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A nonlocal Cauchy problem for nonlinear
generalized fractional integro-differential
equations

Vinod V. Kharat, Shivaji Tate and Anand Rajshekhar Reshimkar

Abstract. In this paper, we study the existence of solutions of a nonlocal Cauchy
problem for nonlinear fractional integro-differential equations involving general-
ized Katugampola fractional derivative. By using fixed point theorems, the results
are obtained in weighted space of continuous functions. In the last, results are
illustrated with suitable examples.
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1. Introduction

The idea of fractional differentiation was introduced by Riemann and Liouville
in the nineteenth century. It is the generalization of ordinary differentiation and in-
tegration to arbitrary non-integer order, for details, see [1, 2, 4, 5, 6, 15, 16] and the
references therein.

The area of fractional differential equations is now considered to be very im-
portant due to its various applications in different fields of science and technology
such as control theory, rheology, signal processing, modelling, fractals, chaotic dy-
namics, bioengineering and biomedical and so on, for example see [6, 13, 17] and the
references therein. Recently, many researchers studied the fractional differential and
integro-differential equations and obtained many interesting existence and uniqueness
results, see [3, 7, 12, 18, 20, 19, 21, 22, 23] and the references therein.
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Recently, the authors in [8] discussed the existence and stability of solution of
the initial value problem (IVP):
(Dgl2)(t) = f(t2(t), t € T := (a,T), (1.1)

("I;;Vx)(a)202,7:a+ﬂ(1—a)702 eR, (1.2)
for generalized Katugampola fractional differential equation by using Schauder fixed
point theorem and the equivalence between IVP (1.1)-(1.2) and the integral equation

(1) :% <tggag>“ + F(la)/t g0 <tg - Sg)alf(s,x(s))ds. (1.3)

In [9], using Krasnoselskii’s fixed point theorem, Schauder fixed point theorem and
Schaefer fixed point theorem, authors discussed the existence of solution of IVP with
nonlocal initial condition:

(eD3 a)(t) = f(t.2(1)), t € J = (a,T), (1.4)
(QI;—IV"E)(GA_) :anx(fj)va §’7:a+ﬁ(1_a)a gj € (avT]v (15)
j=1

where QDg‘f is the generalized Katugampola fractional derivative of order a € (0,1)

and type 8 € [0,1] and QI;J_FW is the generalized Katugampola fractional integral
with ¢ > 0. Authors also proved the equivalence between (1.4)-(1.5) and the integral
equation

o) =5y (s ) S / Y e (55 _ ) F(5,2(s)ds

j=1

fr o (tg - ) F(s,2(s))ds, (1.6)

-1

m e _ 40 v—-1
K=re)-3m, <§J ) . 17)

4

where

The above results motivate us and therefore, in this paper, we obtain the exis-
tence of solution of the following Nonlinear Generalized Fractional Integro—Differential
Equation (NGFIDE) of order o (0 < av < 1) and type 8 € [0,1]:

(QDgfx)(t) = f<t,x(t),/ h(t,s)w(s)ds), teJ:=(a,T], (1.8)

m
(°L @) (a+) =Y _miz().a <y =a+B(1—a), & € (a,T], (1.9)
j=1
where E’Dgf is the generalized Katugampola fractional derivative of order a € (0,1)
and type 8 € [0,1] and ] ;;7 is the generalized Katugampola fractional integral with
0 > 0. Function f : J x R xR — R is a given function, {; are pre—fixed points satisfy
0<a<&§ <. <& <T andny, j =1,2,...,m are real numbers.
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First, we establish an equivalent mixed-type nonlinear Volterra integral equation

K tg—ag y—1 m &5 . 59—39 a—1
0= () T [ (Jg )

J

y f(s,x(s),/: h(s,r)x(r)dr) ds
+F(1a)/: 5oL (tg_QSg)a_lf(s,x(s),/:h(s,T)x(T)dT)ds, (1.10)

K= |T() - n <§j ;a9> 7 (1.11)

for NGFIDE (1.8)-(1.9) in the weighted space of continuous functions Ci_ ,[a,T]
presented in the next section. We use the Krasnoselskii’s fixed point theorem and
Schauder fixed point theorem to prove the existence results for NGFIDE (1.8)-(1.9).

