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On the univalence of an integral operator

Virgil Pescar

Abstract. In this paper we introduce a new general integral operator for analytic
functions in the open unit disk and we derive some criteria for univalence of this
integral operator.
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1. Introduction

Let P be the class of functions p of the form
p(z) =14 b2t
k=1

which are analytic in the open unit disk & = {z € C : |z| < 1}, with positive real part
in U. We denote by A be the class of functions f of the form

o0
f(z)=z+ Zanz",
n=2
which are analytic in the open unit disk ¢4 and we consider S the subclass of A

consisting of functions f € A, which are univalent in U.
In this work we introduce a new integral operator, which is defined by

Kopen) = [ L0 du (1)

for functions p; € P and ; be complex numbers, j =1, n.

2. Preliminary results

In order to prove our main results we will use the lemmas.
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Lemma 2.1. [1]. If the function f is analytic in U and
2f"(2)
f'(2)

for all z € U, then the function f is univalent in U.

(1= 21%)

<1, (2.1)

Lemma 2.2. [4]. Let o be a complex number, Re a« > 0 and f € A. If

1— |Z|2Re [} Zf”(Z)
<1 2.2
Re o fl(z) | =7 (2.2)
for all z € U, then for any complex number 5, Ref > Rea, the function
: :
Fa(z) = {6”/m uﬁlf”<u>du} (2.3)
0

1s reqular and univalent in U.
Lemma 2.3. (Schwarz [2]). Let f be the function regular in the disk
Ur={z€C:|z| < R}
with |f(2)| < M, M fized. If f(z) has in z = 0 one zero with multiply > m, then
M m
FEN < mloI™, (= € Un) (2.4
the equality (in the inequality (2.4) for z # 0) can hold if
% M m

fz)=e eﬁz )

where 6 is constant.

Lemma 2.4. [3]. If the function f is regular in U and |f(2)] < 1 in U, then for all
EelU and z € U the following inequalities hold

16 = 1)
1— f(2)f(£)
Ifwﬂéliugm— (2.6)

1|z 7

_l=al
=Tz

(2.5)

e(z+u)
1+uz ’

the equalities hold only in the case f(z) = where |e] =1 and |u| < 1.

Remark 2.5. [3]. For z = 0, from inequality (2.5)
f(&) — £(0)

2.7
- 0| =" s

and, hence

€1+ 1£(0)]

O < 7 oe

(2.8)
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Considering f(0) = a and & = z, we have

2| + |al
<= 2.9
1) < o (29)
for all z € U.
3. Main results
Theorem 3.1. Let 7y; be complex numbers, M; positive real numbers, p; € P,
p](Z) = 1+b1jZ+b2jZ2+..., _]: 1,TL.
If
zp;(2) .
<M;, (j=1,n;z€U) (3.1)
p;(2) !
and
3\f
[vi| My + |yo| Mo + ...+ || My < —— (32)
then the integral operator K., . .. defined by (1.1), is in the class S.
Proof. The function K., . -, is regular in ¢/ and
K’Yl ~~~~~ In (0) = K’/yl ..... Yn (0) —-1=0.
We have
2K z
e Z B (eu) (33)
K%, »In =1
and hence, we obtain
2K (Z) n Zpl» (Z)
(- ) |2 < a1 3 il |2 (3.4)
Ko ) 2
for all z € U.
From (3.1) and Lemma 2.3 we get
Zp}(Z)’ :
——— | < M;lz|, J=1nmzeld 3.5
L2 <akl ) (35)
and by (3.4) we have
K7 (2)
(1= )| S22 < 1 2l 3 bl (35)
K'/Yl: 5 Yn (Z) Z
for all z € U.
Since
2
max (1 — [z[*)|2| =

|2|<1 3v3’
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from (3.2) and (3.6) we obtain that

2K (2)

(1= 1+ <1, (37)

K’/yl,u.,’yn (Z)
for all 2 € U and by Lemma 2.1, it results that the integral operator K., .. ., belongs
to the class S. O

Theorem 3.2. Let v, 7; be complex numbers, j = 1,n, 0 < Re a < 1 and p; € P,
pj(Z) = 1+b1jz+b2jz2 +..,7=1n.

If
zp’(z 2R 1) 5t
p]() S( ea+1)72rR , J=1,mzel) (3.8)
p;(z) 2
and
|’71‘+|72‘+"'|+'Yn| < 17 (39)

then the integral operator K., . .., defined by (1.1), is in the class S.
Proof. From (3.3) we obtain

e el LN G DS T E N O (3.10)
Rea | K, () |~ Rea  2U[5E00)
for all z e U.
By (3.8) and Lemma 2.3, we get
—_ 9R 1 2Re at1
P; (%) g( catl)mn Iz, (1=1,m2€U) (3.11)
pi(2) 2
and hence, by (3.10) we have
1-— |Z|2R€ ¢ ZK"Y’la-Nv'Yn (Z) ‘ <
Rea Ko@)
1_|Z‘2Reo¢ (2R€Oé+1)2};;521 n
i 3.12
R I e e WU
for all z € U.
We have
[(1 - z|)2R”Z|} 2
max =
|1<1 Re o (Re a +1)=ma
and from (3.9) and (3.12) we get
1 — |Z|2Rea ZK’/YI1 ____ ,YH(Z) <1 (313)
Rea | K, @)

for all z € Y. By (3.13) and Lemma 2.2, for § =1, f = K, .., it results that the
integral operator K., . ., isin the class S. O

n
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Theorem 3.3. Let y; be complex numbers,

