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On certain subclasses of meromorphic functions
defined by convolution with positive and fixed
second coefficients

M.K. Aouf, A.O. Mostafa, A.Y. Lashin and B.M. Munassar

Abstract. In this paper we consider the class M(f, g; , 8, A\, ¢) of meromorphic
univalent functions defined by convolution with positive coefficients and fixed sec-
ond coefficients. We obtained coefficient inequalities, distortion theorems, closure
theorems, the radii of meromorphic starlikeness, and convexity for functions of
this class.
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1. Introduction

Let ¥ denote the class of meromorphic functions of the form:
1 k
== , 1.1
RO (11)

which are analytic in the punctured unit disc U* = {z € C: 0 < |z]| < 1} = U\{0}.
Let g € X, be given by

1 oo
== by.2* 1.2
() =+ Lt (12)
then the Hadamard product (or convolution) of f and g is given by
JR .
(Fro)(z) =<+ arbiz® = (9% f)(2). (1.3)
k=1
A function f € ¥ is meromorphically starlike of order 8 (0 < g < 1) if

—&%{ZJ{(S)} > B (zeU), (1.4)
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the class of all such functions is denoted by ¥*(3). A function f € ¥ is meromorphi-
cally convex of order 5 (0 < g < 1) if

zf"(2)
e } >0 (z€U), (1.5)

the class of such functions is denoted by X (8). The classes ¥*(3) and Xk (8) were
introduced and studied by Pommerenke [18], Miller [15], Mogra et al. [16], Cho [9],
Cho et al. [10] and Aouf ([1] and [2]).

It is easy to observe from (1.4) and (1.5) that

f € Zu(B) = —=f €£(B).
Fora>0,0<8<1, 0<)A< % and ¢ given by (1.2) with by, > 0 (k > 1), Aouf et
al. [3] defined the class M (f,g;«, 5, \) consisting of functions of the form (1.1) and
satisfying the analytic criterion:
AL ) )
(L =X)(f *9)(2) + Az(f = 9)'(2)

2(f *9)'(2) + A2 (f * 9)" (2)
(L= (f*9)(z) + Az(f *9)'(2)
We note that for suitable choices of g, « and A, we obtain the following subclasses of
the class M (f, g; o, B, \):

(1) M (f, (11);0,&0) =3*(8) (0< B <1) (see Pommerenke [18]);

2(1 -2z

(2) M (f, ! + 3 Dk(w)zk;a,ﬁ,)) =3, (a, B, ) (see Atshan and Kulkarni [7] and
Z k=1

R{1+

>«

+1](z € U). (1.6)

1
Atshan [6]) (¢ >0, 0< 8 <1, v>-1,0< A< 5), where

Y+ Dy +2) (v HE+T)
(k+1)! '

Di(y) = (1.7)

3) M (f,i—i— ioj Fk(al)zk;a,ﬁ,)\> = X(B,a,\) (see Magesh et al. [14]) (a > 0,
k=1

1
O§5<1,0§)\<§),Where

_ (a)kr(aglesr 1
Pele) = B0 B D1 (18)

1 0
(4) M <f, -+ > Fk(al)zk;O,B,)\> = MJI(\, B) (see Murugusundaramoorthy et al.
2 k=1

—_

17) (0<B<1, 0<A< =, g<s+1, ¢s€Ng=NU{0}, N={1,2,...}), where

Tk (aq) is defined by (1.8).
Also, we note that

(1) M(f,g;,5,0) = N(f,g;, )

freson () o

\V]

2(f*9)'(2)
(f *9)(2)

+1‘ }(zeU); (1.9)
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%) m
(2) Putting g(z) = ! + > (“—Eék) 2% in (1.6), then the class
2 k=1

M <fi +Y () zk;a,ﬁA)

k=1

reduces to the class

M(s)g(m;a,ﬁ,)\) = {f SDIF —%{(1

2(IM(6,0) f(2)) + Az2 (1" (6, 0) f(2))"

