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Pascu-type p-valent functions associated with
the convolution structure
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Abstract. Making use of convolution structure, we introduce a new class of p-
valent functions. Among the results presented in this paper include the coefficient
bounds, distortion inequalities, extreme points and integral means inequalities for
this generalized class of functions are discussed.
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1. Introduction

Let A, denote the class of functions of the form

fl2)=2"4+ Y anf. (peN={1,2,3.1}) (1.1)
k=2p+1

which are analytic and p-valent in the open unit disk U= {z : z € Cand |z| < 1}.
A function f € A, is B-Pascu convex of order « if

1o { (1-B)zf'(2) + 52 (Zf'(Z))’}
p (1=B)f(2) + 2zf(2)
In the other words (1 — 3)f(z) + %zf’(z) is in f € S the class of p-valent starlike

functions (for details [5], see also [1], [3]).
Given two functions f, g € A,, where f is given by (1.1) and ¢ is given by

0<B<1,0<a<l).

g(z)=2"+ > b (peN),
k=2p+1
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the Hadamard product (or convolution) f * g is defined (as usual) by

(f*9)(x)=2"+ D abiz* = (g% f)(z), z€U. (1.2)

k=2p+1

For two functions f and g, analytic in U, we say that the function f(z) is sub-
ordinate to g(z) in U, and write

f(z) <g(z)  (z€D),

if there exists a Schwarz function w(z), analytic in U with w(0) = 0 and |w(z)| < 1
such that

f(z) = g(w(2)) (z€D).
In particular, if the function ¢ is univalent in U, the above subordination is
equivalent to

f(0)=g(0) and f(U)Cg(U).
See also Duren [2].
On the other hand, Saligean [6] introduced the following operator which is pop-
ularly known as the Sdlagean derivative operator:

Df(z) = f(2)
D'f(z) = Df(z) = 2f'(2)
and, in general,
D"f(z) = D(D""'f(2)) (n€No=NU{0}).
We easily find from (1.1) that

D"f(z) =p"2¥ + Z k" ay 2" (f e A, ; neNy).
k=2p+1

We denote by 7, the subclass of A, consisting of functions of the form

fly=2"—= > a?*, (x>0, peN) (1.3)
k=2p+1

which are p-valent in U.
For a given function g € A, defined by

g(z) =2 + Z bpz®  (bpy >0, pEN), (1.4)
k=2p+1

we introduce here a new class AS (n, p, a, 3) of functions belonging to the subclass of
7T, which consists of functions f(z) of the form (1.3) satisfying the following inequality:

Lo { (1= B)D"1(f % g)(2) + FD"2(f * 9)(2) }
p (1=B)D™(f * g)(2) + ZD+1(f x g)(2)
0<a<1,0<8<1,npeN)

(1.5)
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In this paper, we obtain the coefficient inequalities, distortion theorems as well
as integral means inequalities for functions in the class AS;(n, p, a, 8).

We first prove a necessary and sufficient condition for functions to be in
AS7(n,p, a, B) in the following:

2. Coefficient inequalities

Theorem 2.1. A function f(z) given by (1.3) is in AS;(n,p,, B) if and only if for
0<a<1,0<8<1,npeN,

oo

> (k= ap)(p— Bp + BE) K axbi < p" (1 - a). (2.1)
k=2p+1

Proof. Assume that f € AS,(n,p,a, ) . Then, in view of (1.3) to (1.5), we have

1 { (1= B)D™(f % g)(2) + SD™F2(f * g)(2) }
p (1=B)D™(f * g)(2) + £D+1(f x g)(2)

(oo}

pn+1 — Z |: (1- ﬁ—F k :| kn+1akbkzk7p

k=2p+1
ES >« (z € U).

A [15+ k}k”akbkzkl’

k=2p+1

= —Re
p

If we choose z to be real and let » — 17, the last inequality leads us to desired
assertion (2.1) of Theorem 2.1.
Conversely, assume that (2.1) holds. For f(z) € A,, let us define the function
F(z) by
F() = L(L=B)D"(fxg)(2) + D" (fxg)(2) N
P (1=B)D"(f *g)(2) + ZD™+1(f * g)(2)
It suffices to show that

F(z)—1
F‘(Z)—I—l‘<1 (ZEU)
We note that
F(z)-1
‘F(z)+1’

@ =BD T (F 5 9)(2) + 2D (f % 9)(2) = pla +1) [(1 = BD™(f * 9)(2) + 2D} (f x 9)(2)]

(1= B)D™H1(f % g)(2) + £Dm42(f % g)(2) — pla = 1) [(1 = BYD™(f % 9)(2) + £DmH1(f % g)(2)]

o0

_apn-‘rl _ Z |:(k: —ap — p)(l — ﬁ + ﬁk‘):| k”akbkzk—P
k=2p+1 p

[e.°]

