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Strongly quasilinear parabolic systems

Farah Balaadich and Elhoussine Azroul

Abstract. Using the theory of Young measures, we prove the existence of solutions
to a strongly quasilinear parabolic system

ou
— + A(u) =
O Aw) = .
where A(u) = —divo(z,t,u,Du) + oo(z,t,u,Du), o(z,t,u,Du) and

oo(x,t,u, Du) are satisfy some conditions and f € ) (0, T Wﬁl’p/(Q;Rm)).
Mathematics Subject Classification (2010): 35K55, 35D30, 46E30.
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1. Introduction

Let n > 2 be an integer and {2 be a bounded open subset of R™. Let @ be
Q x (0,T) where T > 0 is given. In this work we are concerned with the problem of
existence of a weak solution for a class of quasilinear parabolic systems of the form

@—I—A(u) =f inQx(0,7),

5 (1.
u(z,t) =0 on o x (0,T), (1.
u(z,0) =up(x) in (1.

—_

)

2)
3)
where f € LP' (0, T; W=7 (Q; R™)), ug(x) is a given function in L2(Q; R™) and A(u) :
LP(0,T; Wy P (S R™)) — LP (0, T; W~ (Q;R™)) is a Leray-Lions operator of the
form A(u) = —divo(z,t,u, Du) + ooz, t,u, Du).

The solvability of (1.1)-(1.3) has been discussed in various papers for m = 1 and

m > 1. Brezis and Browder [11] proved the existence and uniqueness of a solution
of (1.1)-(1.3) when oy is independent of Vu. Landes and Mustonen [24, 25] provided
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structure conditions on a strongly nonlinear operator A(u), under which (1.1) has
weak solutions.

S. Demoulini [13] studied the nonlinear parabolic evolution of forward-backward
type us = V.q(Vu) on Qo = Q x RT. The author used the concept of Young mea-
sures as solutions to this kind of problems. Hungerbiihler [22] considered the problem
(1.1) with o9 = 0 and proved the existence of a weak solution under classical regu-
larity, growth, and coercivity conditions for o, but with only very mild monotonicity
assumptions for some p € (2n/(n + 2),00). See [6, 7, 15, 17] for the utilization of
Young’s measure theory in elliptic case with dual or measure-valued right hand side,
and [4, 16] for some kind of p-Laplacian systems.

Misawa [27] studied partial regularity results for evolutional p-Laplacian systems

o' — 3" Da(1Duly 26" (5, u) Dy ) = iz, Du), i =1,
a,f=1

with natural growth on the gradient. Dreyfuss and Hungerbiihler [18] investigated a
class of Navier-Stokes systems

Opu — divo(z,t,u, Du) + u.Vu = f — grad P

and obtained an existence result for a weak solution by the same theory as in [22].
Furthermore, the authors discussed the general case of the external force f.

In the setting of weighted Sobolev spaces, Aharouch et al. [2] studied the exis-
tence of weak solutions for (1.1) via pseudo-monotonicity, when m = 1. Di Nardo et
al. [14] proved the existence of a renormalized solution for

ug — diva(z, t,u, Vu) + div K (z, t,u) + H(z,t,Vu) = f —divyg,

where the data belongs to L*(Q) + L?' (0, 7; W~1#'(Q)). For more results, the reader
can see [10, 9, 12, 19].

In [5], we have investigated the problem (1.1)-(1.3) and prove the existence of
weak solutions for every f € L¥' (0,T; W~ (Q; R™)), by using the theory of Young
measures and weak monotonicity assumptions. Furthermore, we have considered the
following coercivity condition

O'(I,t, Saé) : §+ 0'0(17,t,S,§).5 > ﬂ|£‘p - dQ(I7t)a

with 3 > 0 and do € L'(Q). The purpose of this paper, is to prove the existence of
weak solutions for (1.1) by considering the coercivity condition only over o, and the
nonlinear term og(z, t,u, Du) satisfy

loo(@.t, 5, ) < b(|s]) (da(=, 1) + €[F),

oo(z,t,s,£).s >0,

with dy € L'(Q) and b: Rt — RT is a continuous and increasing function. It should
be noted here, in the above first condition, that there is no growth restriction on the
perturbation og as a function of the unknown. This makes the resolution of (1.1) more
complicate.
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This paper is organized as follows: in Section 2 we recall the definition of Young
measure and some its properties. Section 3 contains basic assumptions and the main
result, while Section 4 is devoted to the proof of the main result.

