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A new class of Bernstein-type operators
obtained by iteration

Radu Paltanea and Mihaela Smuc

Abstract. A new class of Bernstein-type operators are obtained by applying an
iterative method of modifications starting from the Bernstein operators. These
operators have good properties of approximation of functions and of their deriva-
tives.
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1. Introduction

Bernstein operators are defined by

Balf)(@) = 3 pus(e)f (jj) (L.1)
k=0
where

Prn(z) = (Z) 2 (1 — )k, (1.2)

for f:]0,1] =R, neN, z €]0,1].

They are the source of a vast literature with a multitude of modifications and
generalizations. In this article we propose a new construction of a sequence of linear
positive operators recursively obtained by applying a modification method starting
from the Bernstein operators.
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For integers 0 < r < n consider the operator
T (f)(z) = anfr,i(x)Fr:,i(f)v f:[0,1] =R, z €[0,1], (1.3)
i=0

where the functionals F} ; are defined recursively by Fg’i(f) =f (%), 0 <¢<nand,
for r > 1:

= (1- 5 ) F+

Note that for r = 0, T; coincides with the Bernstein operator, B,. Also, the
operator T)} can be put in connection with operators T}, , defined by

Th.o = aBy, + (1 —a)Ty, for a €[0,1]

no

B} ?

Fri(f), 0<i<n—r (1.4)

n—r n—r

and introduced by Chen et alt. [1]. The Chlodovsky variant of operators T;, ., was
studied in [7].

For operators T, we study in this paper the explicit representation, the mo-
ments, estimates of the degree of approximation in terms of moduli of continuity, the
Voronoskaja-type theorem, the preservation of the convexity of higher order and the
simultaneous approximation. There exists a partial analogy between the operators 7T,
and the iteration by composition of Bernstein operators:

(Bn)" :=Bpo-0B,, (rtimes).

2. Basic identities

For p € N define the monomial function e,(t) = ¢?, ¢t € [0,1]. Let B[0, 1] be the
space of bounded functions defined on interval [0, 1], C[0, 1] be the space of continuous
functions defined on interval [0,1] and C*[0, 1], k > 1 be the space of functions with
k continuous derivatives.

Lemma 2.1. For integers 0 <r <n, 0 <i <n —r there hold:
i) Fyi(eo) =1,
i) Fr.(e) = 2

n,i

n—r’

Proof. The relations follows immediately by induction. O

Corollary 2.2. For integers 0 < r < n, and x € [0,1], the following relation are true:

i) T, (eo)(x) =1,
i) Tr(e1)(z) = x.

Proof. Corollary 2.2 follows from Lemma 2.1 using the properties of Bernstein opera-
tors. U

For a € R, and n € NU{0} denote by (a),, the Pochhammer symbol, i.e. (a)p =1
and (a), =ala+1)...(a+n—1), forn>1.
For n,r i,k e NU{0},0<r<n,0<i<n-—r, 0<k<r define

Crrik = (Z) (n—i—1)_1(i)s. (2.1)
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Lemma 2.3. For f € C[0,1], ne N, r e NU{0}, 0<r<n,0<i<n-—r, we have

N - _ i+k
Fpa(f) = o, ;)cn,m,k f < ) : (2.2)

n

Proof. We prove by mathematical induction with regards to r. For » = 0 equation
(2.2) is clear. Suppose (2.2) true for r < n — 1. Then, for 0 < ¢ < n —r — 1, and
f:00,1] = R:

) = (1 g ) Bl + e )

n—r—1 A
- S e (e et (5F)
+n_i_1 : (njr)rlé)(;)(nril)rk(i+l)k (H;‘Lk)
- m {kz_o (;)(n—r k(e —r—i—1)f (sz>
+§ (Z)(H—T—i— 1)y (i + 1)gi (W)}
+§ <k> (n—r i~ DS (*;““)} (2.3)
Since
sz:_O (,:) (n—r—i—=1)r k(D)1 f <H711+k>
IR
and

<;)+(kil> - (Tzl)’

by adding the last two sums in (2.3) one obtains

r+1 .
FP0 = o ()i Do (58
[y n

1 SS s i+k
= T 1N Cn,r+1,i .
,r+1,4.k n

(TL - Tr— 1)r+1 =0
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Remark 2.4. From Lemma 2.3 it follows that
Ty M (f)(x) = (1 —2)f(0)+af(1), f:]0,1]] >R, neN, z€0,1].

