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Generalized and numerical solution for
a quasilinear parabolic equation with
nonlocal conditions
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Abstract. In this paper we study the one dimensional mixed problem with non-
local boundary conditions, for the quasilinear parabolic equation. We prove an
existence, uniqueness of the weak generalized solution and also continuous depen-
dence upon the data of the solution are shown by using the generalized Fourier
method. We construct an iteration algorithm for the numerical solution of this
problem. We analyze computationally convergence of the iteration algorithm, as
well as on test example.
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1. Introduction

In this study, we consider the following mixed problem
ou  0*u
E—@:f(x,t,u), D={0<z<1,0<t<T}
w(0,¢) = u(l,t), t€][0,T]
ug(1,t) =0, te[0,T]
u(z,0) = p(x), x € 10,1]
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for a quasilinear parabolic equation with the nonlinear source term f = f(z,t,u

The functions ¢(z) and f(x,t,u) are given functions on [0, 1] and D x (—o0, 00),
respectively.

Denote the solution of the problem (1.1)-(1.4) by u = u(z, t).

This problem was investigated with different boundary conditions by various
researchers by using Fourier or different methods [2, 4].
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In this study, we consider the initial-boundary value problem (1.1)-(1.4) with
nonlocal boundary conditions (1.2 )-(1.3). The periodic nature of (1.2 )-(1.3) type
boundary conditions is demonstrated in [10]. In this study, we prove the existence,
uniqueness, convergence of the weak generalized solution continuous dependence upon
the data of the solution and we construct an iteration algorithm for the numerical
solution of this problem. We analyze computationally convergence of the iteration
algorithm, as well as on test example. We demonstrate a numerical procedure for this
problem on concrete examples, and also we obtain numerical solution by using the
implicit finite difference algorithm [11].

We will use the weak solution approach from [3] for the considered problem
(1.1)-(1.4).

According to [1, 5] assume the following definitions.

Definition 1.1. The function v(x,t) € C%(D) is called test function if it satisfies the
following conditions:

v(z, T) =0, v(0,t) =v(1,t), v(1,¢) =0,Vt € [0,T] and Yz € [0, 1].
Definition 1.2. The function u(z,t) € C(D) satisfying the integral identity

T 1
//[(%—%)u—f(x,t,u)v] dxdt
00

T 1

- / [1(0,)v,(0,t) — v(0,t)u,(0,t)] dt — /cp(x)v(x, 0)dz =0, (1.5)
0 0
for arbitrary test function v = v(x,t), is called a generalized (weak) solution of the

problem (1)-(4).

2. Reducing the problem to countable system of integral equations

Consider the following system of functions on the interval [0, 1] :

Xo(z) =2, Xog—1(x) = 4cos(2rkz), Xop(z) = 4(1 — z)sin(2nkz), k=1,2,...,
(2.1)
Yo(z) =z, Yor_1(x) = x cos(2wkx), Yor(z) = sin(2rkx), k=1,2,... (2.2)

The system of functions (2.1) and (2.2) arise in [6] for the solution of a nonlocal
boundary value problem in heat conduction.

It is easy to verify that the system of function (2.1) and (2.2) are biorthonormal
on [0,1]. They are also Riesz bases in L2[0, 1] (see [7, 8]).

We will use the Fourier series representation of the weak solution to transform
the initial-boundary value problem to the infinite set of nonlinear integral equations.

Any solution of the equation (1.1)-(1.4) can be represented as

u(w,t) =Y uk(t) Xi(x), (2.3)
k=1
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where the functions ug(t), k = 0,1,2,... satisfy the following system of equations:

up(t) = o + / folr)dr,
0

U (t) = pay, e~ @) /f2k )~ TR (E=T) g (2.4)

Uzk—1(t) = (par—1 — 47Tk(,02k)6_(2ﬂk)

t

" /e—(ZTrk)2(t—T)[f2k_l(7-) —Amk(t — 1) for(7)]dT

0

where

Definition 2.1. Denote the set

{u(®)} = {uo(t), uar(t), uap—1(t), k=1,2,....},

of continuous on [0,T) satisfying the following condition

o0
underset0 < t < Tmax2 |ug(t)| + 4; (ogltagXT |uak ()] + Joax |uak— 1(t)|> < 00,

by B. Let
lu@)ll = a2 uo ()| +4 kz_l (Orél%xT Juze(8)] + max |u2k_1(t)|> :

be the norm in B. It can be shown that B is the Banach space [9)].
We denote the solution of the nonlinear system (2.4) by {u(t)} .

