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Multisymplectic connections on supermanifolds
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Abstract. In this paper we show that on any multisymplectic supermanifold there
exist a connection compatible to the multisymplectic form.
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1. Introduction

Multisymplectic structures in field theory play a role similar to that of sym-

plectic structures in classical mechanics. In the other hand supergeometry plays an
important role in physics. In [2] and [3], the authors studied geometry of symplectic
connections and in [1], the author studied symplectic connections on supermanifold.
In this paper we study multisymplectic connections on supermanifolds.
A supermanifold M of dimension n|m is a pair (M, On), where M is a Hausdorff
topological space and O, is a sheaf of commutative superalgebras with unity over
R locally isomorphic to R™" = (R™, Opn @ Ay pm), where Ogn is the sheaf of
smooth functions on R™ and A, .= is the grassmann superalgebra of m generators
(for more details see [5]).

If M is a supermanifold of dimension n|m, we define the tangent sheaf as follows,

Tm(U) = Der(Om(U)),

the Oaq(U)-supermodule of derivations of Oaq(U). Taq is locally free of dimension
n|m. The sections of Ty, are called vector fields.

Definition 1.1. If £ be a locally free sheaf of Oaq-supermodules on M, a connection
on & is a morphism V : Ty Qr & — € of sheaves of supermodules over R such that

Vixv = fVxv, Vxfv=(Xf)+ (D)X fVxv and Vxv =7+ X,

for all homogeneous function f, vector fields X and section v of . (In the case & = Ty
we speak of a connection on M ).
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We define the torsion of a connection V on Trq by
T(X,Y)=VyY — (-1)XYVy X — [X,Y].
Definition 1.2. A graded Riemannian metric on supermanifold M is a graded-
symmetric non-degenerate O nq-linear morphism of sheaves
G:Tm@Tm — O

A supermanifold equipped with graded Riemannian metric is called a Riemannian
supermanifold. If M is a Riemannian supermanifold with Riemannian metric g, we
call a connection V metric if Vg = 0.

On a suppermanifold M with a Riemannian metric g, there exist a unique torsion
free and metric connection V°, which will be called the Levi-Civita connection of the
metric(see [4]).

2. Multisymplectic connections on supermanifolds

Let us consider a multisymplectic supermanifold of degree k (M,w), i.e. a su-
permanifold M with a closed non-degenerate graded differential k-form w.

Definition 2.1. A multisymplectic connection on M is a connection for which:
i) The torsion tensor vanishes, i.e.

ViV — (-1)XYVy X = [X,V].
it) It is compatible to the multisymplectic form, i.e. Vw = 0.

To prove the existence of such a connection, take V° to be the Levi-Civita
connection associated to a metric g on M. Consider tensor N on M defined by

VY w(Y1, Ya, .., Vi) = (—1)*°w(N(Yy, Y1), Ya, ..., Ya).
We shall proof some properties of N.

Lemma 2.2. We have o
Z) LU(N(}/O, Y1)7 Y27 ceay Yk) = —(—1)Y1Y2w(N(Y9\l¥2), Yl, veey Yk),
i) W(N (Yo, Y1), Ya, oo, Vi) 4+ S (= 1) 20 WYig(N(Y;, Yp), Ya, oon, Vi, ooy Vi) = 0,
where the hats indicate omitted arguments.
Proof. We first prove (i)
W(N (Yo, Y1), Ya, .0, Vi) = (1)WY, w(Y1, Vs, ..., Yi)
— —(—)VERYY (Y, Vi, ..., V)
= (1) 2w (N (Yo, Ya), Vi, .., Yi).

For proof (ii) we know dw = 0 so

k: >3 ~ v A~
0= dw (Yo, Y1, ..., Yi) = Y (1) L0 WY (0(Y, ..., Vi, o, Vi)
1=0
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+ > (1)< Y w(Yy, o, Vi, [V, V5] Yigas o Yy o V)
i<J
k ~ P
= 3 () I DY (@Yo, o Vi Vi)
=0

+Z(_1)j+2i<p<j g}JJS};W(}/(M "'7}/;—17vgfiy} - (_1)}7~V }/;51/7,-‘1-17 71} ) "'aYk:)
i<j
k . ~ —
= (1) )Y (w(Yy, . Y Ya))
1=0

+Z ]+Ez<1)<j YJ'YPW(YO, ---71/72—1; V%ijyi-&-la ) Y}a HaS) Yk))

1<J
=Y (1)< Y (Y, o, Yiny, VY Y5 Y, e, Yy o V)
1<J

k
:Z( 1)@+, ')Y;(w(Yo,...,Y;,...,Yk))
1=0

+Z -7+Z'L<p<JY IJW()/O,... i— 1?VY +1’...,YAj,...,Yk)