The rest of the paper is organized as follows. In Section 2, some definitions,
notations and basic results are given. We prove the equivalent integral equation in
Section 2 and the existence results are proved in Section 3. Illustrative examples are
given in the last section.

where

2. Preliminaries

Here we introduce some definitions and present preliminary results needed in
our proofs later.
Let the Euler gamma and beta functions be defined, respectively, by

oo 1
INa) = / z*le™dz, B(o,B) = / (1—z)* 2z, a >0, g>0.
0 0

It is well known that B(a, ) = I'(a)T'(8)/T(a + B) for @ > 0, § > 0, see [13].
Throughout the paper, we consider [a,T], 0 < a < T < oo being a finite interval on
R* and ¢ > 0.

Definition 2.1 ([13]). The space X?(a,T), ¢ € R, p > 1 consists of those real valued
Lebesgue measurable functions g on (a,T’) for which ||g||x» < oo, where

1/p

b

dt

lgllxr = (/ [teg(t)]” ) , p>1 and |g]|x= = esssup[t°g(t)]
a t a<t<T

In particular, when ¢ = 1/p, we see that Xf/p(a, T)=Ly(a,T).

Definition 2.2 ([14]). We denote by Cfa,T] a space of continuous functions g on (a, T
with the norm

= a t
lgllc tg[la’g]lg()l
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The weighted space C, o[a,T], 0 <~ < 1 of functions g on (a,T] is defined as

ol T] = {g (6, T] > R: <tg - ag>wg(t) e C[a,T]} (2.1)

with the norm
te — qo\"”
t
(%5 s

te — q2\”
o, = | (“5%) a0
and Cy ,la,T] = Cla,T]
Definition 2.3 ([14]). Let 6, = (t¢~'d/dt), 0 <~ < 1. Denote C3 la, T] the Banach
space of functions g which are continuously differentinble, with é,, on [a, T] upto order
(n — 1) and have the derivative d,g on (a,T] such that 6,9 € C, ,[a,T] :

Cs, [a,T] = {5596C[a,T],k:O,l,...,n—Lng6 Cyola,T)}, neN

with the norm

= max
c  t€lat]

)

n—1

n
lalleg, , = 2_ll5sallc + 1939lle, - Nollez, = > max|oze®)]-
k=0 k=0

In particular, for n = 0 we have C _[a, T] = C ,[a, T].

Definition 2.4 ([10]). Let & > 0 and f € XP(a,T), where X? is as in Definition 2.1.
The left-sided Katugampola fractional integral €I, of order « is defined as

o1, f(t) = /at 501 (tg ; 59>a_1 lf((z))ds, t>a. (2.2)

Definition 2.5 ([11]). Let « € RT\N and n = [a] + 1, where [a] is the integer part of
a. The left-sided Katugampola fractional derivative ¢Dg, is defined as

*Da S (1) = 85 (“1ai " f(5)) ()

_ <tgl(i)"/at so-1 (tg - 39>na1 F(i(i)a)ds. (2.3)

Definition 2.6 ([14]). The left-sided generalized Katugampola fractional derivative
QD;"f of order 0 < a < 1 and type 0 < 8 < 1 is defined as

(') () = (n 0, enlT 0 r) o) (2.0)

for the functions for which the right-hand side expression exists.

Lemma 2.7 ([9]). Suppose that a« > 0, 8 >0, p > 1 and o,¢c € R such that 0 > c.
Then for f € XP?(a,T), the semigroup property of Katugampola integral is valid. This
18
22,218, f(t) = 2157 £ (). (2.5)
Lemma 2.8 ([11]). Suppose that o > 0, 0 < v < 1 and f € C, ,la,T]. Then for all
te(a,T],
°D2 212, f(t) = f(b). (2.6)
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Lemma 2.9 ([11]). Suppose that o > 0, 0 < v < 1, f € C, la,T] and QI;JO‘f €
Cl ,la,T]. Then

o7l—a a 0 _ g0 a—1
erz oDz ) = 50 - i I (B2 (2.7

Lemma 2.10 ([9]). Suppose °I¢, and °Dg, are defined as in Definitions 2.4 and 2.5,
respectively. Then

te— a2\ 7" I'(o) te —qe\ ot
oy = <0,0>0,t>a, (2.8
a+< 0 ) F(O’—‘rl)( 0 ) , ax U, 0 ’ a ( )
QDa+ (tg_ag

