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Lines in the three-dimensional
Bolyai-Lobachevskian hyperbolic geometry

Zoltan Gabos and Agnes Mester

Abstract. The purpose of this paper is to describe the geodesics of the three-
dimensional Bolyai-Lobachevskian hyperbolic space. We also determine the equa-
tion of the orthogonal surfaces and the scalar curvature of the surfaces of revo-
lution. The metric applied is the Lobachevskian metric extended into three di-
mensions. During the analysis we use Cartesian and cylindrical coordinates. This
article is a continuation of the paper [4].
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1. General context

In the literature exists several models for hyperbolic geometry, see [1]-[10]. The
aim of this paper is to present a three dimensional model using [8] to describe some
classical and new properties.

We consider the following metric

ds®> = cosh® % (cosh2 %dmz + dy2) +dz?, (1.1)
where k is the parameter of the three-dimensional hyperbolic space, and x, y, z are
the Cartesian coordinates of any P(x,y, z) point. The usage of Cartesian coordinates
is justified by the existence of such hyperbolic lines which can also be considered
Euclidean lines. These lines include the coordinate axes illustrated in figure 1. Note
that the z-value can only be determined by axis Ox. Figure 1 also represents how the
coordinates of any P(x,y,z) point are determined: x = OP», y = Pi P>, z = PP;.

From metric (1.1) we can obtain two possible symmetry operations. These consist
of the reflections across the coordinate planes and the translation of the origin along
the direction of the z-axis (the values y and z are not modified).
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Based on metric (1.1), the geodesic lines verify

d
cosh? % cosh? %d—i =Y, (1.2)
where (7 is constant. From this we obtain
d 5 2 dy 1 2% . .Y y (dz 2
— h®*=—= ) — —cosh® —sinh Zcosh= [ — | = 1.
T (cos kds) ; cosh” - sinh o cosh o | = 0, (1.3)
d?z 1,z z oy [dx 2 dy 2
i Esmhgcosh% [cosh z (ds) + <d5> =0. (1.4)
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FIGURE 1

If we use z instead of variable s in (1.2), we can write equations (1.3) and (1.4)
in the following form:
d*tanh £ 1 Yy
k _
T b =0

d 1 dtanhz) 1 2y (dtanhy>2 2
2 Tk ) - = |14 k2cosh? 2 [ 22k tanh = = 0. 1.6
dzx (coshQZ dx > k2 €08 an (16)

(1.5)

k dz k

If we use variable x, we can apply the results obtained in the hyperbolic plane
by determining the function y = y(z). Moreover, we claim that the projections of
the geodesics in the three-dimensional space to the xOy plane are geodesics of the
two-dimensional plane.

Using (1.1) and (1.2), we get

1 1 1 dtanh £\ 2 1 dtanh 2\ 2
= + k2 k) + k2 , ( k ) . 1.7
Ct  cosh®Z [COSh2 g ( dx cosh® ¥ dx (1.7)




Lines in the three-dimensional hyperbolic geometry 585

The curvature of the geodesics equals zero,

—=0. (1.8)

Metric (1.1) can also be obtained by using the metric
ds* = da} + dai + das — da? (1.9)

defined in the four-dimensional pseudo-Euclidean space, with the help of the following
equations:

o a4 ak —xd = k2 (1.10)
. T z . z
1 :ksmhgcosh%coshg, To :ksmh%cosh o (1.11)
r3 = ksinh %, xo = k cosh % cosh % cosh %
If we use equations
k cos g sinh 2 cosh = k si inh 2 cosh = (1.12)
= 5 psinh - - = ksin ¢ sinh = cosh — )
1 S ’ L2 sinpsinh o cosh -,
T3 = ksinh%, To = kcosh%cosh%,
we obtain metric
ds* = cosh? % (dp2 + k% sinh? gd<p2) +d2?, (1.13)

where p, ¢ and z represent cylindrical coordinates (figure 1).

Metric (1.13) justifies that the rotation around axis Oz (the constant choices for
p and z) is a symmetry operation.