This relation, shows that the operators T, make a link between the operators B,, and
By, similarly with the link made by (B,,)", for r = 1 and the limit r» — occ.

For any n € N consider the operator
n—1 1 1
Go.(fHt) =1 -0t)f (nt) +tf (ntJr > , feCo1],te[0,1. (2.4)
Lemma 2.5. For 1 <r <n and f € C[0,1] there holds

T, (f)(x) = (T;,21 0 Gu)(f)(2), = € [0,1]. (2.5)
Proof. From relations (2.1) and (2.2) one has

F;,xf)m_lr)i(;)(nr e ()kf<l+k)

" k=0

We decompose this sum in two sums denoted U; and Us using formula

(-G

By changing the index one obtains

et B e oo (2

k=0
(n—lr),;(l::i)(nr D) (i) 1(z+k1)f(izk>
- (n_lm _(;1)01— - k<'>k<z‘+k>f(”’““)

U = (nlr)ri(;l)(”—” Dr— (D) f <Z—;k)
- Z:: (Tkl)mrz‘)r_l_k(i)k(nkz‘1>f (;’“)

1 i+k
:nf]_ nfr ch 1,r— 1114,71—]6—2—1)‘]0( )
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Then,
Fﬁ,i(f)=U1+U2
1+ k i+k+1
ch 1,r— 11k|: f( )
(n—7), — n
n—k—z—l i+ k
+ f( )}
n—1 n
But:
i+ k i+k+1 n—k—1—1 i+ k
() ()
n—1 n n—1 n
_ iJrkf nfliJrkJrl n 1,k+i f nfl.iJrk
n—1 n n—1 n n—1 n n—1
i+ k
- G ().

Then, for 0 <i<n—r,

Ff) = e ch eiaGalD) (EE8) = LGt

n—1

Finally,
TN = 3 s EL(D) = 3 pri@) L (Ga(F))
1=0 1=0
= Tp-1(Gu(f)) ().

O
Corollary 2.6. For integers 0 < r < n there exists the representation
T =By +0Gp_rt10Gn_pi20...0G,. (2.6)
3. The moments
Lemma 3.1. Forn € N, p € N there holds
p .
Gnl(er — xeq)?)(t) = Y (t — 2) dy pj(2), t,x € [0,1], (3.1)
j=0
where
dops(@) = = (P) 00— 17 (1= @) 4 21— 2]
n,p,j v \j

nP\j—1
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Proof. From the definition of G,,, grouping the terms with the same power of t — x
one obtains

_ (1x+xt)§%<§> <”n1>](tx)ﬂ(n)p_]
e (0) () oot (52)
- Tji(t ~o7[(P)a - o (-

Finally, equation (3.1) follows, because the coefficient of (¢ — x)P*! is null. O

Define the moments of order p of operators 7, by
MPITY)(z) =T, ((e1 — weg)P)(x), 0 <7 <n, p>0, z €[0,1]. (3.2)
From Lemma 2.5 and Lemma 3.1 we have the following relation of recurrence

Corollary 3.2.

MP[T7)(x) = dpp (@) M [T {)(z), 1< 7 <n, p>0, 2 €[0,1]. (3.3)
j=0
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Lemma 3.3. We have, for x € [0,1], 0 <r < n:

MO\ () = 1 (3.4)

M'T;)(z) = 0; (3.5)

ML) = n(jf_i’;i)x(l ~a) (3.6)
TL2 nr mn T2 T

MAT!(z) — nai_:fﬁ&_ti52“1*”“’2”; (3.7)

MYT(z) = 2(1—2)an,(2), with |a, ()] < C, - % (3.8)

where C,. is independent onn € N, and z € [0, 1].

Proof. Relations (3.4) and (3.5) can be obtained directly from Corollary 2.2.
For the moment M?[T](x), first note that for » = 0 and n > 1, equality (3.6) becomes
1—
a(rf) () = D),
n
which is known, from the property of Bernstein operators. For r > 1, from Corollary
3.2 and equations (3.4) and (3.5) one obtains

- n?—1 . 1-2z _
W = e - e e
z(1—2) "
+——5—=M°[T}{](x)
n?—1 . z(1—x)
I M?[T; 23] (2) + oz
Then, equation (3.6) follows by induction since
n+r+1 n?—1 n+r—1 x(1—x)
TP a1 —a) = - 1—a)+ 221
n(nfr+1)x( z) n? (nfl)(nfrJrl)x( @)+ n?