(2 — a)pnt! — Z [(k‘ —ap+p)(1-08+ Bk)} k" agby 2"
k=2p+1 p
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ap"2+ Y [(k—ap—p)(p— Bp+ Bk)] K" axby
k=2p+1

2—a)prt2— > [(k—ap+p)(p—Bp+ Bk K axbs
k=2p+1

<

The last expression is bounded above by 1, if

ap™?+ 3" [(k—ap—p)(p— Bp+ Bk)] K" axbs

k=2p+1
<@=a)p™? = Y [(k—ap+p)(p—Bp+ Bk)| K arby
k=2p+1

which is equivalent to our condition (2.1). This completes the proof of our theorem. O

Corollary 2.2. Let f(z) given by (1.3). If f € AS(n,p,a, ), then

pn+2(1 _ a)
ar < 2.2
“ = [k —ap)p— Bp+ BE K7D 22)
with equality for functions of the form
n+2
p"(1—a) k
z) = 2P — z
W) =2 = ap)o = By + AR R,
Proof. If f € ASy(n,p,a, ), then by making use of (2.1), we obtain
[(k — ap)(p — Bp + BE)] k" arby, < Z — ap)(p — Bp + Bk)] K" axby
k=2p+1
<p"(1-a)
or
n+2 _
o < Pl - ) .
[(k — ap)(p — Bp + Bk)] k™by
Clearly for
n—+2
p" (1l - ) k
z)=2zF — z",
&) = = ap) (o= By + AR R,
we have
n+2 _
oy — P —a) 0

[(k — ap)(p — Bp + BE)] by
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3. Distortion inequalities

In this section, we shall prove distortion theorems for functions belonging to the
class AS;(n,p, a, B).

Theorem 3.1. Let the function f(z) of the form (1.3) be in the class AS,(n,p,a, B).
Then for |z| = r < 1, we have

) = - P —a) 2 3
- (2p+1—ap)(p+Bp+B)(2p+1)"bops1
and
n—+2
p" (1 —a) 2p+1
2)| <rP+ P 3.2
7l 2p+1—ap)(p+ Bp+B)(2p + 1) b2ps1 32
provided by, > bap1 (k> 2p+1). The result is sharp with equality for
n+2
flz)= 2 - i ) S
(2p+1—ap)(p+Bp+B)(2p+ 1)"bopss
i(2m+1)7
at z=r and z =re" »Tt  m € Z.
Proof. Since f(z) € AS}(n,p, a, B), we apply Theorem 2.1, we obtain
2p+1—ap)(p+Bp+B)(2p+1)"bops1 Y
k=2p+1
< Y ((k—ap)(p—Bp+ BR)] K arby < p" (1 - ).
k=2p+1
Thus, we obtain
oo n+2 1—
PO e a>2 1)bopr1 (8:3)
) (2p+1—ap)(p+ Bp+B)(2p+ 1)"bops1
From (1.3) and (3.3), we have
e n+2(1 _ a)
2 S Zp+ 2 2p+1 a S Tp_"_ p 7,.2p+1
FE <l +l 2 @+ 1= ap)p+ Ao+ )2+ Dibaprs
and
> "2(1 - )
2)| > |2|P =21 ap > rP— P r2ptL
FE 2l 3 @ 1 ap)(p  Bo T H)2p + Db
This completes the proof of Theorem 3.1. 0

Theorem 3.2. Let the function f(z) of the form (1.3) be in the class AS,(n,p,a, ).
Then for |z| =r < 1, we have

P21 —a)
(2p+1—ap)(p+ Bp+ B)(2p + 1) bapia

1f'(2)] = pr?~! — 2P (3.4)



408 Birgiil Oner and Sevtap Siimer Eker

and
PPl - )

(2p+1—ap)(p+Bp+B)(2p+ 1)"bopis
provided by, > bap11 (k> 2p+ 1). The result is sharp with equality for

pn+2(1 _ Oé)

|f'(2)] < prP + = (3.5)

f(z)=2P — 2%
B = G T ano+ Ao+ A+ D T
at z=r and z = rei(mpﬂ)ﬂ ,mE 7.
Proof. From Theorem 2.1 and (3.3), we have

o n+2 1—

Z kag < P @) — .