¢ 0

Remark 2.11. For 0 < a < 1, 0 < 8 < 1, the generalized Katugampola fractional
derivative QDgf can be written in terms of Katugampola fractional derivative as

Dy = eIl Ve, = eI VDY, v =a+B(1-a),
Lemma 2.12 ([14]). Let « >0, 0< vy <1 and f € Ci_, ,[a,b]. If a >, then
oro — 1 orJcx —
(4124 f) (@) = lim (“I3,f) (t) = 0.

To discuss the existence of a solution of NGFIDE (1.8)-(1.9), we need the fol-
lowing spaces:

P a,T) = {g € Ci_y,0la,T] : QDgfg € Cl,%g[a,T]} ,0<y<1 (2.10)

a—1
) =0,0<a<l. (2.9)

1=7.0
and
Ol la, Tl ={g€Ciy,a,T]:°D), g€ Cr_y,a,T]}, 0 <y <1 (2.11)
Since 2D’ g = Qlfil_a)gDz+g, it is obvious that C}__ [a,T] C C’lo‘fy’g[a,T].
Lemma 2.13 ([9]). Let o >0, 3>0andy=a+pB—apf. Ifg€ C]_, ,[a,T], then

@ a, 11—«
e17,eD], g(t) = °I2, 2Dy g(t) = eDL Vg (1),

To prove the equivalence between NGFIDE (1.8)-(1.9) with Volterra integral
equation (1.10), we note the following lemmas.

Lemma 2.14 ([14]). Let 0 < a<1,0<g<l,v=a+B—-aB. If f: (a,T] xR =R
is a function such that f(-,x(-)) € Ci—y,la,T] for any z(-) € Ci_,,la,T], then
x(-) € C_, la,T] satisfies IVP (1.1)-(1.2) if and only if x(-) satisfies the nonlinear
Volterra integral equation. (1.3)

Lemma 2.15 ([9]). Let 0 <a<1,0< <1, y=a+B—ab. If f: (a,T] xR >R
is a function such that f(-,z(-)) € Ci_y,la, T for any x(-) € Ci_y pla,T], then x €
C_, ,la, T satisfies IVP (1.4)-(1.5) if and only if x satisfies the nonlinear Volterra
integral equation (1.6).

Using the aforementioned equivalence, we prove a new equivalent mixed-type
integral equation for NGFIDE (1.8)-(1.9).
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Lemma 2.16. Let 0 < o < 1, 0 < 8 < 1 and v = a+ 8 — af. Suppose that
f:(aT] xR xR — R is a function such that f(-,z(-),y(:)) € Ci_y,la,T] for
any z(-) € C1 o[a, T]. Function x(-) € C{_, a,T] is a solution of NGFIDE (1.8)-
(1.9) if and only if x(-) is a solution of the mized-type nonlinear Volterra integral

equation. (1.10)

Proof. First, we start with necesssary part. By appling Lemma 2.14 and Lemma 2.15,
a solution of NGFIDE (1.8)-(1.9) can be expressed as

- e ()
N / <t@) ALEUNN (hof)s,f)x(f)dﬂ o)
By putting ¢ = &; in (2.12), we obtain
ey - ) (2)
N /f (55 - > f (s5,2(5), f‘ii (f;() Dedn) g

and by multiplying both sides of (2.13) by n;, we get

ey o aed) (& e\
nx(§;) = T(y) Uz ( 0

. /fj ot <§f — sQ) f (S,ZL’(S), f; h(s,T)x(T)dT) s, (2.14)

0 [(a)

Using the initial condition of NGFIDE (1.8)-(1.9), we have
-1
- " o oo -at
e =St - LR S, (S50
j=1 =1
-1

m | & oot gf — g0 f (s,x(s),fa h(SvT)x(T)dT) s
+jzlm/a ( p ) T(a) .

which gives

Q[l Vo fjg_ag 7_1
0

; Em:m 5] ( _80>a_1f (8796(8),/: h(s,T)x(T)dT) ds, (2.15)

j—1

~—

,_J
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i.e.