Theorem 2.2. a) Let the function f(x,t,u) is continuous with respect to all arguments
in D x (—00,00) and satisfies the following condition

|f(x7t7u) - f(x,t,ﬂ)| < b(xvt) |u _ﬂlv

where b(x,t) € La(D), b(xz,t) > 0,
b) f(z,t,0) € C?[0,1], t € [0,1],
c) o(x) € C?[0,1].
Then the system (2.4) has a unique solution in D.
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Proof. For N =0,1,... let’s define an iteration for the system (2.4) as follows:
t o1
a0 =0+ [ [ e A€ myedsar
00

1
/ e~ @) f (e, 7, AuN (€, 7)) sin 2mkgdeds,
0

t
uéjzzurl)( = u2k +/
*0 (2.5)
ufy () = uhy (1) + / / e~ (e 7, AuM (€, 7)€ cos 2mhdedr
0 0
t 1
—4rk / / e~ @R (=) (e 7 AuN) (€, 7)) (t — 7) sin 2nkédEdr,
0 0
where, for simplicity, let
AuM (g, 7) = 2u )+ 4 Z (u% —§)sin 2wké + uggzl(T) cos 27Tk§) .
where,
ud” (t) = po ,ul) (t) = o, e O Wl) (8) = (pano1 — drk oy, ) e~ BT

From the condition of the theorem we have u(%) (t) € B. We will prove that the other
sequentially approximations satisfy this condition.
Let us write N =0 in (2.5).

t 1
uV () = )+ / / F&, 7 AuO) (€, 7)) dedr.
0 0

t

1
Adding and subtracting / / f(&,1,0)dédr, applying Cauchy inequality, Lipschitz

00
condition, taking the maximum of both sides of the last inequality yields the following:

(1)
max [uf (0] < ol + VT 16z, )l [ OO + VT 1,8, 0)l )

(27k) 2t +

1
uby) (t) = pope ¢ / e~ R (=) (¢ r AN (€, 7)) sin 2rkEdEdr.
0

S—_ .

t 1

Adding and subtracting / / e‘<2ﬂk)2(t_7)f(§, 7, 0) sin 2k&dEdT, applying Cauchy in-

0 0
equality, taking the summation of both sides respect to k£ and using Holder inequality,
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Bessel inequality, Lipschitz condition and taking maximum of both sides of the last
inequality yields the following;:

> e [ufy) ()] < Z|<p2k|+ \/—||b(:1ct||L2 @ H+ .0l

In the same way, we obtaln:

oo oo
0, 0)] < 1
;orél%XT ‘u%_l(t) - ]; 2] + 6

z,t,0)[| 1, (p)

+ oz e Dl [0 + 15 1
+ V2T @, Ol [ O + VRIS @O, -

Finally we have the following inequality:

V)], =2gmax [u0) [0 + g [0
Hu ( 202153<XT +4Z ogltiXT u% )+01%1taSXT u%_l(t)

< 2ol + 42 2| + |p2r—1]) +
k=1

2v/3
n <2ﬁ+ /8, mm) (166Dl [0 )
2V/3
(2\/—+ + 4\/—|T|> 1f (2, t,0)|l 1, p)
Hence uV)(t) € B. In the same way, for a general value of N we have

0], = 2gmz ") 0] + g, |12, 0)
o], =2 0] 43 (s o >+021&XT a0

< 2ol + 42 (lp2x] + [p2r-1]) +
k=1

. <2ﬁ+2_f+4¢§|T|) (Do H vol,)

N (2\/T+ 2_\3/§ +4\/§|T|> I1f (2,8, 0)ll 1y -

uN=1(t) € B, we deduce that u™)(t) € B, we obtain
{u(t)} = {uo(t), uon(t), uze—1(t), k=1,2,...} € B.

Now we prove that the iterations u(N*+(¢) converge in B, as N — ooc.

uM () —u () = 2(u (1) - +4Z uby) (1) —uS) (1) + (uly)_y (1) —ul)_ | (1))]
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2//1 F(&,7 A€, 7)) — f(E, T, 0)} ededr
0

Applying Cauchy inequality, Hélder inequality, Lipschitz condition and Bessel inequal-
ity to the right side of u("(t) — u(®(t) respectively, we obtain:

[u® () - u® <t>y < 2[uf" () - u (1)

+4Z(‘“2k ‘ ‘u%@ 1 U’2k) 1(15)‘)

