Hence the {uy} is
relatively compact. Then there exist u* and v* such that

lim ug = v, lim Dguy = Dyu* (3.6)
k—o0 k— o0

li =" lim D%v, = DSv* .
QU= i Py = Dy (30

which imply that «* is the maximal lower solution, v* is the minimal upper solution
of boundary value problems (1.1) — (1.2) in [ug, vo] C C and u* < v*.

Step 3. We prove that u* and v* are the solution of boundary value problems (1.1) —

(1.2).
According to Lemma 2.9 and (3.4), we can get that

/ H (t,qs)p (s) f (s,up—1(s))dgs + %ﬁa_l
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From (3.6) and by the continuity of H, f and Lebesgue dominated convergence the-
orem, we have

u* (t) = /0 H (t,qs)¢ (s) f (s,u” (s))dgs + %ta‘*l,

which implies that u* is a solution of boundary value problems (1.1) — (1.2). In the
same way, we can show that v* is a solution of boundary value problems (1.1) — (1.2),
too.

Furthermore,

0 < uo(t) < u(t) < v (t) < wo (t). 0

References

[1] Agarwal, R., Certain fractional g-integrals and g-derivatives, Proc. Camb. Philos. Soc.,
66(1969), 365-370.

[2] Ahmad, B., Nietoa, J., Alsaedi, A., Al-Hutami, H., Ezistence of solutions for nonlinear
fractional q-difference integral equations with two fractional orders and monlocal four-
point boundary conditions, J. Franklin Inst., 351(2014), 2890-2909.

[3] Ahmad, B., Ntouyas, S., Alsaedi, A., Fractional order differential systems involving right
Caputo and left Riemann-Liowville fractional derivatives with nonlocal coupled condi-
tions, Bound. Value Probl., (2019), Article ID 109.

[4] Ahmad, B., Ntouyas, S.K., Purnaras, LK., Existence results for nonlocal boundary value
problems of nonlinear fractional q-difference equations. Difference equations: New trends
and applications in biology, medicine and biotechnology, Adv.Difference Equ., (2012),
article ID 140.

[5] Bai, Z., Lu, H., Positive solutions for boundary value problem of nonlinear fractional
differential equation, J. Math. Anal. Appl., 311(2005), no. 2, 495-505.

[6] Chidouh, A., Torres, D., Existence of positive solutions to a discrete fractional boundary
value problem and corresponding Lyapunov-type inequalities, Opuscula Math., 38(2018),
no. 1, 31-40.

[7] El-Shahed, M., Al-Askar, F.M., Positive solutions for boundary value problem of non-
linear fractional g-difference equation, ISRN Mathematical Analysis, (2011), Article ID
385459, 12 pages

[8] Ferreira, R.A.C., Nontrivial solutions for fractional g-difference boundary value prob-
lems, Electron. J. Qual. Theory Differ. Equ., 70(2010), 1-10.

[9] Ferreira, R.A.C., Positive solutions for a class of boundary value problems with fractional
g-differences, Comput. Math. Appl., 61(2011), no. 2, 367-373.

[10] Graef, J.R., Kong, L., Positive solutions for a class of higher order boundary value
problems with fractional q-derivatives, Appl. Math. Comput., 218(2012), 9682-9689.

[11] Guo, D., Real Variable Function and Functional Analysis, Shandong University, Jinan,
2005.

[12] Guo, L., Liu, L., Wu, Y., Ezistence of positive solutions for singular fractional differen-
tial equations with infinite-point boundary conditions, Nonlinear Anal. Model. Control,
21(5)(2016), 635-650.



590 Oykﬁln Ulke and Fatma Serap Topal

[13] Han, Z.L., Pan, Y.Y., Yang, D.W., The ezistence and nonezistence of positive solutions
to a discrete fractional boundary value problem with a parameter, Appl. Math. Lett.,
36(2014), 1-6.

[14] Jackson, F., On g-functions and a certain difference operator, Trans. R. Soc. Edinb.,
46(1908), 253-281.

[15] Jackson, F., On g-definite integrals, Pure Appl. Math. Q., 41(1910), 193-203.

[16] Kilbas, A.A., Trujillo, J.J., Differential equations of fractional order: methods, results
and problems — I, Appl. Anal., 78(2001), no. 1-2, 153-192.

[17] Kosmatov, N., Jiang, W., Resonant functional problems of fractional order, Chaos Soli-
tons Fractals, 91(2016), 573-579.

[18] Krasnoselskii, M., Positive solutions of operator equations, Noordhoff, Groningen, 1964.

[19] Li, C.F., Luo, X.N., Zhou, Y., Ezistence of positive solutions of the boundary value
problem for nonlinear fractional differential equations, Comput. Math. Appl., 59(2010),
no. 3, 1363-1375.