Equation (3.7) for r = 0, n € N reads M3[T%)(z) = W, which coincides
with the moment of order 3 of Bernstein operators. For r > 1, suppose that (3.7) is
true for 7 — 1 and n — 1. From relations (3.3), (3.4), (3.5), (3.6) it follows after certain
computations:

) = CE D gy 43"t - amam )
n 3nz(l—x) q;?l) — 6z + 6z MUY () + x(l—ziglex) MO ()
~ (n=12(n+2) n*4+4dnr+7r*—3n—3r+2
= = .(n—1)2(n—r+1)(n—r+2)x(17I)(172z)
n—1 n+r—1

—|—37(1—2x) (1—x)+%x(1—m)(1—2x)

n—Dn—r+1)"
n?4+4nr+3n+r2+3r+2

= 20—+ D1 1 2) (1 —x)(1—2z).
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Finally, it is known that B, ((e1 — weo)*)(z) = O (-5). Hence equation (3.8) is true
for r =0, n € N. For 1 <r < n equation (3.3) yields

n—1)3(n n—1)2%(1-22z
) = Dy 4 62 gy
n (n—1)(6(n 77134)33(1 —xz)+4) M2[TY ()
N 4(n — Dl —z)(1 — 2z) — 42 + 622 — 4o + 1M1[T;;:ﬂ(x)

n4

n x(1— x)(Swj — 3z + 1)MO[T£:H($).

n
From this relation, from (3.4), (3.5), (3.6), (3.7) and supposing that

. 1
M) = o1~ 20 (o
it follows that

1
4 rr _
MAT7(x) = z(1 —2)O (n2> .
So, relation (3.8) follows by induction. O

Lemma 3.4. For integers n,r,p, with n > r + p we have the representation

T;<ep><x>< ) Buer(e)(@) + By (2), (3.9)

where Ry, () is a polynomial with degree at most p having all the coefficients of type
(@) (%), depending on p and r.

Proof. We have

n—r

n

From this it follows that G, (ep)(t) = (”T_lt)p + P, »(t), where P, ,,(¢) is a polynomial
of degree at most p in variable ¢ and all the coefficients of P, ,(¢) are positive and of
type O (%) Then, by induction we deduce that

n—r

p
(anrJrl o anrJrQ O0---0 Gn)(ep) - ( ) + Pn,p,r(t)v

n

where ]5”7p7r(t) is a polynomial of degree at most p having all the coefficients of type
0(L).
Using formula (2.6) we obtain

p
, n—r -
T, (ep) = ( " ) anr(ep) + anr<Pn7p7r)-

Denoting R, () = By_p(Pnp.r)(z) it follows that R, ,(z) satisfies the conditions
from this lemma, because the Bernstein polynomials B,,_, preserve the degree of
polynomials of degree up to n — r. O
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4. Estimations of the degree of approximation by operators 7).

In this section we deduce estimates of order of approximation using the first order
modulus of continuity, the usual second order modulus of continuity and the second
Ditzian-Totik modulus, which are given bellow, for a generic function g € B[0, 1] and
h > 0, respectively by

wl(gah) = Sup{|g(u) —g(U)|, u,v € [07 1]’ |u_U| < h}7
wa(g,h) = sup{lg(z — p) —29(x) + g(x + p)|, x £ p € [0,1], [p| < h};
w3 (g,h) = sup{lg(z —p) —29(x) + g(x + p)|, z £ p € [0,1], |p| < hp(x)},

where p(z) = z(1 — z).

Theorem 4.1. For f € C[0,1], x € [0,1] and integers 0 < r < n the following estimates
are true:

T = F@)] < 201 (i), (41)
TN~ F@] < g (7200, (2) (42)
T~ F@)] < s (Foine (@) (43)

IN

@) - f@)] < wf (f, ,/M) , (4.4)

(n+r+1)z(1—x)
n(n—r+1)

f € CY0,1], in inequality (4.3) we suppose that \/ % < 1 and in inequality

(4.4) we suppose that ,/n&ti% < %

Proof. Inequality (4.1) follows from the general estimate of Mond [4]. For the rest
of the estimates we can apply the estimates obtained in [5] for general operators in
terms of the moments. So, inequality (4.2) follows from [5]- Cor. 2.3.2, inequality (4.3)
follows from [5]- Cor. 2.2.1, and inequality (4.4) follows from [5]- Th. 2.5.1. O

where fin r(z) = and additionally, in inequality (4.2) we suppose that

Corollary 4.2. For any f € C[0,1] and integer r > 0 there holds:
Jm 1705 - 7l =0, (45)
where || - || denotes the sup-norm.

