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On certain subclasses of meromorphic functions
defined by convolution with positive and fixed
second coefficients

M.K. Aouf, A.O. Mostafa, A.Y. Lashin and B.M. Munassar

Abstract. In this paper we consider the class M(f, g;α, β, λ, c) of meromorphic
univalent functions defined by convolution with positive coefficients and fixed sec-
ond coefficients. We obtained coefficient inequalities, distortion theorems, closure
theorems, the radii of meromorphic starlikeness, and convexity for functions of
this class.
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1. Introduction

Let Σ denote the class of meromorphic functions of the form:

f(z) =
1

z
+

∞∑
k=1

akz
k, (1.1)

which are analytic in the punctured unit disc U∗ = {z ∈ C : 0 < |z| < 1} = U\{0}.
Let g ∈ Σ, be given by

g(z) =
1

z
+

∞∑
k=1

bkz
k, (1.2)

then the Hadamard product (or convolution) of f and g is given by

(f ∗ g)(z) =
1

z
+

∞∑
k=1

akbkz
k = (g ∗ f)(z). (1.3)

A function f ∈ Σ is meromorphically starlike of order β (0 ≤ β < 1) if

−<
{
zf ′(z)

f(z)

}
> β (z ∈ U), (1.4)
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the class of all such functions is denoted by Σ∗(β). A function f ∈ Σ is meromorphi-
cally convex of order β (0 ≤ β < 1) if

−<
{

1 +
zf ′′(z)

f ′(z)

}
> β (z ∈ U), (1.5)

the class of such functions is denoted by Σk(β). The classes Σ∗(β) and Σk(β) were
introduced and studied by Pommerenke [18], Miller [15], Mogra et al. [16], Cho [9],
Cho et al. [10] and Aouf ([1] and [2]).
It is easy to observe from (1.4) and (1.5) that

f ∈ Σk(β)⇐⇒ −zf
′
∈ Σ∗(β).

For α ≥ 0, 0 ≤ β < 1, 0 ≤ λ < 1
2 and g given by (1.2) with bk > 0 (k ≥ 1), Aouf et

al. [3] defined the class M(f, g;α, β, λ) consisting of functions of the form (1.1) and
satisfying the analytic criterion:

−<
{

z(f ∗ g)′(z) + λz2(f ∗ g)′′(z)

(1− λ)(f ∗ g)(z) + λz(f ∗ g)′(z)
+ β

}
≥ α

∣∣∣∣ z(f ∗ g)′(z) + λz2(f ∗ g)′′(z)

(1− λ)(f ∗ g)(z) + λz(f ∗ g)′(z)
+ 1

∣∣∣∣ (z ∈ U). (1.6)

We note that for suitable choices of g, α and λ, we obtain the following subclasses of
the class M(f, g;α, β, λ):

(1) M

(
f,

1

z(1− z)
; 0, β; 0

)
= Σ∗(β) (0 ≤ β < 1) (see Pommerenke [18]);

(2) M

(
f,

1

z
+
∞∑
k=1

Dk(γ)zk;α, β, λ

)
= Σγ(α, β, λ) (see Atshan and Kulkarni [7] and

Atshan [6]) (α ≥ 0, 0 ≤ β < 1, γ > −1, 0 ≤ λ < 1

2
), where

Dk(γ) =
(γ + 1)(γ + 2)...(γ + k + 1)

(k + 1)!
; (1.7)

(3) M

(
f,

1

z
+
∞∑
k=1

Γk(α1)zk;α, β, λ

)
= Σ(β, α, λ) (see Magesh et al. [14]) (α ≥ 0,

0 ≤ β < 1, 0 ≤ λ < 1

2
), where

Γk(α1) =
(α1)k+1...(αq)k+1

(β1)k+1...(βs)k+1

1

(k + 1)!
; (1.8)

(4) M

(
f,

1

z
+
∞∑
k=1

Γk(α1)zk; 0, β, λ

)
= Mq

s (λ, β) (see Murugusundaramoorthy et al.