(170 o+ z;K;"J/Q (fj—s )

%

X f (s,x )m(T)dT) ds, (2.16)
where K is as in (1.11). Substituting (2.16) into (2 12), we obtain the integral equation
(1.10).

Secondly, we prove the sufficient part.
Applying eyt~ + on both sides of the integral equation (1.10), we get

a—1
K te —ge\"t & €9 — s
1— 1— —
Qlaﬁw(t):na)gfaﬁ( . ) > nj/ s .
— " Ja

Jj=

< f <s,o:(s), / ) h(s,f)x(T)dT> ds
Leplovere g (s, 2(s), / (s, T)x(r)df) ds,

using Lemmas 2.7 and 2.10 , we have

. 177 B 77) m . EJQ _ g0 a—1

wo-gin [ ()
X f(:s,a:(s),/S h(s,7)x(7)d7> ds

+ QI;;ﬂ(l—a)f (t, x(t), /t h(t, s)x(s)ds) . (2.17)

Since 1 — v <1 — B(1 — a), Lemma 2.12 can be utilized and limit ¢ — a+ gives

a—1
eI a(a v KZ / (59—8‘-))

X f(s,x(s), /S h(s,7)x(7)d7> ds. (2.18)

By putting ¢ = &; in (1.10), we have

K o(€-a\" & s (e -\
x(fj):IW(]Q > ;Uj/a 591<]Q )
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1 & ot g_sga* s
+@/a 8 < 0 ) f(‘s’x(s)v/a h(sﬂ')l‘(T)dT)ds,

S o) =g 2 [ (157)

Further,

x f(s,x(s),/:h( d7> dsznj <§96L9>7 1
+§T,jr(1a>/jj o1 ('SJQ;SQ> _1f(s,x(s),/as h(s,T)x(T)dT) ds

N, R RS a71f(57x<5>vf:h(8’7)x(7)d7-)
—;m/a s ( 0 ) () -
()
X 1+K2m

Z Kin /51 <§Q_sg>a_1f <s,x(s),/:h(s,7')x(7')d7> ds.  (2.19)

=1

Equations (2.18) and (2.19), implies that
QI;;’Y.T(G+) = an:c (&) -
j=1
Applying ¢D_, to both sides of (1.10), from Lemmas 2.10 and 2.14 if follows that

epY, a(t) = DIy (t, x(t), / t h(t, s):c(s)ds), (2.20)

since « € C)_ ,[a,T], from the definition of C}__ [a,T] we have ¢Dj x €
C1_y pla, T) then eDIN = p — 5,01 PO p e 0y a0, T).

For f € Ci_y,la,T], obviously 91176(17a)f € Ci—4,la,T], then 911 Pl-a)p ¢
Cf -, Q[a T]. This means f and 911 ’8(1 O‘)f satisfy the conditions of Lemma 2.9.
Lastly, applying ILH_B(1 ) to both sides of (2.20), Lemma 2.9 helps us to obtain

in;ﬁ(l—Oé)f(a) 10 _ g B(l—a)—1
L1 —a)) ( 0 ) '
Y fa) =

*peLa(t) = f(t, o). | ht, s)x(s)ds) -

By Lemma 2.12 it is easy to see that I, ,

0D P a(t) = f(t,x(t), / h(t,s)x(s)ds).

= 0. Hence, it reduces to
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Hence, the sufficiency is proved. This completes the proof of the lemma. O

3. Existence of solutions

In this section, we state and prove the main results concerning the existence of
a solution of NGFIDE (1.8)-(1.9).

By using Krasnoselskii’s fixed point theorem we prove the first existence result
for NGFIDE (1.8)-(1.9).

Theorem 3.1. Suppose that:

(Ho1) f:(a,T) x Rx R —= R is a function such that f(-,xz(:),y(:)) € C’lﬂil,f,ga) [a,T) for
any x € C1_y pla, T] and there exists a positive constant L > 0 such that for all
z,y, T,y € R,
(b ) — F(5,9)] < Lz — 5] + |y — 7).