1
2

(2\/_+4\/_|T|+ )(0/0/11? & d&dr) [
)

t 1
(2\/—+4\/—|T|+ 33 //f2§,70d§dr) :
0 0

[

Ap = <2\/—+4\/—|T|+ 33 ( /1b2 dng) ‘um)(t)‘
0

¢ 1 3
(2\/_+4\/_|T|+ 33> (//ﬁ f,TOdde)
0

Applying Cauchy unequality, Holder inequality, Lipschitz condition and Bessel in-
equality to the right hand side of u(?)(t) — u(!)(t) respectively, we obtain:
@) = u V(1)) < 2 [uP (1) —uiP 0)

+4Z(}u2k — ) ()] + [ufi ) = wf 0)])

<2\/_+4\/_|T|+ )(/t/lzﬁ (s dng) Ar.
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In the same way, for a general value of N we have

a8 — u ()| < 2\ @) - a0

+4Z (’ N+1) ugg) "" ’UQZI:HT) t) — (]1:,)1(75)‘)

N
2

t 1 2
(2\/—+4\/—|T|+2\/— (//b2 dgdr)
0

< (2VT 4+ 4V2|T| + \/—)NAT (2.6)

il bz, )17, (1) -

Then the last inequality shows that the u®V +1)(t) convergence in B.
Now let us show lim uNtD(t) = u(t). It follows that if we prove
—00

lim Hu(T) - =0,

N—o0 HB

then we may deduce that u(t) satisfies (2.4). For this aim we estimate the difference
|u(t) — uN+D (t)HB , after some transformation we obtain:

[u(t) = 00| = 2|uo(t) - uf* )]

(Jett) = i ™))+ s 0) = 0320
1
[ {17 Aute ) - fle 7 A0 e, 71} gazar
0

0 t 1
43 / [ e { e Aute )] = g m A (€, )] sin 2kt
0

k=1

+
=~
M8

~
Il

1

t 1
[ [ e e r, dute, ) - 1€ 7, AuE, 7} € cos bz
0 0

t

1
+167k //t—T /(&7 Au(e, 7)) = F(&, 7, AN (€, 7))]
0

e_(ka)z(t—T) sin 2wk&dédrT|.
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Adding and subtracting f(&, 7, AuN+t1 (&, 7)) under appropriate integrals to the right
hand side of the inequality we obtain

S

1

‘u() wN+D( ‘<<2\/—+4\/_|T|+ 33> //b (€, 7)fu(r) —u ™+ (7 )‘ dedr

0

B .

(2\/_+4\/—|T|+ ) //zﬂ (¢, 7)dédr Hu<N+1 —u™ge)|

Applying Gronwall’s inequality to the last inequality and using inequality (2.6), we

have
(N+1)

H“(t)_”(N+l)(t)H \/7AT (2\/_+4f|T|+2f> I\b(xat)l\g&l;
23

X exp <2\/T+ 4V2|T| + T) b, )17, () - (2.7)

B

For the uniqueness, we assume that the problem (1.1)-(1.4) has two solutions u, v.
Applying Cauchy inequality, Holder inequality, Lipschitz condition and Bessel inequal-
ity to the right hand side of |u(t) — v(t)| respectively, we obtain:

lu(t) — v(t)[? < <2\/—+4\/—|T|+—> //b? £,7) [u(r) — v(r)|? dedr,

applying Gronwall’s inequality to the last inequality we have u(t) = v(t).
The theorem is proved. O

3. Solution of the problem (1.1)-(1.4)

Using the solution of the system (2.4) we compose the series
2uo(t) + 42 ugk (t) (1 — x)sin2wkx + usg—1(t)cos2mwkx].
It is evident that these series convergence uniformly on D. Therefore the sum
u(&,7) = 2up(r) +4 Z ua (T &)sin2mk + ugk—1(7)cos2wkE],
continuous on D.
w (&, 7) = 2up(r) + 42 ok (T &)sin2mk + ugk—1(T)cos2mwkE]. (3.1)

From the conditions of Theorem 2.2 and from

Jim w(€,7) = (€, 7),
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it follows
ll_l)Igof(fv T, UZ(T, f)) = f(fv T, u(&a T))
Using w; (€, 7) and
l

vi(z) =200 + 4 Z[cp%(l — x)sin2wkx + pap—1cos2nkx], x € [0, 1]
k=1

on the left hand side of (1.5) we denote the obtained expression by J;:

T
ov  0°
= // Ka_: + B—xz) ugy (@, ) + @, tu (@, 1)o(x, 1) | dedt

0
1

+ [ oay(z)v(z,0)dx. (3.2)
/

Applying the integration by part formula to the right hand side the last equation and
using the conditions of Theorem 2.2 | we can show that

lim Jl =0.

l—o0

This shows that the function u(x,t) is a generalized(weak) solution of the problem

(1.1)-(1.4).
The following theorem shows the existence and uniqueness results for the generalized
solutions of problem (1.1)-(1.4).