[17]) (0 ≤ β < 1, 0 ≤ λ <
1

2
, q ≤ s + 1, q, s ∈ N0 = N ∪ {0}, N = {1, 2, ...}), where

Γk(α1) is defined by (1.8).
Also, we note that

(1) M(f, g;α, β, 0) = N(f, g;α, β)

=

{
f ∈ Σ : −<

(
z(f ∗ g)′(z)

(f ∗ g)(z)
+ β

)
≥ α

∣∣∣∣z(f ∗ g)′(z)

(f ∗ g)(z)
+ 1

∣∣∣∣ } (z ∈ U) ; (1.9)
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(2) Putting g(z) =
1

z
+
∞∑
k=1

(
`+ δk

`

)m
zk in (1.6), then the class

M

(
f,

1

z
+

∞∑
k=1

(
`+ δk

`

)m
zk;α, β, λ

)
reduces to the class

Mδ,`(m;α, β, λ) =

{
f ∈ Σ : −<

{
z(Im(δ, `)f(z))′ + λz2(Im(δ, `)f(z))′′

(1− λ)(Im(δ, `)f(z)) + λz(Im(δ, `)f(z))′
+ β

}
≥α

∣∣∣∣ z(Im(δ, `)f(z))′ + λz2(Im(δ, `)f(z))′′

(1− λ)(Im(δ, `)f(z)) + λz(Im(δ, `)f(z))′
+ 1

∣∣∣∣ (δ ≥ 0, ` > 0, m ∈ N0, z ∈ U)},

where the operator

Im(δ, `)(z) =
1

z
+

∞∑
k=1

(
`+ δk

`

)m
zk, (1.10)

was introduced and studied by Bulboacă et al. [8], El-Ashwah [11 with p = 1] and
El-Ashwah et al. [12 with p = 1].

Unless otherwise mentioned, we shall assume in the reminder of this paper that 0 ≤
β < 1, 0 ≤ λ < 1

2 , α ≥ 0, g is given by (1.2) with bk > 0 and bk ≥ b1 (k ≥ 1) .

We begin by recalling the following lemma due to Aouf et al. [4] .

Lemma 1.1. Let the function f be defined by (1.1). Then f is in the class
M(f, g;α, β, λ) if and only if

∞∑
k=1

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bkak ≤ (1− β) (1− 2λ) . (1.11)

Proof. In view of (1.11) , we can see that the functions f defined by (1.1) in the class
M(f, g;α, β, λ) and satisfy the coefficient inequality

a1 ≤
(1− β) (1− 2λ)

(2α+ β + 1) b1
. (1.12)

Hence we may take

a1 =
(1− β) (1− 2λ) c

(2α+ β + 1) b1
, 0 < c < 1. (1.13)

Making use of (1.13) , we now introduce the following class of functions:

Let M(f, g;α, β, λ, c) denote the subclass of M(f, g;α, β, λ) consisting of functions of
the form:

f(z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z +

∞∑
k=2

akz
k (ak ≥ 0; 0 < c < 1) . (1.14)

Motivated by the works of Aouf and Darwish [3] , Aouf and Joshi [5] , Ghanim and
Darus [13] and Uralegaddi [19] , we now introduce the following class of meromorphic
functions with fixed second coefficients.
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2. Coefficient estimates

Theorem 2.1. Let the function f be defined by (1.14). Then f is in the class
M(f, g;α, β, λ, c), if and only if,

∞∑
k=2

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bkak ≤ (1− β) (1− 2λ) (1− c) . (2.1)

Proof. Putting

a1 =
(1− β) (1− 2λ) c

(2α+ β + 1) b1
, 0 < c < 1, (2.2)

in (1.11) and simplifying we get the required result. The result is sharp for the function

f(z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z +

(1− β) (1− 2λ) (1− c)
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

zk, k ≥ 2.

(2.3)
Corollary 2.1. Let the function f defined by (1.13) be in the class M(f, g;α, β, λ, c),
then

ak ≤
(1− β) (1− 2λ) (1− c)

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk
, k ≥ 2. (2.4)

The result is sharp for the function f given by (2.3) .

