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Theorems regarding starlikeness and convexity

Luminita Ioana Cotirla, Olga Engel and Rébert Szasz

Abstract. Giving the sharp version of an univalence condition means to give the
final response to an open question. We prove in this paper the sharp version of a
starlikeness condition. The basic tool in our study is the convolution theory.

We present a short history of the problem before the proof of the main result.
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1. Introduction

The class A is the set of analytic functions f defined in the open unit disk
D = {z € C: |z| < 1} by the power series

f(z) =2+ Zanz".
n=2

The subset of A which contains univalent functions is denoted by S.
The class K consists of all functions f € S for which the domain f(ID) is convex in
C. We have

21"(2)

f'(z)

The class of starlike functions is defined as follows

S*={f €S : f(D)is starlike with respect to the origin}.

K:{fGA:Re<1+ )>o,zeD}.
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We have

S*={f€A:Re (Z]J:ES)) >0, z € D}.

The class of strongly starlike functions of order a, « € (0,1] is defined by

S8*(a)={feA:

arg (i{é?)’ < %, z € D}. We have SS*(a) C S™.

In [8] it is proved that
F€A Relfl(z)+2f"(2)] >0, zeD= feS* (1.1)
and in [6] this result is improved as follows

72 —6

feA  Relf'(2) +2f"(2)] > BCY )

~—-027, zeD= feS".

These two results lead to a big number of papers regarding these questions and
analogous ones. We present a few improvements in the followings.

In [6] the conjecture is stated that the biggest ¢ for which

feA Rel[f(z)+zf"(2)] >—cVzeD=feS*

is ¢ = 24=1 ~ 0.629.
This conjecture was proved in [10].
Professor P. Mocanu improved the result (1.1) in an other direction. He proved in [4]

the implication

fed Re [f'(z)+§f"(z)} >0, zeD= fe S (1.2)
In [3] Corollary 5.5j.1 it is given the following improvement of (1.2).

Theorem 1.1. If f € A and —1 < v <y =1.869..., then

1
T+~

Re [f'(z) + zf"(z)} >0, 2eD= fe S (1.3)

(ﬁ ~ 0.348).
Two improvements of (1.2) and (1.3) are given in [9] and [12].

Theorem 1.2. [9] The biggest value of ¢ for which the implication holds
feAd Re [f'(z)+§f”(z)} > ¢, 2eD= feS (1.4)
it is ¢ = 21818 ~ 0.294.

Theorem 1.3. [12] The implication holds

feA Re [f'(z)+§f"(z)} >0, 2eD= fe 8" (1.5)
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In [12] it is also proved that if Ay is the smallest positive value for which the
implication holds

feA |f'(z)+Xzf"(z)| >0, zeD= feS*
then we have Ao € (§,1).
The following improvements of (1.1) are proved in [5].

Theorem 1.4. If f € A then the implications hold:

Re [f’(z) + zf”(z)} >0, z€D= |arg ZJJ:;S) ‘ < g; (1.6)
'arg[f’(z)+zf”(z)]’ < %” €D = Re f;(';) >0, z € D; (1.7)
Re {f’(z) + gf”(z)} >0, 2eD= ‘arg (2) e D (1.8)

ol<s

2f'(z )
f(2)
In [3] it is proved the following result. (Corollary5.2d.1)

Theorem 1.5. [3] Iff € A and Re[zf"(2)] >
by F(z) =2 [ f(t)dt belongs to the class K.

arg[f'(2) +zf”(z)]‘ < %r’ z €D = Re

>0, zeD. (1.9)

%, z € D, then the function F defined

The sharp version of this theorem is the next result and it is given in [11].
Theorem 1.6. [11] If f € A and
Relzf"(z )] > -1, z €D,

then the function F defined by F(z) = 2 fo t)dt belongs to the class S*. If
Re[zf"(z)] > —¢, z € D and ¢ > 1 then there are functions f € A which verify
this inequality and F does not belong to S.

This theorem can be given in the following equivalent form.

Theorem 1.7. If F' € A is a function with the property
2
2
Re (zF”(z) + %F”’(z)) >3 7€ D, (1.10)
then F belongs to the class K.

2. Preliminaries

Our main result it is analogous to Theorem 1.7 and Theorem 1.6. In order to
prove it, we need the following lemmas.

Lemma 2.1. [7] If f € A, then f is starlike if and only if
M hT( )

z

#£0 for every z €D and T € R,
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where

T2 + =25 2 n+1+iT

1—=z 1—2z

hT(Z):H—i;):HZW
n=1

Lemma 2.2. [7] Let H(D) be the set of analytic functions in D. The class of functions
with positive real part is denoted by P and it is defined by the equality

P={feHD): f(0)=1, Ref(z) >0, 2z € D}.
Provided that g(0) =1 we have f(z)xg(z) 20, (V)z €D, (V) fePif

2", TeR,zeD.