Theorem 3.1. Under the assumptions of Theorem 2.2, Problem (1.1)-(1.4) possesses
a unique generalized solution u = u(x,t) € C(D) in the following form

u(z,t) = 2up(t) + 42 gk (t) (1 — x)sin2wkx + ugg—1(t)cos2mwkx].

4. Continuous dependence upon the data
In this section, we shall prove the continuous dependence of the solution
u = u(x,t)
using an iteration method.

Theorem 4.1. Under the conditions of Theorem 2.2, the solution u = u(z,t) depends
contiunously upon the data.

Proof. Let ¢ = {¢, f} and ¢ = {@, 7} be two sets of data which satisfy the conditions
of Theorem 1.Let u = u(z,t) and v = v(z,t) be the solutions of the problem (1.1)-(1.4)
corresponding to the data ¢ and ¢ respectively and

|f(t,x,0) _?(taxao)‘ <e, fore>D0.
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The solution v = v(x,t) is in the following form
t
0+ / f
0
¢
'UQk(t) — @21@ e~ (2mk)? / _(2ﬂk)2(t_7)d7',
0

vag—1(t) = (Pop_1 — 47T/€75<P2k)6_(2m)2t
t
+ / e” ORI F o1 (r) — Amk(t — 7) oy, (7)]dT

0
where, for simplicity, let

Ayp) &71)= 2v0 )+ 4 Z (U% —§)sin 2wké + ’Uég_)l(’r) coS 27Tk§)

t 1
o (1) = o 1) + / / F(é,, Av™N) (€, r))edgdr,
0 0

'U(N+l)(

ok eI ETF(E 7, AN (€, 7)) sin 2mkédgdr,

= va —|—

(N+1)

vin () = vl (t) + e” TR T E (e 7 AV (€, 7)€ cos 2mk€dEdT

&l
]

t 1
—4rk / / e~ @R (t=T)F (¢ Ay (€, 7))(t — 7) sin 2rkEdEdr,
0

where
0 — 0 — (27 0 — _ _(2nk)?
U((J )(t) = %o ’”gk)(t) =Py e k)t “gk) () = (Bap—1 — 4AkDy, ) e R

From the condition of the theorem we have v(°)(t) € B. We will prove that the other
sequentially approximations satisfy this condition.

First of all , we consider u(® () — v(V)(t), applying Cauchy inequality, Holder
inequality, Lipschitz condition and Bessel inequality to the }u(l)(t) — v(l)(t)| respec-
tively, we obtain:

‘u(l) (t) — v(l)(t)‘ <2 ‘uél)(t) . v(()l)(t)‘

1 _
+4Z(‘“2k _”Qk "’“ sy ( )_”ék) 1(75)‘) < 2max|po — Py

2v6 |T'| =
+4;max|tp2k—@|+max|<p2k_1—tpgk_1|—|— \/; |;max

’ T
— Py,
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<2\/_+4\/_|T|+—> /t/le (€, 7)dedT ‘<0> ‘
00

2

(2\/—+4\/—|T|+ 33 /t/l v (e, r)dedr ‘v@(t)‘
0 0

= 2
+ <2\/f+4\/§|T| + ¥> //f2(€77-, 0) _72(5,7, 0)d¢dr |

0 0

Ar = o =9l +

<2\/_+4\/_|T|+2\/_> bet||‘ ) ‘

(2\/—+4\/—|T| + 2\f> bz, t)|] ‘v“) ‘

<2\/_+4\/_|T|+ >||f 7ll-

I — Pl = 2max|eo — ol

—
— Pog| -

2v/6|T
-|-4I~Czlmax|<p2;.C — Pok| + max [par—1 — Par—1| + \/; AN Zmax
Applying Cauchy inequality, Hoélder inequality, Lipschitz CODdlthD and Bessel inequal-
ity to the right hand side of u(?)(t) — v(?)(¢) respectively, we obtain:

[u® () - v (t)\ <2[uf(t) - of 1)
+4Z (Ju2 @) = o @] + [ust ) = o5, )]

1
2

t 1
2\/_+4\/_|T|+ ) V(¢ 7)dedr | Ar
<( []