2. Necessary facts about Young measures

In [20] it is claimed that weak convergence is a basic tool of nonlinear analysis,
because it has the same compactness properties as the convergence in finite dimen-
sional spaces. Moreover, this convergence sometimes does not behave as one desire
with respect to nonlinear functionals and operators. In this situation one can use the
technics of Young measures.

Consider

CoR™) ={p e CR™): lim ¢(\) =0}
[A|—o0
Its dual is the well known signed Radon measures M(R™) with finite mass. The

duality of (M(R™), Co(R™)) is given by the following integrand
(v, ) = / e(N)dv(N), where v : Q — M(R™).

Lemma 2.1 ([20]). Let (z)r be a bounded sequence in L>°(2;R™). Then there exist
a subsequence (still denoted (zx)) and a Borel probability measure v, on R™ for a.e.
x € Q, such that for almost each p € C(R™) we have

p(zx) =" () = (va, )  weakly in L™ (;R™)
for a.e. x € QL.

Definition 2.2. The family v = {v,},cq is called Young measures associated with
(generated by) the subsequence (2 ).

In [8], it is shown that if for all R > 0
limsup|{x € QN Bgr(0) : |zx(x)| > L}} =0,

L—oo

then for any measurable Q' C Q, we have

pla) = (o)) = [l () i (@)

for every Carathéodory function ¢ : Q@ x R™ — R such that (¢(z, zk(x)))x is equiin-
tegrable.
The following lemmas are useful for us.

Lemma 2.3 ([21]). (i) If |Q| < oo and v, is the Young measure generated by the
(whole) sequence (zy), then there holds

2k — 2 in measure < Vy = 0, for a.e.x € Q.

1) If the sequence (vi) generates the Young measure 0,5, then (zp,vx) generates
€))
the Young measure vy @ Oy (y)-
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It should be noted that the above properties remain true when z; = Dwy, with
wy : © — R™ and Q can be repalced by the cylinder ). We denote by M *™ the set
of m x n matrices equipped with the inner product £ : n = Z” &ijMij-

Lemma 2.4 ([23]). Let ¢ : @ X R™ xM™*™ — R be a Carathéodory function and (wy)
be a sequence of measurable functions, where wy : Q — R™, such that wy, — w in
measure and such that Dwy generates the Young measure v(, ). Then

liminf/ gp(x,t,wk,Dwk)d:EdtZ// o(x,t,w, \)dv(z 4 (A)dxdt
Q Q Jumn

k—o00
provided that the negative part ¢~ (x,t, wg, Dwy) is equiintegrable.

We conclude this section by recalling the following lemma which describes limits
points of gradients sequences by means of the Young measures.

Lemma 2.5 ([5]). The Young measure v(yy generated by Dwy in LP(0,T; LP(S2))
satisfy the following properties:

(i) V(e is a probability measure, i.e., |[V(g o) || pum=ny = 1 for a.e. (z,t) € Q.
(ii) The weak L*-limit of Dwy, is given by (v, id).
(ili) For a.e. (z,t) € Q, (V(z,1),1d) = Dw(z,1).

3. Basic assumptions and the main result

Let @ = Q% (0,T), where  is a bounded open subset of R™ and T' > 0. Consider
the problem (1.1)-(1.3) with f € L? (0,7; W=7 (Q; R™)), p’ = p/(p — 1). To study
this problem we assume the following hypothesis.

(HO) 0 : @ xR™ xM™*™ — M™*" and ¢ : Q@ x R™ x M™*™ — R™ are Carathéodory
functions (i.e., continuous with respect to (¢, s,&) € (0,T) x R™ x M™*™ for a.e. z €
and measurable with respect to x for all (¢,s,&) € (0,7) x R™ x M™*™). Moreover,
the mapping & — oo(z,t, s,£) is linear.
(H1) There exist o > 0, d; € L' (Q) and dy € L'(Q) such that

|o(z,t,5,6)| < dia,t)+ [s]P~L +[€[P,

o(z,t,s,§) : & = algl”,
|oo(@,t,5,6)] < b(|s])(d2(x, 1) + [€]7),
oo(x,t,8,&).s >0,

where b : RT — RT is a continuous and increasing function.
(H2) o satisfies one of the following (monotonicity) conditions:

(i) for all (x,t) € Q and all u € R™, the map & — o(x,t,u,§) is a C*-function and
is monotone, i.e.,
(a(x,t,u,ﬁ) — U(z,t,u,n)) (E—n) >0 V&npeM™ .
(ii) there exists a function b : Q x R™ x M™*™ — R such that
oz, t,u,&) = (5‘b/5‘§) (z,t,u,€) := Deb(z,t,u,§),
and & — b(z,t,u,€) is convex and a C-function for all (x,t) € Q and all u € R™.
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(iii) o is strictly monotone, i.e., o is monotone and

(J(x,t,u,f) - U(x,t,u,n)) :(E—=n)=0 implies £ =r.