3. Growth and Distortion theorems

Theorem 3.1. If the function f defined by (1.14) is in the class M(f, g;α, β, λ, c) for
0 < |z| = r < 1, then we have

1

r
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
r − (1− β) (1− 2λ) (1− c)

(1 + λ) (3α+ β + 2) b2
r2 ≤ |f (z)|

≤ 1

r
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
r +

(1− β) (1− 2λ) (1− c)
(1 + λ) (3α+ β + 2) b2

r2. (3.1)

The result is sharp for the function f given by

f(z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z +

(1− β) (1− 2λ) (1− c)
(1 + λ) (3α+ β + 2) b2

z2. (3.2)

Proof. Since f ∈M(f, g;α, β, λ, c), then Theorem 2.1 yields

ak ≤
(1− β) (1− 2λ) (1− c)

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk
, k ≥ 2. (3.3)

Thus, for 0 < |z| = r < 1,

|f (z)| ≤ 1

|z|
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
|z|+

∞∑
k=2

ak |z|k

≤ 1

r
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
r + r2

∞∑
k=2

ak
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≤ 1

r
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
r +

(1− β) (1− 2λ) (1− c)
(1 + λ) (3α+ β + 2) b2

r2, by (3.3) .

Also we have

|f (z)| ≥ 1

|z|
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
|z| −

∞∑
k=2

ak |z|k

≥ 1

r
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
r − r2

∞∑
k=2

ak

≥ 1

r
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
r − (1− β) (1− 2λ) (1− c)

(1 + λ) (3α+ β + 2) b2
r2.

Thus the proof of Theorem 3.1 is completed.
Theorem 3.2. If the function f defined by (1.14) is in the class
M(f, g;α, β, λ, c) for 0 < |z| = r < 1, then we have

1

r2
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
− 2 (1− β) (1− 2λ) (1− c)

(1 + λ) (3α+ β + 2) b2
r

≤
∣∣∣f ′

(z)
∣∣∣ ≤ 1

r2
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
+

2 (1− β) (1− 2λ) (1− c)
(1 + λ) (3α+ β + 2) b2

r. (3.4)

The result is sharp for the function f given by (3.2) .
Proof. In view of Theorem 2.1, it follows that

kak ≤
k (1− β) (1− 2λ) (1− c)

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk
, k ≥ 2. (3.5)

Thus, for 0 < |z| = r < 1, and making use of (3.5) , we obtain∣∣∣f ′
(z)
∣∣∣ ≤ 1

|z2|
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
+

∞∑
k=2

kak |z|k−1

≤ 1

r2
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
+ r

∞∑
k=2

kak

≤ 1

r2
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
+

2 (1− β) (1− 2λ) (1− c)
(1 + λ) (3α+ β + 2) b2

r, by (3.5) .

Also we have ∣∣∣f ′
(z)
∣∣∣ ≥ 1

|z2|
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
−
∞∑
k=2

kak |z|k−1

≥ 1

r2
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
− r

∞∑
k=2

kak

≥ 1

r2
− (1− β) (1− 2λ) c

(2α+ β + 1) b1
− 2 (1− β) (1− 2λ) (1− c)

(1 + λ) (3α+ β + 2) b2
r.

Hence the result follows.
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4. Closure theorems

In this section we shall show that the class M(f, g;α, β, λ, c) is closed under convex
linear combination.
Theorem 4.1. Let

f1 (z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z, (4.1)

and

fk (z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z+ (4.2)

∞∑
k=2

(1− β) (1− 2λ) (1− c)
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

zk (k ≥ 2) .

Then f ∈M(f, g;α, β, λ, c), if and only if it can expressed in the form

f (z) =

∞∑
k=1

µkfk (z) , (4.3)

where µk ≥ 0 and
∞∑
k=1

µk ≤ 1.