1
Reg(z) > 3 #€ D.

3. Main result
Theorem 3.1. Let f € A. If

Rel[zf"(2) + Z;f”'(z)} > —c, z€D, (3.1)

where ¢ = then we have f € S*. The result is sharp.

1
i2mm2-1)°
Proof. The condition (3.1) is equivalent to
CJer”(Z) + %f///(z)

c

eP,
and the Herglotz representation formula gives

c—|—zf”(z) + éf///(z) B /271' 14 e ity
0

= dp(t D. 2
p T, dn(t), 2 € (3:2)

If
z)=z+ Z anz"
n=2

then (3.2) leads to

o0

_ 1 27 )
14— Zan (n = 1+2Zz"/ e "du(t),z € D
n=1 0
Thus we get
ap, = e /27T e Dtu(t), ne N, n>2
" n2n—1) J, oY T
and - ,
2" T
= 4 Y =Dt g (t). .
fe) =5+ c;n%_l)/o e u(t) (33)

According to Lemma 2.1 the condition of starlikeness can be rewritten as follows

1w [ ) £
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<1 +2Z / e~ dp(t) ) * <1+2c§:1 i fi;)l(;fl)%z”) £0.

n=1

Lemma 2.2 implies that the condition of starlikeness (3.4) holds if

n+1+4T 1
1+2 2" = D, T eR
Re< + CZ A3 n—|—1)2n )>2, (V) zeD, T €

or equivalently

1 &n(l—iD)+1+T? ,,
m > .
Re<4c+7§_1 (1+T2)(n+1)2n6 >0, (V)zeD,TeR

Our aim is to prove the equality:

1
M, T —(2ln2 -1
pdhin M(6.T) = 72— (22 —1),
TeR

where
= n(1 —iT) +1+T2 p
M(6,T) i
®, <4c Z (1+72)( 1)2n€ >

n=1

zn9 e inf e in6

1 oo
T 4c 1—&-T2 {z::

We use the integral representations

e 'LnO 7tu
t dtdu, 6 € (0,2
z:: n+1)2 // u1+t2u2—2tuc059 u,6 € (0,2m)

n=1

i e’ // Tt g 0 € (0,27)
U
— 1+t2u2—2tuc089 ’ e
and we obtain
1 1 ! cosf — tu
MO,T) = —+—-= dtd
(6,7) 4c+1+T2(/0/0 T 202 — 2tucosd ut
1,1 .
tusin @
T dtd
+ // 1+ t2u2 — 2tucosf ut

cos ) —
T2 dtdu |.
+ // 1+t2u2 —2tucos€ u)

EEDMIrE= A Vel

(3.6)
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M(0,T) can be written in the following equivalent form

1—t
MO, T) = dtd
(0,7) ¢ 1+T2//1+m du - 1+T2// 1+tu
cosf — tu
e dtd dtd
Jr1—|—T2[// u1+t2u2—2tu0089 u+/0/0 Tt
tusin 6
T dtd
+ // 1+ t2u2 — 2tucosf Y

cosf — u(l —t)
(// 1+t2u2—2tucosﬁdtd +// 14 tu dtdu)}.
1 L, T2 IS

+— <1+0059 // l—tu) dt
1—4—T2 1+ tu)(1 + t2u? — 2tucos h)
+T51n9// 1+t2u2—2tu0050dd
-|-T2 1+ cos®) // T 1—7—2112_—t;5)11c059)dtdu)'
M(0,T) = 1—/1/11_1:tudtdu
+1—|—T2 (1+ cosf) // (1+ tu) 1—7—25112_—152?ucos0)dtdu

1 u(l — tu)
—1 (1 50 t
+1—|—T2 <( +eos )AA (1+tu)(1+t2u2—2tucosﬁ)ddu

101 1,1

tu tu
T'sin dtdu + T? dtdu .
s /0/0 1+ t2U? — 2tucosf ut /0/0 1+ tu u>

A simple calculation leads to

// T udtdu+L1(9 T) + La(0,T). (3.8)
where
w(l —t)(1 — tu)

L.(6, T ——(1 0) dtd

1(0,T) = + cos // 1+ tu) (1 + t2u2 — 2tucos f) "
and

u(l — tu)
Ly(0,T) = (1 0) did
( ) = (14 cos // 1+ tw)(1 + t2u? — 2tucosf) v

T T? :
+ sm@// 1+t2u2—2tuco edtdu—&— // 1—|—tudtdu
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It is easily seen that L,(0,T) > 0, (V) 6 € (0,27) and T' € R. We will prove that
Ly(0,T) >0, (V) 0 €(0,2r) and T € R.