(iv) o is strictly p-quasimonotone, i.e.,
/ / (o(z,t,u, A) — oz, t,u, X)) + (A = N)dvg(z, t)(N)dedt > 0,
Q Mm X n

where \ = (V(@,)»id), v = {V(z.4) } (z.t)cq is any family of Young measures gen-

erated by a sequence in LP(Q) which are not a single Dirac mass.

In what follows, (.,.) denotes the duality pairing between L?(0,T; VVO1 PQ; R™))
and LP (0, T; W12 (Q; R™)), Q, = Q x (0,7) for 7 € (0, 7).

Definition 3.1. A function u € LP(0,T; W, (€ R™)) N L>=(0,T; L2(;R™)) is a
weak solution of problem (1.1)-(1.3) if og(x,t,u, Du) € L*(Q;R™), oo(z,t,u, Du)u €
LY(Q;R™) and

—/ uaidxdt+/ u<pdx|T—|-/ o(z,t,u, Du) : Dodzdt
o Ot Q 0 Q

+ / o0(z, t,u, Du)pdzdt = (f, )
Q

holds for all ¢ € LP(0,T; Wy P (Q; R™)) N L>®(Q; R™).
Our main result is the following
Theorem 3.2. Let f € LP (0,T; W12 ((;R™)) and ug € L*(Q;R™). Assume that

(HO)-(H2) are fulfilled. Then there exists a weak solution u € LP(0,T; Wy P(Q; R™))N
C(0,T; L?(;R™)) of the problem (1.1)-(1.3) in the sense of Definition 3.1.

4. Proof of the main result

We divide the proof into several steps.
Step 1 Galerkin solutions. We choose a sequence of functions

{wiiz1 € Cg° (5 R™)
orthonormal with respect to L?(Q;R™) such that U;>1V;, where

V; = span{wi, ...,w;}
is dense in H(;R™) with s large enough such as s > n/2 41, so that H§(; R™) is
continuously embedded in C*(€) (see [1]). We define W; = C*(0,T;V;). Therefore,

1 M

we have C3°(Q;R™) C szleC (@E™) Note that there exists uk C Uj>1V; such
that uf — ug in L2(Q;R™).
Definition 4.1. A function uy € Wy is called Galerkin solution of (1.1)-(1.3) if and
only if

0
ﬂvdac—l—/ a(m,t,uk,Duk):Dvdx—i—/
Q

ao(aj,t,uk,Duk).vdm:/f(t)vdm
o Ot Q Q

(4.1)
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for all v € Vj, and all t € [0, T with ug(x,0) = uf(z).

Setting
k

wrle,1) = 3 di(twi (@),

i=1
we then try to look for the coefficients d; € C1([0,T]). To do this, we define a vector
valued function yy, : [0, 7] x R*¥ — R for d = (di, ..., dx) by

(yk(t,d))i z/sza(x,t,zk:dj(t Zd )Dw;(z ) : Dw;(z)dx
k

+ /Q 0 (:r,t, 3 dj(tyw; (), zk:dj(t)ij(x)).wi(x)dx,
j=1 j=1

for ¢ = 1,..,k. Note that yi(¢,d) is continuous because o and oy are both
Carathéodory functions. Therefore, we obtain the following system of ordinary differ-
ential equations

d +yi(t,d) =F,
d(O) = Vg,

where

))Z = / fWw;dz and (vg); = / ulgwidL fori=1,..k.
Q Q

Multiplying the first equation by d(t) and using (H1) (coercivity of o and sign condi-
tion of o) one gets yi(t,d)d > 0. By virtue of the Young inequality, it yields

1d

Lol < Fwllao] < (PO + o).
Then, Gronwall’s lemma, allows to deduce that
|d(t)| <Cc(D).