By choosing s as variable, the geodesic lines verify

sinh? Z cosh? 2 Ed— = Cy, (1.14)
where Cs is constant. We can also write
d?p zdpdz dy 2
ﬁ‘i‘gt hEEE—kSIHhECOShk (ds —0, (115)
d’z 1 .z z dp 9 2 P dy 2
e EsthcoshE l<d5> + k*sinh \ 25 =0. (1.16)
If we consider ¢ as variable, we will use the following differential equations:
d? coth £ p
TDQ + coth — B (1.17)

d 1 dtanh Z z
de \ sinh % dy k

Using (1.13) and (1.14), we obtain

1 1 1 dcoth 2 2 1 dtanh 2\ 2
— =k +k:2< ’“) + ( ’“) . (119
C3 {cosh2 z L,inh2 2 dy sinh* 2 de ( )

dcoth 2>
1+ k? <(:Z(/“) ] =0. (1.18)




586 Zoltdn Gabos and Agnes Mester

In the following sections we describe the different types of lines. Note that each
line verifies the differential equations which characterize the geodesics. Also, Cy and Cs
are constant values. During the analysis our choice of coordinates may vary depending
on the form of calculations.

2. Lines crossing the origin

Let us consider the line passing through points O and P represented in figure 1,
where 9 is the angle of intersection with axis Oz. In the OP; P right triangle we can
write

tanh% = cotﬁsinhg. (2.1)

The projection of line OP onto the Oy plane satisfies the following equation:
tanh% = tangosinh% (2.2)

Using (1.11) and (1.12), we obtain

cosh % cosh % = cosh %

These formulas imply
z cot ¢ sinh £
tanh — = k

k

. (2.3)
cos gp\/l — tan? @ sinh? 7
The lines verifying equations (2.2) and (2.3) also satisfy the (1.5) and (1.6) differential
equations. Using (1.7), we get
C1 = cos psind

constant. Therefore, the lines crossing the origin satisfy the conditions mentioned in
the previous section.

In the two-dimensional hyperbolic plane the orthogonal curves of lines crossing
the origin are circles. Based on the rotational symmetry operation, we claim that in the

three-dimensional case the orthogonal surfaces are spheres. By the use of cylindrical
coordinates we can write
p z R
cosh — cosh — = cosh —. 24
k k k (24)

In order to determine the curvature of the sphere surface, we use the metric
ds® = E(p)dp® + G(p)dy?
obtained from equations (1.13) and (2.4), where

. 12 R 2R
sinh® 7% cosh” £

2p 2R 2 p\’
cosh £ (cosh i cosh k)

G(p) = k? cosh® R tanh? 2.

E(p) = ’ ’
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The Christoffel symbols of the second kind are as follows:

, _ 2sinh 2 cosh £ — cosh? % tanh £ 2 1
e k (cosh? £ cosh? 2) © 7 ksinh £ cosh £’
k P 2 1B 2 P)
Iy, =———————tanh = ( cosh® = — cosh®’ = | ,
22 sinh”® £ cosh® £ k ( k k

where we used index 1 for p and index 2 for .
The components of the Ricci curvature tensor are

dri, 2 (2 1 dl3, 1 (2 1
Ry = p +T1 (T5 —T11), Ra2=— dp + T3 (I =Ty -
Using the expressions above, we obtain for the scalar curvature
1 1 2
R=—=Ri1+—=Ryp=—"—"—"5—=. 2.5
E 11 G 22 k2 Sinh2 % ( )

3. Lines crossing the x-axis

Let us consider the line passing through points Py(a,0,0) and P;(0,b,¢) illus-
trated in figure 2. If we project this line onto the xOy plane, we get the line passing
through points Py(a,0,0) and P»(0,b,0), which verifies

Y b sinh 4%
tanh = = tanh — ———%—. 3.1
W T sinh (3.1)

The angle of intersection between the lines Py P, and Py P> is denoted by §.

FIGURE 2

We can obtain the distance d between the points Py(a,0,0) and P5(0,b,0) from

d b
cosh % = cosh % cosh —.

k



588 Zoltdn Gabos and Agnes Mester

Furthermore, distance d; between Py(a,0,0) and Ps(z,y,0) verifies

— 7 Y
h =.
cosh -

cosh ﬁ = cosh a
k
If we consider the Py P Ps right triangle, we can write
d
tanh % = tan d sinh zl,
while in the right triangle PyP; P
d
tanh % = tan d sinh =

These formulas imply

z c B sinh a_x
k k

qlnh2 “

/ tanh2 b \/ 5 @ 2 b
B = smh2 o , cosh z cosh T 1.