(Ho2) The constant

m ¢ _ g0 aty-1 o _ g\ *®
o L +ha(T=a) (55 (fj ) . (T )

I(y+a) — 0 0

<1,
where K is as in (1.11) and hp = Sup{|h(t,s)|la < s <t <T}.

Then NGFIDE (1.8)-(1.9) has at least one solution in CY__ ,[a,T] C Cf‘fhg[mT],

Proof. From Lemma 2.16 it is sufficient to prove the existence of a solution for mixed-
type integral equation (1.10). Define N : C1_, ,[a,T| = C1_+ ,la,T] by

= (555 B [ (555)

j—

y f(s,ac(s), / ’ h(s,T)l‘(T)dT)ds
+ﬁ /: 5ol (tg;Sg>a_1f(s,ac(s),/ash(s,T)x(T)dT>ds. (3.1)

Obviously, the operntor N is well defined. Set f(s) = f(s,0,0) and

_ T mo(er—ae\"TT e _gene)
Tt ral |K|]an<a ) +( ; ) 1l ..

— 0

Consider
w

B, ={z € Ci,la,T]: |zllc, ,, <7}, wherer > %

, 0 <1.
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Now, we subdivide the operator N into two operators P and @ on B, as follows:

x f (s a(s), / h(s, i)x(T)dT> ds, (3.2)

and

(Qu)(t) = F(la)/ats@—l (tg_QSg)a_lf<s,x(s),/:h(s,T)x(T)dT)ds. (3.3)

The proof is divided into several steps:
Step 1. For any x,Z € B, we prove Px + Q% € B,. For operator P, multiplying both
sides of (3.2) by ((t2 — a®) /0)' ™7, we have

(Pa) (1) <t@ga9>1 in/ <5Q_SQ> _

J:1

xf(s,x / h(s >ds

then 1
oo (“22)

= @i”ﬁ /jj 59_1(55);80>a1 f(syx(s)y/; h(s, 7)x( )dT> ds

< @énj/j 391(55;89>“1
x(‘f(s,m(s),/; h(5,7)$(7')d7') f(s,0 0)‘ 4 ‘f(s 0 0)‘)(1

<ty [ (57)
(2 (e / o(r IdT) +17))as

X(<SQ;CLQ L b (T = o) + (sggagy Vf(s)|>ds
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x(Lu+hﬂT—a»wmqvﬂ+nﬂcw)@

K m 50 a+y—1 B
F—Z w(225) T Bl x O+ hr( - el + o).

which implies

a+y—1
Px|e, . < ——— E | —
| lo e F(a 20) j=1 k 0

< (L(L+h(T = a)zllie, ., +IFlle.,.,) - (3.4)

For operator @,

(t@;a&J)” (Qu)(t) — r(la)/at ot (t@ - Sg)M <t@ ;m_))lv
! (S’z(s)’ /a h(SaT)J?(T)dT) ds, (3.5)

using the same fact that we used in the case of operator P again, we obtain

ka>a>(tQ;“9)lw

rim () ()
(s, s

X
Py

IN

This gives

L(y) (T°—a%\"
Qe < s (F5)

x (LA + by (T = a)llzlle, ., , + 1flles,.,) - (3.6)
From equations (3.4) and (3.6) for every x,Z € B, we obtain
[Pz +QZ|c,_, , <|Pzlc,_, , +QZlc,_,, <Or+wm<r

which implies that Px + Q% € B,.
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Step 2. Now we prove that operator P is a contraction mapping.
Let x,Z € B, for operator P we have,

((Px)(t) - (P:c)(t)> (té’ _ ag)1_7

Y

_ i') f:lnj /jj o1 <£JQ;SQ>(H (f (s,x(s), / h(s,T)g;(T)dT)

IN

\
k‘ﬁ-
I/~
»
|
—

o
:—/
m\m
=
»
2
8l
—~
2
Q
\1
~
~_
(o
o

IN
=
=
3
T~
A
o
[~}
L
/N
7axY
s}
| |
w
[~

) L1+ hp(T — a))|z(s) — z(s)|ds

IN

J

m a+y—1
L(1 + hy(T — a))|K|B(a, ) S £ —a® _—
et 0 1—v,0)

which is

] L+ he(T — a) |KIT()
|Pz — Palle, ., < e

no (g ma\TTT i
S Iz = 2le.,, < 8llz = allo...,,.
j=1

0

Thus, by assumption (Hps), operator P is a contraction mapping.