Thus, we get, |d(t)—d(0)| < 2C(T). Now, let us define Ay, = max;e(o.7) |F —yr(t, d(t))|
2C(T)
A

and ¢ = min {7, }. By the Cauchy-Peano theorem (cf. [3]) we obtain a local
solution in [0, g]. Starting with the initial value g, we obtain a local solution in [g, 2q]
and so on we get a local solution dj, in C'*([0, T]). Therefore, by construction, we know
that the function ug(z,t) = Zle di; (t)w;(z), which belongs to Wy, is a Galerkin

solution for (1.1)-(1.3) satisfying

0
/ % vdx dt+/ o(x,t,ug, Duy) : Dvdzdt
QT T (4.2)
+/ ooz, t, ug, Dug). vdxdt = fodxdt,
. Q-

for all v € Wy, and all 7 € (0, T] with ug(x,0) = uf(z).
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Step 2 A priori estimates. In the sequel, C will denotes a positive constant which may
change values from line to line and which depends on the parameters of our problem.
Let ug, be a Galerkin solution of (1.1)-(1.3). Choosing uy, as test function in (4.2), we
get
3uk
Wukdxdt—i—/ o(x,t, ug, Duy) : Dugdzdt
@r T (4.3)

+ / ooz, t, ug, Dug). urdrdt = Sfupdxdt,

. Q-

for every T € (0, T]. By virtue of (H1) (coercivity condition) and Hélder’s inequality,
we can write

1
Sluk(r) 32y + /Q | Dug[Pdadt

(4.4)
1 2
< ”f”LP'(O,T;W*l‘P'(Q))||uk||Lp(07T;W01'P(Q)) + §HUO||L2(Q)’
which implies that
1
al| Dully < 1l o o 0wy 1kl Lo o, mwm 2y + §||U0||2L2(Q)-
Therefore
HukHLP((LT;WOl’T’(Q)) <C. (4.5)

By virtue of (4.4), the sequence (ug) is bounded in LP(0,T;WyP(Q;R™)) N
L>(0,T; L2(£;R™)). Since

/ |J(x,t7uk,Duk)|p/dxdt < / (dl(x,t)p/ + |ug|P + [Dug[P)dzdt < C,

T T

then
||0(x,t,uk,Duk C.

Going back to (4.3), we obtain

)HLP/(Q;M”X") s

0< / oo(x,t,ur, Dug).updzdt < C. (4.6)

T

Let N > 0 be fixed. By the condition (H1) and above inequality we can write

/ |00(a:,t, uk,Duk)|dxdt

T

:/ |ao(a:,t,uk,Duk)‘dxdt+/ |Uo(m,t,uk,Duk)‘dxdt
QrN{|uk|<N} QrN{|uk|>N}

1
§/ |Jo($,t7uk,Duk)‘dmdt+—/ ooz, t,ug, Dug). updzdt
Q-N{jur|<N} N Jq,
C
§/ b(|ukl) (ds(z, t) + |Dug|?)dzdt + —
Q-N{lux| <N} N

c
<) (2l 2@y + DUl ) + = < C. (4.7)
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Hence, the sequence og(z,t,ux, Du) is uniformly bounded in L'(Q;R™). There-
fore, for a subsequence still indexed by k and for a measurable functions
w € LP(0, T;WhP(QR™)) N L0, T; LA R™)), & € L (Q;M™*") and %, €
LY(Q;R™)

up —u  weakly in LP (0, T; WHP(Q; R™)),

up —* u  weakly in L>°(0, T; L*(Q; R™)),
o(x,t,up, Duy) = X weakly in L (Q; M™*™), (4.8)

oo(z,t, up, Duy) — Bg  weakly in L'(Q; R™),

)-

ur — u  strongly in L'(Q; R™
The last property in (4.8) comes from the fact that,

Guk

rr = f+divo(x,t, ug, Duy) — oo(x, t, up, Duy)

is bounded in LP (0, T; W12 (Q; R™)) + L1 (Q; R™).

Lemma 4.2. The sequence (uy) constructed above satisfy ux(.,T) — wu(.,T) in
L2(Q;R™) and u(.,0) = ug(.).

Proof. Since (uy) is bounded in L>(0,T; L?(£;R™)), up to a subsequence, we have
up(,T) = z in L*(Q;R™) as k — oo.