Using (1.5) and (1.6) one can easﬂy prove that equations (3.1) and (3.2) determine
geodesic lines. Also formula (1.13) implies

I - tanh? % - tanh? 7 (3.3)
c: sinh? ¢ cosh? & cosh2 b_1)’ '

thus C; is constant.

Now we determine the orthogonal surface of the family of lines crossing point
Py € Ox. As the translation of the origin along the direction of the z-axis into point
Py is a symmetry operation, we obtain spheres with center Py. If we use Cartesian
coordinates, these spheres verify

where

cosh 22 cosh % cosh % = cosh % (3.4)

The curvature of the orthogonal surface is determined by formula (2.5).
As a — oo, we obtain lines being parallel to the z-axis:

b x tanh £
tanh% = tanh Ee k tanh% = k .
\/cosh2 %621’ — sinh? %

Thus we get

Cy=1.
If

R =a, (3.5)
by applying equation (3.4), we obtain the equation of a parasphere containing the
origin:

cosh % cosh Z_ ek,

k
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Therefore the parasphere which contains point P(zg,0,0) verifies

cosh % cosh 2 —e 7. (3.6)
By using condition (3.5) and equation (2.5), the curvature of the parasphere becomes
R=0.

This implies that we can use Euclidean geometry in order to study the surface of the
parasphere, fact which was also mentioned by Bolyai in his main work [1].

4. Lines crossing the z-axis

If we consider the set of lines crossing the z-axis, we can differentiate three types
of lines. The first set contains lines crossing the xOy plane, the second set consists
of lines which do not cross the zOy plane, finally, the lines of the third family are
parallel to the xOy plane.

In each case the projections of the lines contain the origin. Note that the rotation
around the z-axis is a symmetry operation. Therefore, we can determine the relevant
lines by using surfaces of revolution which are created by rotating the curves around
the z-axis in the Oy plane (the role of z is taken by p). On the other hand, the lines
which cross a projected line onto the Oy plane while being parallel to the z-axis
determine an orthogonal surface perpendicular to the xOy plane. The intersection of
this orthogonal surface and the surface of revolution determines the lines in question.

For fixed ¢ we obtain from metric (1.13)

ds? = cosh? %dpQ +d2?, (4.1)

which describes the orthogonal surfaces.
If we use s as variable, we can write
2
L2 zdp d?z 1.z oz (dp\"
cosh E% = C, E — % sinh E cosh % % =0. (42)
Then by substituting s with p, we obtain the following differential equation:
d? tanh 2 1 z
k _
From (4.1) and (4.2) we get

11 +k2(dtanhz>2_
c? coshQ% dp

Applying (2.1), we obtain the condition
C =sind

for the lines passing through the origin.
a. Lines parallel to the xOy plane and lines crossing the Oy plane
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Using the rotational symmetry operation, we obtain for the line passing through
points P;(0,0, 29) and Pz(a,b,0)

z 2o sinh 202
tanh E = tanh zw (44)

This formula satisfies equation (4.3), where

b
cosh Po _ cosh % cosh %
Also )
1 tanh” 22
— =14 —k 4.5
C? * sinh? g (45)
If pg — o0, it follows that
tanh % = tanh %Oe’% (4.6)
and
C =1

b. Lines not crossing the 2Oy plane
In this case the lines have a minimum point. If we apply the rotational symmetry,
we obtain

z 2o cosh ==L
tanh — = tanh ———F— 4.7
A ani cosh &= (4.7)

where p,, denotes the value of p determined by the minimum point. For the value of

C we have )
1 tanh® 22
—=1-—0r (4.8)
Cc? cosh” &=
If pp, = 0, which means that the intersection coincides with the minimum point, we
can write

z 20 P
h—-= h — cosh = 4.
tan . tan . cosh o (4.9)
and .
C = cosh 2.
cosh —

If we consider the lines passing through P(0,0, zo), we get for the orthogonal curves
circles with center P in the 2Oz plane. Therefore, because of the rotational symmetry,
the orthogonal surfaces of the lines containing P(0,0, zg) are spheres with center P,
which verify

