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A new class of (j, k)-symmetric harmonic starlike
functions
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Abstract. Using the concepts of (j, k)-symmetrical functions we define the class
of sense-preserving harmonic univalent functions SHZ*(3), and prove certain
interesting results.
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1. Introduction

A continuous function f = u + v is a complex valued harmonic function in a

complex domain C if both v and v are real harmonic in C. In any simply connected
domain D € C we can write f(z) = h+g, where h and g are analytic in D. We call h
the analytic part and g the co-analytic part of f. A necessary and sufficient condition
for f to be locally univalent and sense-preserving in D is that |h/(2)| > |¢'(2)] in D,
[see 3].
Denote by SH the class of functions f(z) = h + g that are harmonic univalent and
orientation preserving in the open unit disk & = {z : z € C and |z| < 1}, for which
f(0) = £.(0) =1 = 0. Then for f(z) = h+7g € SH , we may express the analytic
functions f and g as

hz) =2+ a2, glz) =3 bue", |bi] <1 (1.1)
n=2 n=1
Note that SH reduces to the class S of normalized analytic univalent functions if

the coanalytic part of its members is zero. For this class the function f(z) may be
expressed as

fE) =2+ anz", (1.2)
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A function f(z) = h+ g with h and ¢ given by (1.1) is said to be harmonic starlike
of order f for 0 < g < 1, for |z| =r < 1if

D targ fre)) = g J 281D | [l (2) = 20 G

The class of all harmonic starlike functions of order 3 is denoted by S3,(3) and
extensively studied by Jahangiri [4]. The cases § = 0 and by = 1 were studied by
Silverman and Silvia [8] and Silverman [7].

4

Definition 1.1. Let k be a positive integer. A domain D is said to be k-fold symmetric if
a rotation of D about the origin through an angle 27” carries D onto itself. A function
f s said to be k-fold symmetric in U if for every z in U

feFz)=e

27i

= f(2).

The family of all k-fold symmetric functions is denoted by S* and for k = 2 we get
class of odd univalent functions.

The notion of (j, k)-symmetrical functions (k = 2,3,...;5=0,1,2,..,.k—1) is a

generalization of the notion of even, odd, k-symmetrical functions and also general-
ize the well-known result that each function defined on a symmetrical subset can be
uniquely expressed as the sum of an even function and an odd function.
The theory of (j, k) symmetrical functions has many interesting applications, for in-
stance in the investigation of the set of fixed points of mappings, for the estimation
of the absolute value of some integrals, and for obtaining some results of the type of
Cartan’s uniqueness theorem for holomorphic mappings [5].

27mi

Definition 1.2. Lete = (e® ) and j =0,1,2,..,k—1 where k > 2 is a natural number.
A function f:Dw— C and D is a k-fold symmetric set, f is called (j, k)-symmetrical

if

flez) =€ f(2), z€U.

We note that the family of all (j, k)-symmetric functions is denoted be SU-F),
Also, 82 §(1:2) and SUF) are called even, odd and k-symmetric functions respec-
tively. We have the following decomposition theorem.

Theorem 1.3. /5] For every mapping f : D — C, and D is a k-fold symmetric set,
there exists exactly the sequence of (j,k)- symmetrical functions f;j,

k—1
F2) =Y fin2)
j=0
where
= ,
fir(2) = % Zs_”f(a"z), (1.3)
v=0

(feA k=1,2,..;5=0,1,2,...k—1)
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From (1.3) we can get

fir(z kze Yif(e¥2) = Zeﬂ” (Zanez >,

then

k—1 .
1 . 1, n=I1k+j;
E 2" = . E (n=g)v _ ) > )
f]k 511]0% y ai 17 677,,] k UZOE {0 n 7& lk—‘r],’ (14)

9

Ahuja and J ahanglrl [2] discussed the class SH(S) which denotes the class of complex-
valued, sense-preserving, harmonic univalent functions f of the form (1.1) and satis-

fying
o) 2o f(re’)
? { Frei) - f(—rm} 2P 0sgst

Al-Shaqsi and and Maslina Darus [1] discussed the class SH¥(3) which denotes the
class of complex-valued, sense-preserving, harmonic univalent functions f of the form

(1.1) and satisfying
0 0
%{mjhé)}zﬁ 0<B<l.

fk (mw)
Now using the concepts of (j, k)—symmteric points we define the following

Definition 1.4. For0 < <1landk=1,2,3,..., j=0,1,....,k—1, letS’Hg’k(ﬁ) denote
the class of sense-preserving, harmonic univalent functions f of the form (1.1) which

satisfy the condition
0 6
5q.f (re'”)
N { i k(Teie) } =0 )

Where z =re®, 0<r <1, 0<6 <27 and fik = hjx + Gk, where hj, gjk given
by

1 .
hjk( =7 Ze Yh(e2), gjr(z) = z ZE*”]g(s”z). (1.6)

v=0
The following special cases are of interest
(i) SHL*(B) =SHY(B) the class introduced by Al-Shagsi and Darus [1].
(ii) S?—Ll 2(B) =SH(B) the class introduced by Ahuja and Jahangiri [2].
(iii) S 7—[1 1(B) =S#*(B) the class introduced by Jahangiri [4].
(iv) S”Hl 1(0) =Sx* the class introduced by Silverman and Silvia [8].
We need the following lemma to prove our main results.

Lemma 1.5. [4] Let f = f + g with h and g are given by (1.1). If

512

n=1

n—|—ﬁ

51t |}s2, a1=1,0<p<1.