Let us denote u(.,T") as u(T") and u(.,0) as u(0) (for simplicity).
Let v € V; N L>®(Q;R™), j < k and ¢ € C°°([0,T]), then we have (take 7 =T)

/ Ok sl dt+/ o(x,t,up, Duy,) : Duipdzdt
Q Ot Q
—|—/ oo(x,t, ug, Dug).vipdadt = / fudzdt.
Q Q
The integration of the first term allows to write
/ ug(T)Y(T)vdx — / ug(0)(0)vdx +/ o(x,t, ug, Dug) : Dvipdadt
Q Q Q
+/ ooz, t, u, Duy).vpdzdt = / fodxdt —|—/ upvy ddt.
Q Q Q
By virtue to (4.8), we obtain in passing to the limit as k — oo

/dez(T)vdx/Quow(())vda:qL/QE:DvwdxdtJr/QEo.m/)dxdt

:/ fm/)dxdt—l—/ uvy)’ dadt.
Q Q
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Let ¢(T) = ¢(0) = 0, then

/E:Dm/)dxdi—k/ Eo.m/)d:ﬁdtz/ fmﬁda:dt—k/ uvpdzdt
Q Q Q Q

= / fopdxdt — / ' vipdxdt.
Q Q
Going back to (4.9), one has

/sz(T)vdx/Quow(O)vd:c/Qu/vwd:ndtJr/Qum//dxdt
_ /Q w(T)(T)vds — / w(0)(0)vdz.

Q

Now, tending j to oo, if we take ¥(T') = 0 and ¥(0) = 1, then we obtain u(0) = uy,
if we take ¥(T) = 1 and ¥(0) = 0, then u(T) = z. Therefore ug(.,T) — u(.,T) in
L2(;R™). O

Step 3 div-curl inequality. As stated in the introduction we will use the tool of
Young measures to pass to the limit. To this purpose, since (u) is bounded in
Lr(0,T; VV&”’(Q;]R"”))7 there exists a Young measure v, ;) generated by Duy in
LP(0,T; LP(R2)), by Lemma 2.1. Moreover, v(, ;) satisfy the properties of Lemma 2.5.

The crucial point in the proof of this Section is the following lemma, namely div-
curl inequality, which allows the passage to the limit in the approximating equations.

Lemma 4.3. Assume that (H0)-(H2) hold. Then the Young measure v(y ) generated
by Duy, satisfies
/ / (a(m,t, U, A) — U(x,t,u,Du)) : (A = Du)dv(y 4y (N)dzdt < 0.
MmXn

Proof. Let us consider the sequence
I = (U(I,t,uk,Duk) — J(x,t,u,Du)) : (Duy, — Du),

and let us prove that its negative part I, is equiintegrable on (). To do this, we write
I” in the form

I, = o(x, t,up, Dug) : (Dup — Du) — o(x,t,u, Du) : (Dug, — Du)
=: I 1 + Ig2.

Since d; € L¥' (Q), it follows by (H1) that

/ | T t,u,Du)’p/dzdt <C.

Thus, o(.,.,u, Du) € LP (Q;M™ ™) for arbitrary u € LP(0,T; W, " (€ R™)), and
Lemma 2.5 allows to write

liminf | Iy odvdt = / o(z,t,u, Du) : ( / Adv(y ) (N) — Du)dxdt = 0. (4.10)
Q Q M xn

k—o0
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Let @' be a measurable subset of @, by the Hélder inequality and (H1) it follows that

‘a(m,t,uk,Duk) : Du‘dxdt

Q/
, N 1
< (/ o (2, t, uk, Dug)|” dmdt)p (/ \Du|pdxdt)p
< (/ ]dl(x,t)| + JugP + |Duk|p)dxdt / \Du|dedt)
Ql

The first integral on the right hand side of the above inequality is uniformly bounded,
by the boundedness of (ug)x. The second integral is arbitrary small if the measure of
Q' is chosen small enough. Hence, (O’(.T, t, ug, Dug) : Du) is equiintegrable. A similar
argument gives the equiintegrability of (o(x, t,ug, Dug) : Duk). Therefore Iy 1 is
equiintegrable, and by virtue of Lemma 2.4

k—o0

I:= hminf/ Iy dzdt > / / (w,t,u, \) : (A = Du)dv(g 4 (N)dxdt.
M’VTLX’VL
To deduce the needed inequality, it is sufficient to show that I < 0. We have