Ls(0,T) is a polynomial of degree two with respect to the variable T.
We have

11 u 2
A = sin?
2(0) = sin 9(// 1+t2u2—2tucosﬁdtdu>
u(l — tu) Ll
0)
1+ cos // (1 + tu)(1 + t2u? — 2tucosh) tdu/o 0

We calculate the integrals and we get

1,1 2

¢ 1-log2 _
// Y odtdu=1-""> Og // " dtdu.
0Jo 1+tu 12 0 1_t2 2

This inequality implies

1ol 2
tu
Ay (0) < sin?6 dtd
2(0) < sin (/ / 1+ t2u? — 2tu cos b u)

]. — tu) 1 1 t2u
A(1 0 dtd Y dtd
oo / / 1+ tu)(1 4 t2u? — 2tu cos 0) u/o /o 1 122 Mau

= 4L3(0) cos® 5

We have

// tusm§ it 2
1+ t2u? — 2tucosf Y

u(l — tu) Lot
dtd ———dtdu. 3.9
// (14 tu) 1+t2u2—2tuc059 U/O/O 1— 22 (3:9)

The inequality Cauchy - Schwarz implies

/ / u(l — tu) / / Y dtdu
(1 + tu) 1+t2u2 72tuc050 17752u2

( / / fu dtdu) . (3.10)
(1 + tu)v/1 + t2u? — 2tucosf

Thus in order to prove Ay(f) <0, 6 € (0,27) it is enough to show that

tusm§ Lrt tu
53 dtdu < dtdu. (3.11)
1+ t2u2 — 2tucos f 0o (1+tu)v1+ t2u2 — 2tucosf

The mequahty (3.11) holds if we show that

tu tusin 2

> 2 3.12
(1 + tu)v/1 + t2u2 — 2tucosd — 1+ t2u? — 2tucosf ( )

in case of t,u € [0,1] and 6 € (0,27). A short calculation shows that the inequality
(3.12) is equivalent to

(1+cosd)(1—1)*>0,t,u € [0,1],0 € (0,27)
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and we have proved L3(8,7) < 0 for 8 € (0,27), T € R and this is equivalent to
Ay(0) <0, 0 €(0,2m).

Thus the inequalities hold L1(0,T) > 0 L2(8,T) > 0 for § € (0,27), T € R and
Ly(7,0) = La(m,0) = 0. This implies that

inf M(6,T) // dtdu = — — (2In2 - 1). (3.13)
96(0 27) 1+tu
€R

Finally if = — (2In2-1) =0 c= m, then
M, T) >0 for every 8 € (0,27), T €R
and this implies the starlikeness of the function f. O
The integral version of the proved theorem is given in the next corollary.

Corollary 3.2. If f € A and Re(zf"(z)) > —c,z € D, where ¢ =
image function F defined by the Alexander operator

Fe) = A0e) = [ Har

belongs to the class S*.

1
m s then the

Proof. Differentiating the equality F'(z) = foz @dt three times we get

2
1
2F"(2) + %F”’(z) = 52]‘”(2), z € D. (3.14)

The conditions of the corollary and the equality (3.14) imply
2
—1
F'(z)+ = F"(z)> —— 2¢D. 1
2F"(z) + 5 (z)>4(21n2_1),z€ (3.15)
The inequality (3.15) and Theorem 3.1 show that F € S*. O

The next theorem shows that ¢ = m can not be replaced by a bigger
number in case of Theorem 3.1.

Theorem 3.3. If ¢; > m, then there are functions f € A which verify the
condition

2
2f"(2) + % () > —c1, z€D (3.16)
and are not univalent.

Proof. The condition (3.16) implies

TL

f(z )—Z+4012mdﬂ(t), zeD
=2

and it follows that

fl(z) =144 Z aniindu(t), z e D.
n=2
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The condition f'(z) # 0, z € D is a necessary condition of the univalence. On the
other hand we have

oo n 27
(2)=1+4 — [ emimtap(t) =
e =10y / u(t)

(1 +2 i o /O% e’mtdu(t)) « (1 + 261 ni; n(iil)>

n=1
Lemma 2.2 implies that f/(z) # 0,z € D if and only if

n

oo
z 1
Re[1+2 57 — D
e[ + 61n_1n(n+1):| >2,z€ R

and this is equivalent to

n

Re [H%Zn(;m} >0,z €D.

n=1

In particular from radial continuity we get
o~ (-1)"
144 — >0,
tia nzz:l nn+1) ~

or equivalently

1 1
= >

422 — 1) 4(200 <—1>H)

n=1 n(n+1)

and this contradicts the condition of the theorem ¢; > m. This contradiction

shows that there are points z* € D such that f/(z*) = 0 and consequently the function
f is not univalent. 0

4. Concluding remarks

The method of convolution leads to sharp results in case of linear starlikeness
and convexity conditions. In the presented theorems all the sharp ones are proved
by convolution. Theorem 1.4 is an example, which was proved by differential subor-
dination and we think that this method it is much useful in this case. It would be
interesting to give the sharp version of an implication from Theorem 1.4.
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