12 cosh 2 cosh 2 — sinh 2 sinh © = cosh 2
cosh . CObhkCObhk sinh . 51nhk —CObhk. (4.10)

Now let us consider the orthogonal surface which is perpendicular to the xOy plane
and contains the projected line. Here we use variables p and z. Furthermore, we will
use indexes 1 and 2 for two arbitrary lines which intersect in point P(p, z) on this
surface. Thus we obtain

(), (), reortf=o
dp1) p \dp2) p k
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where the lower index P means that we need to substitute the coordinates of the
intersection.
Using equations (4.4), (4.6) and (4.7), we get for the lines crossing the z-axis

tanh %1 = tanh Zk—o (cosh % — psinh %) . (4.11)

In the three different cases (lines crossing the Oy plane, lines not crossing the xOy
plane, lines parallel to the 2Oy plane) the required values are as follows:

coth p—ko, tanhp?m and 1.

By deriving equation (4.11) we obtain
d
d—;i = tanh Z—k? cosh? Z—kl (sinh % — pcosh %) . (4.12)

Then, using (4.11) and (4.12), we eliminate variable p. Thus we get

d tanh 22 cosh? 2L
L R TR R (coth %O tanh 2 cosh p_ 1) .

dp, sinh £* k k
After differentiating equation (4.10) we obtain
dzy coth 20 sinh £2
dpo coth 22 tanh 22 coth £2 — 1"

In the point of intersection we have p; = po = p and z; = 2o = z. Thus the orthogo-
nality condition holds, which proves the validity of equation (4.10).
Equation (4.10) can be written in the following form:
p _ cosh % + sinh 22 sinh £

2 = F(p). 4.1
€08 k cosh 22 cosh % (p) (4.13)

Furthermore, equation (1.13) yields metric

2
1—F2+cosh2%<%) .
ds* = FZ ] dp* + k? cosh? Z (F? — 1) dp?. (4.14)

Using metric (4.14) and formula (4.13), we can obtain the curvature of the orthogonal
surface. The Ricci scalar is determined by formula (2.5).

5. Family of lines not having common point

In this section we consider two sets of lines.

a. Lines parallel to the z-axis

In this case, on the orthogonal surfaces the value of z is constant, z = zy. Indeed,
the lines verify dp; = 0, while on the orthogonal surface dzo = 0. Thus we obtain the
following orthogonality condition:

cosh deldpg 4+ dz1dzy = 0.
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The orthogonal surface called hypersphere verifies
ds? = cosh? Z—ko (dp2 + k% sinh? %d(pQ) ,

the scalar curvature is
2

b. Lines having minimum point on the z-axis
Here we use formula (4.9), where the parameter is tanh 2.
By deriving (4.9) and eliminating the parameter, we obtain
dzy 21 21 p1
—— = sinh — cosh — tanh —.
dp1 k k k

The rotational symmetry operation induces for the orthogonal surface equation

sinh % cosh % = sinh p—ko,

where pg is constant. Hence we get

dzo Z2 P2
—= = —coth == coth ==.
e co . co .

This and the orthogonality condition proves formula (5.2).
From equations (1.13) and (5.2) we obtain metric

1 + coth? 2

ds? = sinh? 22 k dpo + k% sinh? p—]:dg02.

- 12p

k sinh® 2

Hence the scalar curvature of the orthogonal surface is
R=0.

This means that this orthogonal surface is the dual of the parasphere.

6. Surfaces with constant curvature
For lines crossing axis Oz we applied equations of type

z
tanh — = &
anh Z = @(p),

which were as follows: equation (2.2), (4.4), (4.7) and (4.6).
Using formulas (5.1) and (6.1), we obtain

ds* = E(p)dp® + G(p)d®

for the metric, where

E(p) = cosh? z(p) + (EZ)Q = (1/;2)2,

. h2 B
G(p) = k? cosh? z(p) sinh? g = k? Slm_ CIJS .