0
/ ﬂukdmdt—i—/ o(x,t, up, Duy) : Dugdzdt
Q Ot Q

—|—/ ao(x,t,uk,Duk).ukdIdtz/ Sfurdzdt,
Q Q
then

I= 1iminf/ o(z,t,ug, Dug) : (Dup — Du)dxdt
Q

k—o0

k—o0

—hmmf(/ o(x,t,ug, Duyg) : Dukdacdt—/ o(x,t, ug, Dug) : Dudxdt)
@ (4.11)
—hmlnf /fukdxdt /a—ukdxdt—/Uo(m,t,uk7Duk).ukdxdt
Q
—/ o(x,t, ug, Duyg) : Duda:dt).
Q

Remark first that fQ f(ur —u)dzdt tends to zero as k tends to co. By Lemma 4.2 we
have

llue (-, 0) [ 2() = llu(,0)||L2) and  [lu(., T)|120) < likfgg.}ﬂwk(wT)HL?(Q)v

which imply

(9’U,k

. 1
hmlnf(— /Q Wukdmdt) f||u(.,0)||%2(9) - §||u(.,T)H%2(Q).

k—o0
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Now, take 1 € C1(0,T;V;) N L=(Q; R™), j < k, we have
Buk wd dt—|—/ o(x,t,ug, Duyg) : Dwdxdt—k/ ooz, tug, Dug).pdadt
Q Q Q

= /Q Fpdzdt.

The first integral (after integration) is equal to

¢
/Quk(.,T)d)(.,T)dx/Quk(.,())d)(.,O)d:c/Qukatdxdt.

By tending & to infinity, one has

/Qu(.,T)w(T)dx—/ dx—/ u—dmdt
+ /Q S Dydadt + / S bdadt — /Q Fopdadt.

Passing j to oo, it result for all v € C1(0,T;C*(Q)) that

/Qu(.,T)w(T)dac—/ dx—/ u—d:cdt
+ /Q S : Dypdadt + /Q So.pdadt = /Q frpdzdt,

ie.,

— u—wd:cdtJr / S : Dopdadt + / Yo bdadt = / fabdzdt,
ot Q Q Q

for all ¢ € C§° (Q) C CH0,T;C5°(Q; R™)). Consequently
Ou .
a—leEJrEo = f.

Hence, for u € LP(0, T} W&’p(Q;Rm)) N L>(Q;R™)
—/ Y Dudxdt — / Yo-udrdt = —/ fudxdt —|—/ u@daxdt.
Q Q Q Q@ Ot

Gathering the above results in the Eq. (4.11), it result that I < 0. O

Step 4 Passage to the limit. The passage to the limit will be concern the four cases
listed in assumption (H2). Remark first that from Lemma 4.3 and monotonicity of
the function o, it follows that

/ / (0(:10, t,u,\) — o(x,t,u, Du)) t (A= Du)dv(y (N @ dr @ dt =0
MmXn

implies
(a(a:,t,u, A) —o(x,t, u,Du)) :(A=Du) =0 on supp V() (4.12)

Now, we have all ingredients to pass to the limit in the approximating equations.
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Case (i): Let V denotes the derivative of o with respect to its last variable. We prove
that

o(x,t,u,\) : € =o(x,t,u, Du) : £ + (Vo(a:,t,u, Du)f) : (Du— M)

holds on supp v, ), for all § € M™*". Let 7 € R, from the monotonicity of o we infer
that

(o(z,t,u,A) — oz, t,u, Du+ 7€) : (A — Du— 7€) > 0.
The above inequality together with (4.12) imply
—o(z,t,u,\) 1 7
> —o(z,t,u,N\) : (A —Du) +o(x,t,u, Du+ 7€) : (A — Du — 78)
= —o(x,t,u,Du) : (A — Du) + o(z,t,u, Du+ 7€) : (A — Du — 78).
Since o(z,t,u, Du+ 7€) = o(x,t,u, Du) + Vo (z,t,u, Du)TE + o(T), we get
—o(z,t,u,\) : 7€ > T((Vo(a:,t, u,Du)){ : (A= Du) — o(z,t,u, Du) : §>.
The choice of 7 to be arbitrary in R implies the needed equality
o(z,t,u,A): & =o(x,t,u, Du) : £ + (Va(x,t, u,Du)ﬁ) : (Du — \).