1
2

1
+<2\/T+4\/§|T|+%—> // (&, 7)dedr | Ar.
0 0

In the same way, for a general value of N we have

‘U(NH)(LL)_U(NH)( ‘<2‘ (N1) () _ véN+1)(t)‘

N+1) (N+1 N+1 N+1
+4Z(‘uék+ 2k+)()‘+ ék-‘rl)(t)_vékjl)(t)‘)

vz

2

\/_ t 1 ,
<2\/—+4\/—|T|+ ) \/ﬁ O/O/b(g,r)dng
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<2\/_+4\/—|T|+ 3) (//113 €7 dgdr)

0

N
2V3 1 N
< <2\/T+ 4N2|T| + T) ATﬁ 16(z, )12, (D)

N
23 1 N
+ (2\/T+4\/§|T| + T) Ar = 15z, )| 1,y

< Ar-an =ay (| — Bl + C@) + M || f — )

where
. 21 %
aN—<2\/_+4\/_|T|+ ) ﬁ (O/O/b2 d@h)
o 1%
<2\/—+4\/—|T|+ f) \/% (0/0/ B dde)
and

My = (VT +4V2|T| + ?)N

(The sequence ay is convergent then we can write ay < M, VN). It follows from
the estimation ([2], page 76-77) that A}im uNtD () = u(t), then let N — oo for last
—00

equation
u(t) —v(t)] < Mllp =l + Mz || f = F]])
where My = M.My. If ||f — f|| < e and |l¢ — 5| <& then |u(t) — v(t)| <e. O

5. Numerical procedure for the nonlinear problem (1.1)-(1.4)

We construct an iteration algorithm for the linearization of the problem (1.1)-(1.4):

ag—r)—‘?%? = fla,t,u™ V), (2,t) €D (5.1)
u™(0,t) = u™(1,1), t 0,7 (5.2)
ulM(1,t) = 0, t€[0,7] (5.3)
u™ (x,0) = o), x €10,1]. (5.4)
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Let u(™ (z,t) = v(z,t) and f(z,t,uD) = f(z,t). Then the problem (5.1)-(5.4)
can be written as a linear problem:

% - % = f(z,t) (x,t)€D (5.5)
v(0,t) = wv(l,¢), te€]0,T) (5.6)
va(1,t) = 0, te0,T] (5.7)
v(z,0) = ), =x€][0,1]. (5.8)

We use the finite difference method to solve (5.5)-(5.8).
We subdivide the intervals [0, 1] and [0, 7] into M and N subintervals of equal lengths
h = ﬁ and 7 = %, respectively. Then, we add a line = (M + 1) h to generate the
fictitious point needed for the second boundary condition.
We choose the implicit scheme, which is absolutely stable and has a second order
accuracy in h and a first order accuracy in 7.
The implicit monotone difference scheme for (5.5)-(5.8) is as follows:
2
M = %(Ui—l,j+l — 205 41 + Vig1,j+1) + fijt1
Vi, 0 = ®is V0,5 = UM,js Vo,m; =0

where 0 < ¢ < M and 1 < j < N are the indices for the spatial and time steps,
respectively, v; ; is the approximation to v(z;,t;), fi; = f(zi,t;), vi = v(z;), z; = ih,
t; =jr. [12]

At the t = 0 level, adjustment should be made according to the initial condition
and the compatibility requirements.

6. Numerical example

In this section, we will consider an example of numerical solution of the problem
(1.1)-(1.4).

These problems were solved by applying the iteration scheme and the finite
difference scheme which were explained in the Section 5. The condition

(n+1) _ (n)
Uij — T Uiy

error(i,j) = ‘
oo

with error(i,j) := 1072 was used as a stopping criteria for the iteration process.
Example 6.1. Consider the problem

0 0?

8—1; - a—;; = [1 - (2m)*(cos 2mx + (sin27z)?)] u

u(z,0) = exp(— cos2rz), = € [0,1]
u(0,t) = u(l,t), t€0,T],ux(l,t)=0, ¢t€][0,T].
It is easy to see that the analytical solution of this problem is
u(x,t) = exp(t — cos2mz).

The comparisons between the analytical solution and the numerical finite difference
solution f when T' = 1 are shown in Figure 1 for the step sizes h = 0.0025, 7 = 0.0025.
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0 0.2 0.4 0.6 0.8 1

FIGURE 1. The exact and numerical solutions of u(x,1), the exact
solution is shown with dashes line.
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