Dj S P,pj(z) =1 +b1jZ+bng2 + 7] = 1,7?,.
If
1
Il + el 4wl < 5 (3.14)
then the integral operator K., .. .. defined by (1.1) belongs to the class S.
Proof. Since p; € P, j = 1,n we have

zp;(z) 2|z| I
< , (z€el; j=1,n), 3.15
@ | STopr ) (319)
by (3.3) we obtain
zK!
(1— 2% SELL ’7"( ‘ < 22 1vil, (2 €lU). (3.16)
Y

From (3.14) and (3.16) we get

2K z
(1 |2y | e D] (3.17)
'Yl>~~-7'Yn(Z)
for all z € U.
By (3.17) and Lemma 2.1 we obtain that the integral operator K., . -, belongs
to the class S. O
Theorem 3.4. Let «,y; be complex numbers, j = , 0 < Rea <1, M; positive real
numbers and p; € P, p;j(z) =1+ byjz + by;jz? + j=1,n.
If
p;(z) .
<M;, (z€elU;j=1,n), (3.18)
pi(2) !
1
Myl + Ma|yal + ... 4 My || < EET—— (3.19)
mariz|<i Rea |2 |1—Hc||z|
where
b b e+ binTn
_ 1171 + 01272 + ... + D1nY , (3.20)
M1‘71| + M2|72| +...+ Mn|7n|
then the integral operator K., ~, . . defined by (1.1) is in the class S.
Proof. We have
1— |z|2Re e ZK;/], 7%(2) 1_‘Z|2Rea|z|zn:|’7‘| Pg( ) (3.21)
] .
Re « Ko (2) Re « = p;(2)
for all z € U. We consider the function
1 K// p
fu(z) = 1a(?) (z elU) (3.22)

Miy|yi] + Malye| + ... + M|y, K’yl,...,%(z)’
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and from (1.1) we obtain

M Pi(2)
n(z) = : +...+
) = ST+ Ml + o+ Ml p1(2)
Tn Pu(2)
+ . , 3.23
Ml + Maal + -+ Ml pa(2) (3:29)
for all z e U.
From (3.18) and (3.23) we obtain |f,(2)| < 1, z € U.
We have
bllfyl +...+ bln,yn
fn(o) = = C
Mifyi|+ .. 4 M|yl
and by Remark 2.5 we get
|2] + |l
2| < ——, (z€l), 3.24
£ < iy e (3:24)
where
o] = |b1171 + b12v2 + ... 4 binYal
M|+ Malya| 4 ... + M|y
From (3.22) and (3.24) we obtain
L— |zPReo K0, (2)
Re a Koo (2) | ~
1—|z?fee 2] + e
< (M M. oo+ My, , 3.25
< (il + Mol + o M [P B
for all z € U.
By (3.19) and (3.25) we have
1= [of2Re | 2KD L (2)
e in <1 . 3.26
Rea | o @)= (z€l) (3.26)
From (3.26) and Lemma 2.2 for 8 = 1, it results that the integral operator
K, .. €S O
Corollary 3.5. Let o, 7y; be complex numbers, j = 1,n, 0 < Re oo < 1, M; positive real
numbers and pj € P, pj(z) =1+ bijz +bejz? +..., j=1,n.
If
p;(z) )
<M;, (z€elU;j=1,n), (3.27)
p;(2) !
2Re a+1
2Re o +1) 2Re «
[b1171 + b12v2 + . + bipYnl| < ( 2 ) , (3.28)
[b1171 + biava + .o+ binyn| = Milyi| + Ma|ye| + ... 4+ My |ynl, (3.29)

then the integral operator K., . . € S.
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Proof. From (3.29) and (3.20) we obtain |c| = 1. Using the inequality (3.19) we have
1

Mi|m| + Ma|ya| + ... + My || < T (3.30)
mal’|z‘§1 |: Re « |Z‘:|
Since
1— |Z|2Re o :| 2

mazx|, —z|| = — 3.31
o | M) = Grame 331

from (3.30) and (3.29) we obtain (3.28).
The conditions of Theorem 3.4 are satisfied. O

Corollary 3.6. Let o, 7y; be complex numbers, j = 1,n, 0 < Re oo < 1, Mj positive real
numbers and pj € P, pj(z) =1+ bijz +bej2? + ..., j =1,n,
bi1v1 + b2y + ...+ bipve = 0.

If
p;(2) .
< M;, (zel; j=1n), (3.32)
pj(z) !
Re a+1
M|yl + Malya| + ...+ Mp|yn| < (Re v+ 1) Rea | (3.33)

then the integral operator K., . .~ €S.

Proof. From Theorem 3.4, by (3.20), we obtain ¢ = 0 and using the inequality (3.19)
we get
1

1—|z|2Re @ 2 :
max‘z‘fl Re o ‘Z|

We have

Re a+t1

(Rea+1) Rea

and from (3.34) we obtain the inequality (3.33). Since the conditions of Theorem 3.4
are verified it results that K, . ,, belongs to S. O

1— |22Realz|2:| 1

max‘z‘gl |: Re a =
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