1<J
_Z(_ Z+ZJ<F< (Y()a"‘7Y}717V(})Q}/}7}/}+1,"‘7Yi7"'7Yk)
j<i
k . >4 ~ by A~
=Y (-1 )Y (w(Yy, .o, Vi, e, Ya))
=0
_Z Z+Zz<p<]y p(JJ(}/(],... Y, 1,Y .. Y} 17VY +1,...,Yk)
1<j
_Z(_ l+zj<p< (YO,"'7}/jflav(1)/i}/j,1/j+la“'7}}ia"'aYk?)
j<i

k >3 ~ v A
=Y (= 1) Y (Vi (w (Y, Yy o, V)

0
=3 (=¥ i@+, < Vo) w(Yo, e, Y1, V.Y, 0, Vi, o, Vi)

k V. -y Y A~
=3 ()TN (Y, o, Vi, e Vi)
= (—1)YVY w(Yr, ..., Yi)

(1), YT (Y, oo, Vi oo, Vi)

+
-

= w(N(Yo, Y1), Y2, ..., i) 4+ BF_, (= 1)+ e WYy (N(Y;, Y0), 11, .., Vi, oo, Yi). O
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Now we show that on any multisymplectic supermanifold there exist a connection
compatible to the multisymplectic form.

Theorem 2.3. Let (M, w) be a multisymplectic supermanifold. Then on M there is at
least a multisymplectic connection.

Proof. We define now a new connection V as follows

VxY = V%Y + LN(X Y)+ (D7
k+1 k+1

It is easy to show that V is a torsion free connection. We show that the connection
is compatible with the multisymplectic form w, i.e. Vw = 0. We have

Vy,w(Y, ..., Yi) = Yo(w(Y1, ..., Yi))

N(Y, X).

k
()P EFE (Y, L Yiny, VY, Vi, o, )
=1
k
= Yy (w(Y7, .. Z Yo(w+2p<1 Yy) (yl,._.,yiiljvg/oy
1=1
ARV y>+ﬂm Vo) Yiers o Vi)
k+1 0,44 k+1 iy L0)y Lit1ly--s Lk
k
:)/O(W(thyk))_Z( 1)YO(W+Zl<p<z ) (Y17... i— 1,V +1,...7Yk)
=1
1 k
_mz< )YO(W+21<1)<Z ) (Yla -35/;717N(YOa}/i)ai/iJrla-“aYk:)
=1
1 k
—mZ( 1)CH s (Y, o, Vi, N(Yi, Yo), Yigts o Yi)
=1
= Vy,w(¥1, ..., Yx)
k
1 i—1 Yoit Vi Sy Yy ’
_kJrlg(_l)z <_1)0 Spei W(N(YEJ7Y;)7Y17“"Y;’“7YI€>

k
1 A G o .
- Z(*l)lil(*l)yow-‘ryi 20§p<i YPW(N(Kv YO)? Yla R }fh AR Yk)

k+1 4
_ i .
= (=1)Yo%W(N(Yy, Y1), Ya, ,Y)A—E;j(fU“WwUVO@Jﬁ%Y%“qu
k
1 i+Yo@+Y; Y,
+k +1 Z( 1) ’ osp<s (N(YU YO) Y17 7Y7 aYk)
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k ~ P
+ D (1) R (N (Y5, Yp), Vi, Vi, o, Vi) = 0. O
=1

Let now V be a multisymplectic connection and V/XY =VxY+S(X,Y), where
S is a tensor field on M. We have

Theorem 2.4. V' is a multisymplelectic connection if and only if S is supersymmetric
and —
Z(_l)zp<i Yopr(}/l’ EE) }/i—la S(}/Oa }/l)v 5/;-&-17 (X3} Yk) =0.
Proof. If we want V' to be torsion free then
VyX +S(X,Y) — (—1)XVVy X — (~1)XV S(Y, X) = [X, Y]

So S(X,Y) = —(—1))~“~/S(Y7 X). If V' be compatible to the multisymplectic form w.
We have )
0= VYOW(Yla ceey Yk) = Yo(OJ(Yh ceny Yk))

=) ()R Y y(Yy, L, Y, Vi, Vi, Yiga, - Vi)

Ty (Yo Vi) — (=) (S5 (1) OVria(Va, o Vi, (Yo, Yi), Vit o Vi)
So —
Z(_1)2p<i YOYPW(Ylu () }/;',1, S(}/ba }/;)7 3/1;+1; L) Yk) = 0. O

i
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