Step 3. Operator @ is compact and continuous.
Since f € Ci_, 0[a,T], by the definition of Ci_ ,[a,T], it is obvious that @ is con-
tinuous. By Step 1, we have

F(y) (Te=a%\"
HQx”CI—%Q < F('y+a) ( 0 )

< (L(L+hp(T = a))|zle, ., + Iflles..)

this means @ is uniformly bounded on B,.
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To prove the compactness of @, for any 0 < a < t; < to <T we have

'(Qz) (1) - (Qa) (t2)

/ o (1 ) LCEONN Horrilelin,
[ (t—) fls,2(s), J; hs, P)ar)dr) |

0 ['(a)
< 1flles .,

a—1 —1
L) |Ja 0 0

t ) a—1 y—1
a o o

< 1flle . L) <tf - a9>a+71 B <t§ _ ag>a+71
< ; = |

[(ar+7)

The right-hand side of inequality (3.7) tends to zero as to — t; either a+v < 1
or a + v > 1. Therefore, @ is equicontinuous. Hence, by Arzela-Ascoli theorem, @ is
compact on B,..

By applying Krasnoselskii’s fixed point theorem, NGFIDE (1.8)-(1.9) has at
least one solution = € Cy_, ,[a,T]. One can easily show that this solution is actually

(3.7)

in C]__ ,[a,T] by repeating the process from the proof of Lemma 2.16. Thus, we
complete the proof. O

Now, we will discuss the next existence result by using Schauder fixed point
theorem. For this, we consider the following hypothesis:

(H11) f:(a,T] xR x R — R is a function such that f(-,z(-),y(-)) € cr- a)[a T] for

1—v,0
any ¢,y € Ci_, ,[a,T], and for all z,y € R there exist L > 0 and M > 0 such

that
Lf(t 2, y)| < L(|z| + |y|) + M.

Theorem 3.2. Suppose that (Hy1) and (Hoz) hold. Then NGFIDE (1.8)-(1.9) has at

least one solution in C]__, [a,T] C C"7, la,T].

1—v,0 1v9

Proof. Let B. = {z € C1_,[a,T] : ||z|c,_,, < e} with e > Q/(1 —6) for 6 < 1,

where
M‘K| i é‘Q _ aQ + M TQ _ ag a—vy+1
(a+1) I'(a+1) 0 ’

Consider the operator N on B, defined in (3.1). We prove the theorem in the following
three steps:
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Step 1. First we prove that N (B:) C B.. By hypotheses (Hy1) and (Hpz), for any
x € C1_y,la,T] and |z|c,_, , we have

o (52)”

< (g (S
e () e

Moo [(gg—ar)” M (Te—qo\*
+F(o¢+1)zn (jg ) +F(Oé+1)< 0 ) '

Jj=1

This is |[Nz|lc,_, , < 0 +Q < e, which gives N (B.) C B..
Next we shall prove that N is completely continuous.

Step 2. N is continuous. Let x,, be a sequence such that x,, — x in B.. Then for each
€ (a,T], we have

‘ ((Nz) (zn) — (Nz)(t)) <t@ _ ag)yl

1%

<S50, [ (S55) (s f et
= 1(sate) [ nGsiatrrar )

i (tg ;> F<1a> / (tg 2 )
f(s,a;n(s), / sh(s,r)xn(r)dT) - f(s,x(s), / S h(S,T):L‘(T)dT)
“atit (S (1) ()

f('vxn('),/:h(S,T)xn(-)dT> —f(-,:r(~),/: h(s,T)x(-)dT>

S

ds

X

ds

X

b

Civ.0

this implies

HN:cn — Nx

Clw<m+a < |Zm(€g_ 9>0<+7 1+(Té’;a9)°‘>
f(-,xn(-),/:h(s,r)xnmdf) —f(-,a;(-),/: h(s,r)x(-)dr)

Thus, N is a continuous operator.