[20] Li, H., Zhang, J., Positive solutions for a system of fractional differential equations with
two parameters, J. Funct. Spaces, (2018), Article ID 1462505.

[21] Li, X., Han, Z., Sun, S., Ezistence of positive solutions of nonlinear fractional g-difference
equation with parameter, Adv. Difference Equ., 260(2013), 1-13.

[22] Li, X.H., Han, Z.L., Li, X.C., Boundary value problems of fractional g¢-difference
Schrodinger equations, Appl. Math. Lett., 46(2015), 100-105.

[23] Ma, K., Sun, S., Han, Z., Ezistence of solutions of boundary value problems for singular
fractional g-difference equations, J. Appl. Math. Comput., 54(2017), 23-40.

[24] Meng, Sh., Cui, Y., The extremal solution to conformable fractional differential equations
involving integral boundary condition, Mathematics, 7(2019), no. 2, Article ID 186.

[25] Meng, Sh., Cui, Y., Multiplicity results to a conformable fractional differential equations
involving integral boundary condition, Complexity, (2019), Article ID 8402347.

[26] Miao, F., Liang, S., Uniqueness of positive solutions for fractional g-difference boundary
value problems with p-Laplacian operator, Electron. J. Differential Equations, 174(2013),
1-11.

[27] Miller, K.S., Ross, B., An Introduction to the Fractional Calculus and Fractional Differ-
ential Equations, John Wiley and Sons, New York, NY, USA, 1993.

[28] Ntouyas, S.K., Tariboon, J., Sudsutad, W., Boundary value problems for Riemann-
Liouwville fractional differential inclusions with monlocal Hadamard fractional integral
conditions, Mediterr. J. Math., 13(2016), no. 3, 939-954.

[29] Rajkovié, P., Marinkovi¢, S., Stankovié, M., Fractional integrals and derivatives in g-
calculus, Appl. Anal. Discrete Math., 1(2007), no. 1, 311-323.

[30] Riaz, U., Zada, A., Ali, Z., Cui, Y., Xu, J., Analysis of coupled systems of implicit im-
pulsive fractional differential equations involving Hadamard derivatives, Adv. Difference
Equ., (2019), Article ID 226.

[31] Sun, Q., Ji, H., Cui, Y., Positive solutions for boundary value problems of fractional
differential equation with integral boundary conditions, J. Funct. Spaces, (2018), Article
1D 6461930.

[32] Sun, Q., Meng, S., Cui, Y., Ezistence results for fractional order differential equation
with nonlocal Erdelyi-Kober and generalized Riemann-Liouville type integral boundary
conditions at resonance, Adv. Difference Equ., (2018), Article ID 24.



Existence of solutions for fractional g-difference equations 591

[33] Wang, F., Cui, Y., Positive solutions for an infinite system of fractional order boundary
value problems, Adv. Difference Equ., (2019), Article ID 1609.

[34] Xu, M., Han, Zh., Positive solutions for integral boundary value problem of two-term
fractional differential equations, Bound. Value Probl., (2018), Article ID 100.

[35] Yue, Zh., Zou, Y., New uniqueness results for fractional differential equation with de-
pendence on the first order derivative, Adv. Difference Equ., (2019), Article ID 38.

[36] Zhang, S., The existence of a positive solution for a nonlinear fractional differential
equation, J. Math. Anal. Appl., 252(2000), no. 2, 804-812.

[37] Zhang, X., Liu, L., Wu, Y., Zou, Y., Ezistence and uniqueness of solutions for systems
of fractional differential equations with Riemann-Stieltjes integral boundary condition,
Adv. Difference Equ., (2018), Article ID 204.

[38] Zhang, Y., Existence results for a coupled system of nonlinear fractional multi-point
boundary value problems at resonance, J. Inequal. Appl., (2018), Article ID 198.

[39] Zhou, Y., Jiao, F., Nonlocal Cauchy problem for fractional evolution equations, Nonlinear
Anal. Real World Appl., 11(2010), no. 5, 4465-4475.

[40] Zou, Y., Positive solutions for a fractional boundary value problem with a perturbation
term, J. Funct. Spaces, (2018), Article ID 9070247.

[41] Zou, Y., He, G., The existence of solutions to integral boundary value problems of frac-
tional differential equations at resonance, J. Funct. Spaces, (2017), Article ID 2785937.

[42] Zou, Y., He, G., On the uniqueness of solutions for a class of fractional differential
equations, Appl. Math. Lett., 74(2017), 68-73.

Oykiim Ulke

National Defence University,
Air NCO Vocational HE School,
35410 Gaziemir-Izmir, Turkey
e-mail: oulke@msu.edu.tr

Fatma Serap Topal

Ege University,

Department of Mathematics,

35100 Bornova-Izmir, Turkey
e-mail: f.serap.topal@ege.edu.tr






	1. Introduction
	2. Preliminaries
	3. Main results
	. References
	Blank Page