Then f is sense-preserving, harmonic univalent and starlike of order 5 in U.
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2. Main result

Theorem 2.1. Let f € SHYY (B) where f given by (1.1), then fik(2) is in S (B),
where f; 1 given by (1.6).

Proof. Suppose that f € SHUF) (B). Then we get

&l (re?)
) 90
N { fik(rei) } =0 @1

replacing re'® by evre? in (2.1), we get

9 f(evret?)
Cx 00
. { frulere®) [ = o

According to the definition of f;; and ¥ = 1, we know f; x(e"re'?) = €% f; 1 (re'?),

we get
s—ng (6vrei9)

Q00— ~ 8>3 2.2
{ fix(ret®) - 22

letting (v =0,1,2,....k — 1) in (2.2) and summing them we can get

k —v V.t 7
o [T g e | _ o [ alinlre?) > (2.3)
fik(re®) fin(ret®) ’ '

that is f;1(2) € Sx*(B). O

Theorem 2.2. If f = h+7 with h and g given by (1.1) and fj i = hj i+ G55 with hj
and g; 1 given by (1.6). Let

S~ [(n—Dk+j—p5 (n—Dk+j+8
j — < 4 i 2.4
Z { 1— 51,jﬁ |a(n71)k+j| + 1— 61,]’6 |b(’ﬂ71)k+]| ( )

n=1

+ Z 15,5 denl +1oal} <2,
n#lk-{-] 01,58
wherea; =1, 0< <1, k=1,23,..., 5=0,1,...,k—1, | € N and 61 ; is defined
by (1.4). Then f is sense-preserving harmonic univalent in U and f € SHY*® ().

Proof. Since

> - n+ﬂ el n—(snﬂ n+6nj5
ol + 3000 £ {325 el + T .
T; L ,; 01,5 1—101;8
where 6, ; is given by (1.4),
Dk+j— (n—1k+j5+p8 }
= Ay 4 bn_ i
nzl { 1— 61,]5 | ( l)k"!‘]‘ 1— 617jﬂ | ( 1)k+]‘
+ Z 6{|an|+\b\}<2
1,j

n#lkﬂ
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By Lemma 1.5, we conclude that f is sense-preserving, harmonic univalent and starlike
in U. To prove f € SHY* (3), according to condition (1.5), we need to show that

e} i6 / ol ()
~ ) paf(re’) o 21 (2) — 24/ (2) :%{A(z)}>
J{ ilre?) } hn(2) + 95 (2) 5 f ="
Where z = ¢, 0 <r <1, 0< 0 <21, 0< < land k =1,2,3,.., j =
0,1,....k—1.

Az) = 2h'(2) = 2¢'(2) = 2 + Z napz" — Z nby 2" (2.5)
n=1
and -
( f] k Z a’n n ]Z + Z 6n jbnz (26)

where 4, ; is defined by (1.4), and e* = 1.
Using the fact that ®{w} > g if and only if |1 — 4+ w| > |1 + 8 — w|, it suffices to
show that
[A(z) + (1= B)B(2)| — [A(z) = (1 + 8)B(2)] = 0.
For A(z) and B(z) as given in (2.5) and (2.6) respectively, we get
[A(z) = (1= B)B(2)| = [A(z) - (1 = B)B(2)]

= [(1=B)hjr+zh'(2)+(1 = B)gjk — 29’ (2)|=|(1+B)hjr—2h' (2)+(1 + B)gjr + 29'(2)]

=1+ 1-p8)d ]z+ i[n + (1= B)on jlanz" — i[n — (1= B)dn,]bpz"
—|[1 =1+ B)d ]z + i[n — (14 B)dn jlanz" — il[n + (1 + B)0n,j]bpzm
> (14 (1= B)on)l2] - fj[n £ (1= )0 llanlol” - g[n (= B sllalll
(Bl i[n 1+ Bl - il[n (14 Bl

571 n— 5n n—
=2<1—ﬁal,j>|z{1 Z gamm : ZLZSWH }

— B0n n—Ponj n+ Bo, N T POn,j
2(1—61,j>|z|{1 Z s |n|—§j o
From the definition of §,, ; in (1.4)7 we have

[A(z) + (1 = B)B(2)| — [A(z) — (1 + 5)B(2)]

= nk+j nk+j+p
2(1 — Bd1 ;)| {1 - Z T|ank+g| Z wbnwﬂ}
3J

n=1 n=1
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o0 oo

n n 1+ 4
(=802l q D glanl+ Y bl + b
ntig 17 0138 witeey L 018 1=01;8
— [(n—1)k+j—8 (n—1)k+j+8
261 — 86, )|z d1=S |\ 78 e = R T
(1-p8 1,a)|2|{ ;[ 1= 61,8 |Q(n—1)k+4] 1= 01,8 b(n—1)k+5]
Nt n
—(1 = Bd1, T < A n n >0,
(=380 Y T llenl + bl p >0
nF#lk+j ’
we note that in (2.4). This concludes the proof of the theorem. O

For j =1 we get the result introduced by Al-Shagsi and Darus in [1].

Corollary 2.3. If f = h+ g with h and g given by (1.1) and fi, = hy + g . Let

= —Dk+4+1- —1Dk+1
Z{ . ; 6|a(n—1)k+1| + [ 1)_; +ﬂ|b(n—1)k+1|} (2.7)

n=1

+ Z {\an|+|b I} <2,

n;ﬁlk+1

where a1 =1, 0< B <1, k=1,2,3,..., L € N. Then f is sense-preserving harmonic
univalent in U and f € SHE ().
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