We give now a quantitative version of the Voronovskaja theorem. For this we
use the least concave majorant of the first modulus of continuity, given for a function
f € Bla,b] and h > 0 by

sup (h*w)m(f,y;iriy*h)wl(f,z)’ 0<h<b—a

w1(f,h) =q =72k (4.6)

T#Y

wl(fa1)> h>b-—a.
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Theorem 4.3. If f € C2[0,1], » > 0 is an integer and x € [0, 1], then we have
1 (n+r+1)zx(l—2
( Ja( )'WWW

TI(f) () — flx) — + -
< a?“‘”@(~,1), (4.7)

2 nn—r+1)
n vn

where C,. > 0 is a constant independent on f, n and x.
Proof. Using the estimate given in Gonska [2]-Th. 3.2 one obtains:
1 (n+r+1)z(1—2)

L)) = fla) = 5 - o S )

1 . 2 ~ v 1 Th(ler — weol?) ()
< ETn((el — zep)”) (@)@ ( '3 T;{((ei - :1:62)2)@)> .

From the Cauchy-Schwartz inequality it results

Ti(ler — weo’) (@) _ \/Tﬁ((el — weo)t)(z)

Ti((er —weo)?)(x) = | Ti((exr — weo)?)(x)
Using Lemma 3.3 there is a constant C,., independent on n and x such that

Lo —we))(@) _ G2 G,
r _ 2 = (n+r+Dz(l—z) —
Tr((e1 — zeg)?)(x) Thi—r )

n .

From the above relations it follows that there exists a constant C‘T such that relation
(4.7) holds. O

5. Convexity of higher order. Simultaneous approximation

A function f : I — R, I interval, is named convex of order s, s > —1, or
s-convex, in the sense of T. Popoviciu [6] if for any distinct points xg, 1, ... Zs11
in I the inequality [f;zo,1,...2s41] > 0, holds, where [f;xzg,21,...2541] > 0 is
the divided difference of function f. In particular, if f is convex of order s, then
AT f(z) > 0, for any z € I, h > 0, such that = + (s + 1)h € I, where AT f(z) =
S (—1)s i (°**!) f(x + ih) is the finite difference of order s + 1 of f. So that f
is convex of order —1 iff it is positive, f is convex of order 0 iff f is increasing, f is
convex of order 1, if it is usual convex and so on. Denote by D the derivative operator,
and by D* := Do Do Do---0D, (s-times), the operator of derivative of order s. If
f € C5T1(I), then f is convex of order s if and only if D**!f(z) > 0, for all = € I.
An operator which transforms each s-convex function in a s-convex function is named
convex operator of order s.

Lemma 5.1. For f € C[0,1], and integers 0 <r <n, 0 < s <n—r we have

DTy (f) ()
_ _ n—r—s r . k
_W Z Pn—r—s,i ) Z Cn+s,r,i+s,kA‘i%f (Z —; ) . (51)

k=0
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Proof. We prove by induction with regard to s. For s = 0 it results from Lemma 2.3.
Now suppose that (5.1) is true for s and prove it for s + 1. We have

DT (f) (@)
(n—r—s+1), r "
N OS Pn—r—s,i n+s,r,i+s A5
(n—r1), Z ,($)ZC+H+J€ %f "
=0 k=0
mM—r—s+1); ~—
= (n,—r Z n—1—5)(Pnor—s—1,i—1(2) = Pn—r—s—1,i(x)) X
=0
s i+ k
X .
ch+s,r,z+s,kA71Lf< " )
k=0
(TL—T‘ 6+1n r—s—1
= o 2 prrsnala) x
- s i+k+1 " . itk

(TL*T*S n—r—s—1 r+1 Z+j
T, X e ZN ( )

1=0
X |:C7L+s,r,i+s+1,j—1 - Cn+s,r,’i+s,j]a
where Cn+ts,rits+l,—1 = 0 and Cnts,ritsr+1 = 0.

For n,r,i fixed, denote aj = Cpys.ritst+1,j—1 — Cnts,rits,y 0 < J <r+1.
In order to prove the induction step it suffices to show for 0 <i<n—r —s—1:

r4+1
S Lt ‘] s+1 itk
A A 2
Z ( ) ch+s+l ri+s+1,k f ( n ) (5 )

k=0

Then

1 .
ey s

+(ar + arg1) [As}zf <z—7|;7“> — A%f (Z_H;z_l)]

(a1 4 an o+ ) [Azf(i+1> —A1f<

n

)]...