Using the equiintegrability of o(z,t, uy, Dug) and above equality to deduce that its
weak L'-limit is

i ;:/ o(x,t,u, N)dvig ¢)(A)
M"'LX"’L
= / o(x,t,u, N)dv g 4 (N)
SUPD V(x,¢)
— / o(z,t,u, Du) + (Vo(z,t,u, Du)) : (Du — )‘))dV(ac,t)(A)
SUPD V(1)

= o(z,t,u, Du)/ dv(z,)(A)

SUpp V(g ,t)

=:1

+ (Vo(z, t,u, Du))’ / (Du — N)dv(z 1) (A)

SUPD V(1)

=0
= o(z,t,u, Du).

We have o(z,t, ug, Dug) is bounded in Lp,(Q;MmX") reflexive, then o(z,t, uy, Dug)
is weakly convergent in L?’ (Q; M™*™) and its weak LP'limit is also o(x,t,u, Du).
Case (ii): In this case we prove that, if A € supp v, ) then

b(z,t,u, \) = bz, t,u, Du) + o(x,t,u, Du) : (A — Du).
Suppose that A\ € supp v(, ), from (4.12) it follows for 7 € [0, 1]
(1—7)(o(z,t,u, Du) — o(z,t,u,A)) : (Du—A) =0.
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The above expression together with monotonicity of o allow to write

0<(1-7) (0(3:, t,u, Du+71(\ — Du)) — o(,t,u, )\)) s (Du— M)
(4.13)
=(1-71) (U(x,t, u, Du+ 7(A — Du)) — o(,t,u, Du)) : (Du — \).

Since o is monotone, we have
(J(x,tu, Du+ 7(\ — Du)) — o(z, t,u, Du)) :T(A=Du) >0
which implies since 7 € [0, 1]
(o—(:@ t,u, Du+ 7(A — Du)) — o(x, t,u, Du)) (1 —7)(\— Du) > 0.
From this inequality and (4.13) we can infer that
(a(az,t,u, Du+ 7(\ — Du)) — o(z,t,u, Du)) :(A=Du)=0 Vrel0,1],

ie.,
o(z,t,u, Du+7(A— Du)) : (A = Du) = o(x,t,u, Du) : (A — Du).
We know that (by hypothesis)

o(x,t,u, Du+7(X\— Du)) : (A= Du) = ?(m,t, u, Du+ 7(A — Du)) : (A — Du)
T

for 7 € [0,1]. By integration of the above equation over [0, 1], it follows that

b(x,t,u,\) = b(z,t,u, Du) + /1 o(z,t,u, Du+71(A— Du)) : (A — Du)dr
= b(z,t,u, Du) + U(Z:C,t,u, Du) : (A= Du)
as we desired. Let us denotes
Ky = {Ae M™": b(z,t,u,\) = b(z,t,u, Du) + o(z,t,u, Du) : (A — Du)}.
From the above results, A € K, 4). Since b is convex, we can write
b(x,t,u, N) > b(x,t,u, Du) + o(x,t,u, Du) : (A — Du).
=:B1(\) =:Bs ()
Since A — B1()) is C'-function, then for £ € M™*™ and 7 € R
BiA+78) = Bi(A) | Ba(A+ 7€) — Ba(A)

for 7 >0,
T T
B - B B - B
1(A+78) — Bi(\) < 2A+78) = Bo(N)
T T
Consequently DyB; = D) Bs, i.e.,
o(x,t,u,\) = o(x,t,u, Du) on supp iy C K- (4.14)

Consdier the function g(z,t,s,A) = |o(x,t,8,A) —7(z,t)|. Then g is a Carathéodoroy
function by that of o. Moreover, since o(x,t,ug, Duy) is equiintegrable, thus
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gr(z,t) == g(z,t,ux, Duy) is also equiintegrable, hence g, — 7 in L*(Q) (in fact,
this convergence is strong since g > 0), where

g(ﬂf, t) = / ‘0’(33, t,s, )‘) - E(l‘v t) ’déu(z,t) (S) ® dy(a:,t)(/\)
R”". XM””.X”L
= / |a(gc,t,u7 A) — E(aat){du(zyt)()\)
MmXxXn
= / ’U(x,t,w A) —o(z,t,u, Du)‘dz/(z’t)()\) =0
SUPP V(x,¢)

by (4.14).
Case (iii): On the one hand, by Eq. (4.12) we deduce that v(y ) = dpy(as) for a.e.
(z,t) € Q. By virtue of the first property in Lemma 2.3, one gets

Duy, — Du in measure as k — oo.