Proof. Let

f (z) =

∞∑
k=1

µkfk (z) ,

then from (4.2) and (4.3) , we have

f (z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z +

∞∑
k=2

(1− β) (1− 2λ) (1− c)µk
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

zk. (4.4)

Since
∞∑
k=2

(1− β) (1− 2λ) (1− c)µk
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk
(1− β) (1− 2λ) (1− c)

=

∞∑
k=2

µk = 1− µ1 ≤ 1,

hence by using Lemma 1.1, we have f ∈M(f, g;α, β, λ, c).
Conversely, suppose that f defined by (1.14) is in the class M(f, g;α, β, λ, c). Then
by using (2.4) ,we get

ak ≤
(1− β) (1− 2λ) (1− c)

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk
, k ≥ 2. (4.5)

Setting

µk =
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

(1− β) (1− 2λ) (1− c)
, k ≥ 2 (4.6)

and

µ1 = 1−
∞∑
k=2

µk, (4.7)
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we can see that f can be expressed in the form (4.3) .This completes the proof of
Theorem 4.1.
Theorem 4.2. The class M(f, g;α, β, λ, c) is closed under linear combination.
Proof. Suppose that the function f given by (1.14) , and the function g given by

g (z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z +

∞∑
k=2

dkz
k, dk ≥ 0. (4.8)

Assuming that f and g are in the class M(f, g;α, β, λ, c), it is enough to prove that
the function h defined by

h (z) = µf (z) + (1− µ) g (z) , 0 ≤ µ ≤ 1, (4.9)

is also in the class M(f, g;α, β, λ, c). Since

h (z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z +

∞∑
k=2

[akµ+ (1− µ) dk] zk, (4.10)

we observe that
∞∑
k=2

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk [akµ+ (1− µ) dk]

≤ (1− β) (1− 2λ) (1− c) , (4.11)

with the aid of Theorem 2.1. Thus, h ∈ M(f, g;α, β, λ, c).

5. Radii of Meromorphically Starlikeness and Convexity

Theorem 5.1. Let the function f defined by (1.14) be in the class M(f, g;α, β, λ, c).
Then f is meromorphically starlike of order δ (0 ≤ δ < 1) in 0 < |z| < r1(α, β, λ, c, δ),
where r1(α, β, λ, c, δ) is the largest value for which

(3− δ) (1− β) (1− 2λ) c

(2α+ β + 1) b1
r2 +

(k + 2− δ) (1− β) (1− 2λ) (1− c)
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

rk+1 ≤ (1− δ) ,

(5.1)
for k ≥ 2. The result is sharp for the function

fk(z) =
1

z
+

(1− β) (1− 2λ) c

(2α+ β + 1) b1
z +

(1− β) (1− 2λ) (1− c)
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

zk (5.2)

for some k.
Proof. It is sufficient to show that∣∣∣∣∣zf

′
(z)

f(z)
+ 1

∣∣∣∣∣ ≤ 1− δ (0 ≤ δ < 1) for 0 < |z| < r1. (5.3)

Note that ∣∣∣∣∣zf
′
(z)

f(z)
+ 1

∣∣∣∣∣ ≤
2(1−β)(1−2λ)c
(2α+β+1)b1

r2 +
∞∑
k=2

(k + 1) akr
k+1

1− (1−β)(1−2λ)c
(2α+β+1)b1

r2 −
∞∑
k=2

akrk+1

≤ 1− δ (5.4)
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for (0 ≤ δ < 1) if and only if

(3− δ) (1− β) (1− 2λ) c

(2α+ β + 1) b1
r2 +

∞∑
k=2

(k + 2− δ) akrk+1 ≤ (1− δ) . (5.5)

Since f is in the class M(f, g;α, β, λ, c), from (2.4) , we may take

ak =
(1− β) (1− 2λ) (1− c)

[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk
µk (k ≥ 2) , (5.6)

where µk ≥ 0 (k ≥ 2) and
∞∑
k=2

µk ≤ 1.

For each fixed r, we choose the positive integer k0 = k0 (r) for which

(k + 2− δ)
[1 + λ (k − 1)][k (1 + α) + (α+ β)]

rk+1

is maximal. Then it follows that

∞∑
k=2

(k + 2− δ) akrk+1 ≤ (k0 + 2− δ) (1− β) (1− 2λ) (1− c)
[1 + λ (k0 − 1)][k0 (1 + α) + (α+ β)] bk0

rk0+1. (5.7)

Then f is starlike of order δ in 0 < |z| < r1(α, β, λ, c, δ) provided that

(3− δ) (1− β) (1− 2λ) c

(2α+ β + 1) b1
r2+

(k0 + 2− δ) (1− β) (1− 2λ) (1− c)
[1 + λ (k0 − 1)][k0 (1 + α) + (α+ β)] bk0

rk0+1≤(1− δ) .