3| .

+(C¥0 +ar+...+ Cerrl)Aif (;) .
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Using Lemma 2.3 and then Lemma 2.1-i) we have

r+1 r+1 r+1

E a; = E Cn+s,rits+1,j—1 — § Cn+s,r,i+s,j
Jj=0 j=0 j=0

r r
= E Cn+ts,rits+1,j — § Cn+s,ri+s,j
j=0 j=0

= m+s—71)F igitsr1(e0) —(n+s—7)Fp ... (eo)
= (n+s—r)y—(n+s—r),=0.

Therefore, it results

r+1 Z+j r r+1 ’L+k‘
A = AT (=) -
Fois(5)emf Sasra(2) oo

k=0 j=k+1

In order to obtain relation (5.2) it suffices to provefor 0 < k<r, 0<i<n—r—s—1
that:

r+1

E : Qj = Cpnts+1,r,i+s+1,k- (5.4)
j=h+1

Fix i. We prove relation (5.4) by descending induction with regard to k. For k = r we
have

r—+1

r .
Z Q5 = Qpi1 = Cpds,rits+l,r — (7“) (n -1- T)O(Z + s+ 1)r
j=r+1
T .
= r (Tl - T)O(Z + s+ 1)7‘ = Cn+s+1,rits+1,r-

Now, suppose that (5.4) is true for k+1, 0 < k < r—1 and prove it for k. One obtains

r+1

>
j=k+1
r+1

=t D, o

j=k+2
Ayl + Cptst1,ritstlktl

=  Cn4s,ri+s+1,k — Cn+s,ritsk+1 + Cn+s+1,ri+s+1,k+1

= (2) (n—i—r—=1), (i+s+ 1) — (k i 1) (n—i—=7)r 10+ 8)kt1

r . .
+<k n 1) nm—i—71)p—g—1(t+ 8+ 1)pt1
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r

= (st Dutn—i =i (o-i-r-n- (1 i+
+<kil>(i+s+k+1)]

_ (i+5+l)k(n—i—r)r_k_lK;{;)(n—i—7’—1)+<k:_1>(k+1)}

= () Danm i el i == 1) - )

™y, . .
= (k>(z+s+1)k(n—z—r)rk
=  Cnits+1,rits+1lk-

Then equality (5.4) is true and consequently relation (5.2) is true. 0

Theorem 5.2. Let integers m,r be such that n > r. Then operator T is convex of
order s for each integer s > —1 such that n > r + s.

Proof. If f is s-convex, then Asflf (%) >0, for0<i<n-—r—s—1. From

relation (5.1) with s + 1, instead of s it follows that (ﬁ)sJrl Tr(f)(z) >0, ie Tr(f)
is s-convex. O

With the aid of this fact we can deduce the property of simultaneous approxi-
mation of operators 7.

Theorem 5.3. For any integers 0 <r <n and 0 < s <n —r we have

lim [[(D° o T)(f) ~ D*f]| =0 (5.5)

Proof. 1t suffices to take s > 1. Let n € N sufficiently large, such that n > r + s.
Consider s-Kantorovich operator associated to the operator T, defined by

K, ,.=D%oT} ol
where I, is operator defined by
xT —t s—1
L@ = [ E g, we o1, g€ cp.1
0 (S — 1)'

for s > 1 and Iy is the identical operator. Because operator T is convex of order s —1
if follows that K? _ is a linear positive operator. Note that

(D* o T)(f) = K (D°f).

So that, in order to prove relation (5.5) it is sufficient to prove that the sequence of
operators (K}, ,.), satisfies the conditions in the theorem of Korovkin. In Knopp and
Pottinger [3]- Korollar 2.2 it is shown that the necessary and sufficient condition for
this is the following conditions

le |D%esti — (D o Ty )(esqq)|| =0, fori=0,1,2. (5.6)
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hold. From Lemma 3.4 we obtain

0o e = (

Because the sequence (B,,_,), has the property of simultaneous approximation, we
infer

n—r

s+1
> Danfr(eeri) + DSRn,s«H,Ta 1=0,1,2
n

lim
n—oo

s5+1
Dses+i - (n r) (Dq © an"“)(es+i) =0,1=0,1,2.

n

Also, from properties of polynomials R, ¢4, we obtain
lim |D°R, s+ir]| =0, 4=0,1,2. O
n—oo
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