(5.2)
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In the four different cases (lines crossing the origin, lines crossing the xOy plane, lines
not crossing the Oy plane, lines parallel to the Oy plane) the values of the constant
A are as follows:

1 tanh? 2o tanh? 2o
k k

—5— s 17721) and 1.
sin® ¢ sinh” 22 cosh” &=

The Christoffel symbols of the second kind are as follows:

dd
| 1dE_2<I>d7

W= 9%FEdp  1-o2
1 dG

koo op p k2 o p . d®
F§2:—2E i = —ZSHIhECOShE (1—<I>2) —Zsth E@Tp’
1 dG 1 1 p dd
2 2
= == | (1-®%) coth > + &—
2= 3Gd T [k ) coth -+ d,o}

while the components of the Ricci curvature tensor are

dr%2 2 2 1 1 2 2 d(I) 2
Ry = dp +T, (T, —T1y) = k2 (1— 02)2 1-2%+k dp '
drl sinh? 2 Ao\’
Rog=——2 4175, (T2, -T} )= —2F_|1-024+k2(—) |.
22 dp + 12 ( 12 11) A1 - 22) + dp

Therefore the scalar curvature is
1 1 2
R=—R —Roy = —
Bt gt T e
constant for all surfaces.

7. Lines not crossing the z-axis and the Oy plane

As the projection of these lines to the xOy plane verifies

Y b T
h = = tanh — cosh — 1
tan ’ tan 7, cosh o, (7.1)
from equations (7.1) and (4.9) it follows that
h
tanh Z = tanh Zk—o il . (7.2)
\/1 — tanh? % cosh? ¥
By deriving (7.2) we obtain
dtanh £  tanh 22 sinh £ (73)
= T :
dx k (1 — tanh® & cosh® £)?
Using (1.7) and (7.3), we get for the value of C;
e —tann? 2

0712 cosh? % k
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(' is real if and only if cosh % < coth 22. Indeed, using formula (4.9) as zop — oo, we
get for the maximal value of p

cosh p?m = coth Z—ko.

From

d ( 1 dtanh ) cosh £
s 2 = B
dz \ cosh + dx k2 (1 — tanh % cosh2 z ) 2 cosh? ¥

dtanh 2\ 2
1+ k2 cosh? ¥ (an k ) = D) . 2
k dz cosh® % (1 — tanh % cosh %)

it follows that the lines verifying (7.1) and (7.2) satisfy differential equations (1.5)
and (1.6).
If we use cylindrical coordinates, from

and

b
coth % = coth 2 sin (7.4)

and equation (4.9) we get

sin ¢

(7.5)

tanh = tanh coth —
k k\/cothzbbln <p—1

These lines verify differential equations (1.17) and (1.18). Applying (1.19), we get for

the value of Cy ,
1 k 2 ZO 2 b
— = ———— [ 1 —tanh® — cosh” — | .
2~ % ( an A cos A

Thus C5 is real if and only if cosh% < coth 22.
If we use equation (4.9) and formula

coth % = coth % (sinp + cos p), (7.6)

we obtain a different line Which satisﬁes

z sin ¢ + cos ¢
tanh r = tanh A coth v

. (7.7)
coth?® & (sin ¢ + cos 0)? —1
The curves verifying (7.6) and (7.7) also satisfy the differential equations (1.17) and
(1.18). Also, from

I, cosh? T+ cosh? 2

c: sinh? 2 cosh? Z
we obtain a constant value for Cs. Thus these lines are lines of the hyperbolic space.

If we use Cartesian coordinates, instead of (7.6) and (7.7) we may write

tanh % = tanh % cosh % — sinh %
and .
t h =t h cosh
an = tan .
k k \/1 — tanh % CObh L —sinh £ )
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For each surface of revolution the scalar curvature equals the curvature of the xOy
plane and zOz is a plane of symmetry. Hence we obtain surfaces on the left and
the right side of the Oz plane. However, only equation (4.9) provides a necessary
condition. Let us consider a line crossing axis Oz, which connects two distinct surfaces.
The transitions between the line and the surfaces are smooth (the tangent vector field
is continuous) only in the case of (4.9). Therefore, new lines can only be derived by
the surface of revolution (4.9).
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