On the other hand, since (ug) is bounded in L?(0, T} VVOL”(Q;R””L))7 up to a subse-
quence, uy — u in measure. Therefore (for a subsequence) uy — w and Duy — Du
almost everywhere for k — co. The continuity of the function ¢ implies

o(x,t,ug, Dug) — o(z,t,u, Du) almost everywhere as k — oc.

The Vitali convergence theorem implies o (x, t, uy, Dug) — o(x,t,u, Du) in L'(Q), by
the boundedness and equiintegrability of o(z, ¢, ug, Dug).

Case (iv): Assume that v(, ;) is not a Dirac measure on a set (z,t) € Q" of positive
measure. We have A = (v, 4),id) = Du(z, t), thus

/ / oz, t,u,\) (A —X)du(m7t)()\)dxdt
Q M‘an

:/ / o(x, t,u,\) AdV (5 4)(A)dxdt

Q M’NLX’!L

7// oz, t,u, A) : Ady(g 4 (N)dzdt
Q Mm xXn

:/ o (z,t,u, ) : (/ )\dy(z’t)(k))dmdt
Q men

—/ o(x,t,u,\) X(/ dl/(w,t)()\))dxdt
Q Mm Xn
=0.

It follows by the strict p-quasimonotonicity of o that

// o(x,t,u, \) JAdy(g 4y (N)dxdt
Q M’VTLX’H.
>/ / o(x,t,u,\) :Xdy(m,t)()\)dxdt.
Q Mm X n
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By virtue of Lemma 4.3 (i.e., I < 0), it result that
/ / o(x,t,u, \) JAdv(g 4y (N)dzdt
Q M‘NLX‘VL
>/ / oz, t,u, A) : Ady(g 4 (N)dodt
Q MmXn

2/ / oz, t,u, N) : Xy 4)(A)dadt,
Q MmXn

and this is a contradiction. Hence v, ;) is a Dirac measure, i.e., v, ) = Op(s1) for a.e.
(z,t) € Q, thus

h(:L',t) = / Addh(m) ()\) = / )‘dl/(x,t)(/\) = Du(x,t).
MT’YIXTL MMXTL

Thus v(z4) = Opu(a,r)- Owing to Lemma 2.3, we get Duy, — Du in measure. The
remainder of the proof of this case is similar to that in Case (iii).

To complete the proof of the main result, it remains to pass to the limit on the
nonlinearity term og(x, t, ug, Dug). From the convergence in measure of uy to u and
of Duy to Du, it then follows by the continuity of g, that

ooz, t,ug, Dug) — oo(x,t,u, Du) almost everywhere in @,

(for a subsequence). Let @ be a subset of @ and let N > 0. We can write

/ loo(z, t,ug, Dug)|dzx

= / |00(x,t,uk,Duk)|dxdt+/ loo(x, t, ug, Dug)|dzdt.
Q'N{Jur|<N} Q' {Jur|>N}

By the third condition in (H1) together with (4.6), we obtain

/ |O-0(‘r7t7uk;Duk)|d$dt
Q/

< b(N)/ do(z, t)dxdt + b(N)/ | Duy|Pdzdt + % <k,

for some € > 0. Applying Vitali’s theorem, we obtain
oo(x,t, up, Dug) — og(x,t,u, Du) strongly in L'(Q).

In addition, by Fatou’s Lemma, we get oq(x,t,u, Du)u € L(Q).
Now, since g is linear with respect to its last variable, then

00($7tauk7 DUk) - <V(m,t)700(x7t7u7 >>

= / Jo(xgt7u7)\)dy(zvt) (>\)
Man

oo(x, t, u, .)0/ AdV (1) (N)
Man

== Uo(mytau’a DU),

in L1(Q), by the equiintegrability of oy.
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Taking € C'(0, 75 V;) N L=(Q;R™), j < k
/ Gu pdxdt +/ o(x,t, ug, Duy) : Dodxdt +/ oo(x, t,ug, Dug).pdxdt
Q

Q
= / fodzdt.
Q

By integrating the first term and letting j — oo, it follows from the above results,
that for ¢ € CH(0,T;C5°(22)) N L>=(Q; R™)

/uﬁdxdt—l—/ ucpdx|§—|—/ o(x,t,u, Du) : Dodzdt
Q Q
+/ ao(x,t,u,Du).gadJ:dtz/ fdxzdt
Q Q

as k — oo. Hence u € LP(0,T; WyP (; R™)) N L>°(0, T; L2(Q; R™)) is in fact a weak
solution for (1.1)-(1.3).
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