(5.8)
We find the value r0 = r0 (α, β, λ, c, δ) and the corresponding integer k0 (r0) so that

(3− δ) (1− β) (1− 2λ) c

(2α+ β + 1) b1
r20+

(k0 + 2− δ) (1− β) (1− 2λ) (1− c)
[1 + λ (k0 − 1)][k0 (1 + α) + (α+ β)] bk0

rk0+1
0 =(1− δ) .

(5.9)
Then this value r0 is the radius of meromorphically starlike of order δ for functions
belonging to the class M(f, g;α, β, λ, c).

Corollary 5.1. Let the function f defined by (1.14) be in the class M(f, g;α, β, λ, c).
Then f is meromorphically convex of order δ (0 ≤ δ < 1) in 0 < |z| < r2(α, β, λ, c, δ),
where r2(α, β, λ, c, δ) is the largest value for which

(3− δ) (1− β) (1− 2λ) c

(2α+ β + 1) b1
r2 +

k (k + 2− δ) (1− β) (1− 2λ) (1− c)
[1 + λ (k − 1)][k (1 + α) + (α+ β)] bk

rk+1 ≤ (1− δ) ,

(5.10)

(k ≥ 2) .The result is sharp for function f given by (5.2) for some k.

Remark. Specializing the function g, in(1.6) , we have results for the subclasses main-
tain in the introduction in the case of fixed second coefficients.
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[12] El-Ashwah, R.M., Aouf, M.K., Bulboacă, T., Differential subordinations for classes of
meromorphic p-valent Functions defined by multiplier transformations, Bull. Aust. Math.
Soc., 83(2011), 353-368.

[13] Ghanim, F., Darus, M., On class of hypergeometric meromorphic functions with fixed
second positive coefficients, General. Math., 17(2009), no. 4, 13-28.

[14] Magesh, N., Gatti, N.B., Mayilvaganan, S., On certain subclasses of meromorphic func-
tions with positive and fixed second coefficients involving the Liu- Srivastava linear op-
erator, ISRN Math. Anal. 2012, Art. ID 698307, 1-11.

[15] Miller, J.E., Convex meromrphic mapping and related functions, Proc. Amer. Math.
Soc., 25(1970), 220-228.

[16] Mogra, M.L., Reddy, T., Juneja, O.P., Meromrphic univalent functions with positive
coefficients, Bull. Aust. Math. Soc., 32(1985), 161-176.

[17] Murugusundaramoorthy, G., Dziok, J., Sokol, J., On certain class of meromorphic func-
tions with positive coefficients, Acta Math. Sci., Ser. B, 32(2012), no. 4, 1-16.

[18] Pommerenke, Ch., On meromrphic starlike functions, Pacific J. Math., 13(1963), 221-
235.

[19] Uralegaddi, B.A., Meromorphically starlike functions with positive and fixed second co-
efficients, Kyungpook Math. J., 29(1989), no. 1, 64-68.



394 M.K. Aouf, A.O. Mostafa, A.Y. Lashin and B.M. Munassar

M.K. Aouf
Department of Mathematics, Faculty of Science
Mansoura University
Mansoura 35516, Egypt
e-mail: mkaouf127@yahoo.com

A.O. Mostafa
Department of Mathematics, Faculty of Science
Mansoura University
Mansoura 35516, Egypt
e-mail: adelaeg254@yahoo.com

A.Y. Lashin
Department of Mathematics, Faculty of Science
Mansoura University
Mansoura 35516, Egypt
e-mail: aylashin@yahoo.com

B.M. Munassar
Department of Mathematics, Faculty of Science
Mansoura University
Mansoura 35516, Egypt
e-mail: bmunassar@yahoo.com