X

Cl*'v,a
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Step 3. Finally, we prove that N (B;) is relatively compact.
Since N (B) C Be, it follows that N (B.) is uniformly bounded.

By repeating the same process as in Step 3 in Theorem 3.1 , one can easily prove
that NV is equicontinuous on B..

As a < < 1 and noting (3.7), for any 0 < a < t; < to < T one has

[(Na)(t1) — (Nx)(t2)]|
_ fller o [ KIPG) (fg_aL))aJrv 1

- I'(a+7)
12 —qe\7! t —ag
S <( )-8 >+| (Qa)(t) — (Qu)(t2)]
||f||Cl 79|K|F i £Q_a9 a+y—1 tg_t;i) 1—v
- T(a+7) 1 (t — a?) (t5 — a?)

— 0,

+ I flle,_, . T(7) ‘ <t§) —a )OH"Yl B (tg _ a9>a+71
F(’Y—‘roz) 0 0

as tg — t1. Thus, Q) is equicontinuous.

Hence, N (B.) is an equicontinuous set and therefore N (B.) is relatively com-
pact. As a consequence of Steps 1 to 3 together with Arzela-Ascoli theorem, we can
conclude that N : B, — B, is completely continuous. By applying Schauder fixed
point theorem, we complete the proof. (]

4. Example

In this section, we will show the applications of our main results with two ex-
amples.

Example 4.1. Consider the nonlocal problem

(gpgf>x(t) = f(t,z(t), Hz(t)), t € (1,2], (4.1)

(Qfgjx) (14) = 22 (g) L y—a+B(1—a) (4.2)
3

Denoting o = 3, 8= % gives v = %. Let o = % > 0 and set

F(t,x(t), Ha(t)) = (tg — 1)1/16 + i (tg — 1>15/16 sin z(t) + in(tL

4 [

where
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We can see that

12 4\ 1/8 12 13 /16
(t . 1) f(t,x(t),Hx(ﬂ):(t . 1)
2 2
/ 17/16 /2 1\ /8
+1 (B e+ (55) mewecny ay)
2 2
e, f(t,a, Ha(t)) € Caysjall. 2]

Moreover,

pM»—'

(b, Ha(t)) — (1.2 Ha(1))] < (|x—x|+|Hx<> H£<t>|).

So, we have L = i hr = %
Some elementary computations gives us

@ -
|K|= || (0.875) — 2 <3> ~0.9521 < 1

N[

and

~ 0.17964219 < 1.
All the assumptions of Theorem 3.1 are satisfied with
| K| ~ 0.9521 and 0 ~ 0.17964219.
Therefore, problem (4.1)-(4.2) has at least one solution in C' /s 1/2[1,2].

Example 4.2. Consider the nonlocal problem

(mgﬁ) (t) = f(t,z(t), Hz(t)), t € (1,2], (4.4)

(91;;%) (14) = 3z (?) + 2z (g) . (4.5)

Denote a = 3, B:%andg:%>0.807:%and (51:

F(t,2(t), Ha(t)) = sin <§|J;(t)|) + %Ha:(t), te (1,2,

where

|
Ha;(t):/1 mx(s)ds.
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It is easy to see that f(t,z(t), Hx(t)) € Ci/s,1/2[1,2] and

So, we have L = %, M =0, hy = %. Moreover,

—1/8 —~1/8 -1

g\ 1/2 4N\ 1/2
8y -1 HT -1
|K|=|| I'(0.875) — | 3 <(7)1> +2 <(3)1> ~0.1973< 1
2 2
and
o I'(0.875)3(1+ 15(2 — 1))
3I(1.375)
&=\ (@
x | K| x3 (71> +2 <51> ~0.2515 < 1
2 2

With the values of |K| and 6, problem (4.4)-(4.5) satisfies all the conditions of Theo-
rem 3.2. Thus, problem (4.4)-(4.5) has at least one solution in C g 1/2[1,2].

Acknowledgements. The authors are grateful to the anonymous referees for their
valuable comments and suggestions which helped us to improve our results.
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