Mt (2p+1—ap)(p+Bp+B)(2p+1)" 1bapia
and the remaining part of the proof is similar to the proof of Theorem 3.1. O
4. Extreme points
Theorem 4.1. Let f,(z) = 2P and
P —a) k

(z) = 2P — z
W& = G an o= o+ A0,
(bp >0,0<a<1,0<8<1,n,peN, k=2p+1,2p+2,...).
Then f(z) € AS,(n,p, o, B) if and only if it can be expressed in the following form:

FE) =224 > Aefi(2),

k=2p+1

where A\p > 0, A\, >0 and A\, + Z A = 1.

k=2p+1
Proof. Suppose that
') 00 pn+2(1 _ a) 3
f(z) = Ap2P + Aefu(z) = 2P — Ak ko
" k_22p+1 k_QZp+1 [(k - Oép)(p - ﬁp + Bk)] k"bk
Then from Theorem 2.1, we have
= pn+2(1 _ a)
k —ap)(p — Bp + Bk) k"X b
kgp:ﬂ [( p)(p — Bp + BE)] k" A, 5 om0 — Bp s ARTE

= > AP —a)=p (1 —a)(1-)) <p"TP(1—a)
k=2p+1
Thus, in view of Theorem 2.1, we find that f(2) € AS}(n,p,a, B).
Conversely, suppose that f(z) € AS,(n,p, a, 8). Then, since
Pl - o)
[(k — ap)(p — Bp + Bk)] kb

ap < (peN),
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we may set
_ [(k —ap)(p — Bp + Bk)] k" by,
and -
Ap=1— ) A
k=2p+1

Thus, clearly, we have

FE) =X22"+ > Mefr(2)

k=2p+1
This completes the proof of theorem. O
Corollary 4.2. The extreme points of the class ASy(n,p,a, 3) are given by
fo(z) = 2P
and
n—+2 1—
fr(z) = 2P — P71 = a) k (k>2p+1,peN). (4.1)

[(k — ap)(p— Bp + Bk)] kbr -

Theorem 4.3. The class AS;(n,p, a, B) is a conver set.
Proof. Suppose that each of the functions f;(z), (i = 1,2) given by

o0
Z ak,izka (ak; > 0)

k=2p+1
is in the class AS}(n,p, a, 8). It is sufficient to show that the function g(z) defined
by
9(z) =nfi(z) + A =n)fa(2),  (0<n<1)
is also in the class ASg(n,p, a, 3). Since

o0
g(z)=n |2 - Z a2 |+ (1 =) |2 - Z ar 22"

k=2p+1 k=2p+1
0
=zP — Z [nak,l + (]. — 77)0,]“2] Zk
k=2p+1

with the aid of Theorem 2.1, we have

oo

> (k= ap)(p— Bp+ BE) K" nar. + (1 — n)ax,2] by
k=2p+1
=1 Z k— ap)(p — Bp + Bk)] K" ak 1 b
k=2p+1

+(1—n) Z [(k —ap)(p — Bp + Bk)] k™ ay 2by

k=2p+1
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<"1 —a)+ (1 —n)p" (1 —a)=p" (1 - a). O

5. Integral means inequalities
In 1925, Littlewood proved the following subordination theorem.
Theorem 5.1. (Littlewood [4]) If f and g are analytic in U with f < g, then for u > 0

and z =re’(0 <r < 1)
27 27
| s [Ciger .
0 0

We will make use of Theorem 5.1 to prove

Theorem 5.2. Let f(z) € AS,(n,p,a, B) and fi(z) is defined by (4.1). If there exists
an analytic function w(z) given by

_ k—ap)(p— Bp + Bk) k"b,
w(z)*P = I ;(n+2(1 Z apz""7,
k=2p+1

then for z =re? and 0 < r < 1,
2
/ ‘fre | d9</ |fk7“e | de (n>0).
0

Proof. We must show that

w
27
Lo
0

o] 2
Z apz"7P| dh < /
0
By applying Littlewood’s subordination theorem, it would suffice to show that

k=2p+1
i apz" P <1-— (1 - a) kP
g [(k—ap)(p— Bp + PR k"be

pn+2(1 — a) k—p g 0
h—ap) o= p+ o ke - | @

1—

k=2p+1
By setting
> n+2(1 _ a) L
]_ — a Zk}*p — 1 _ p w(z p’
k:2zp+1 ’ [(k —ap)(p — Bp + BE)] k"by, [o(2)]
we find that

()] 7 = [(k —ap)(p— ﬂp+ﬁk ) K™Dy, Z apz" P

n+2 _
p (1 a k=2p+1

which readily yields w(0) = 0.
Furthermore, using (2.1), we obtain

w(z)[F? < [(k — ap)(p — Bp+5k kb, i s

n—+2
p (1 k=2p+1
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[(k B Oép)(p B ﬁp + Bk” knbk .- k—p k—p
< (1 —a) Z ar, | 2| <z < 1.
k=2p+1
This completes the proof of the theorem. O
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