—Am (6, H(D+A4PW&@ﬂ@Y+6}>a
‘ 276 OF(2)) + A2U™(6, 0 f ()"
(L=, 0)f(2)) + Az(I™(6,0) f (2))

where the operator

1’ (6>0, >0, meNy, z€U)},

m 1 N R AN

I"(0.0() = - + ’; (z) 2, (1.10)
was introduced and studied by Bulboaci et al. [8], El-Ashwah [11 with p = 1] and
El-Ashwah et al. [12 with p = 1].
Unless otherwise mentioned, we shall assume in the reminder of this paper that 0 <
B <1, 0<)\<77 a >0, g is given by (1.2) with by > 0 and by > b1 (k> 1).
We begin by recalling the following lemma due to Aouf et al. [4].
Lemma 1.1. Let the function f be defined by (1.1). Then f is in the class

M(f,g;a,8,\) if and only if

i[l—k)\(k—l)][k(l—i-a) (a+ B)] brar < (1— B) (1—2)). (1.11)
k=1

Proof. In view of (1.11) , we can see that the functions f defined by (1.1) in the class
M(f,g;a,B,\) and satisfy the coefficient inequality

(1-58)(1—2X)
R S B Y (1.12)

Hence we may take

1-58)(1-2)Nc
(2a+B+1)b

Making use of (1.13), we now introduce the following class of functions:

Let M(f,g;a, B, A, c) denote the subclass of M (f, g;«, 8, A) consisting of functions of
the form:

a; =

,0<ce< L. (1.13)

1 1-—- 1-2)\)e¢
f(Z):Z+((2a€—)é+1b1 +Zakz (a, > 0;0<c<1). (1.14)

Motivated by the works of Aouf and Darwish [3], Aouf and Joshi [5], Ghanim and
Darus [13] and Uralegaddi [19], we now introduce the following class of meromorphic
functions with fixed second coefficients.
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2. Coefficient estimates

Theorem 2.1. Let the function f be defined by (1.14). Then f is in the class
M(f,g;0, 8, ¢), if and only if,
STI+Ak =Dk + )+ (a+ B)brar < (1—B) (1—2X) (1—c). (2.1)
k=2
Proof. Putting
(1-8)(1-2)c
Qa+p+1)b ’
n (1.11) and simplifying we get the required result. The result is sharp for the function

1 (1—6)(1—2/\)0Z (1-p)1-=2N(1-c¢)
f(z)_zJr 2a+p+1)by +[1+>\(k71)][k(1+a)+(a+5)]bk

0<e<l, (2.2)

a; =

2K k> 2.
(2.3)
Corollary 2.1. Let the function f defined by (1.13) be in the class M(f,g;, B, A, ¢),

o L-B)(1-22(1-0)
T+ G-DFA+a) + (a+B) b k=2. (2.4)
The result is sharp for the function f given by (2.3).

a <

3. Growth and Distortion theorems

Theorem 3.1. If the function f defined by (1.14) is in the class M(f,g;a, B, A, c) for
0 < |z| =r <1, then we have
1 1-=-800-2)Nc¢ 1-80-2\)(1-¢)

2
T 2a+8+1)b " (1+)\)(3a+5+2)b2r <I[f (2]

1 (1-81-2N)c (A=A -2N)(1-c¢) ,
S T Gat b+ T AN BatBL b (3.1)

The result is sharp for the function f given by
1, A=9H0=-2Nc  (A=H1-2){A—-¢) ,

T = Gar g b * T A+ N Gat B+ 2)bs .
Proof. Since f € M(f,g;a, 3, c), then Theorem 2.1 yields
e (1-B)(1-20)(1~¢) k> 2 (3.3)

[T+ X(k— D]k 1+ )+ (a+ B)] bi
Thus, for 0 < |z| =r < 1,

FoNs o+ e |+Zak 4"

1 (1-B8)(1-2\c¢

2
S T @t s Zak
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1 (1-B)(-20c  (1-B(1-20(1-0)

< -+ T+ r?, by (3.3).

—r 2a+8+1)b (I1+X) Ba+8+2)by
Also we have

L1 =B~
|| (2a+ﬁ+

I (1-p)(1-2)Nc
= Cat Bt ZZ%

L1 0-Aa-we (1*5)(1*%)(1*6)7,2
T 2a+p5+1)h (14+XN)Ba+p+2)by
Thus the proof of Theorem 3.1 is completed.
Theorem 3.2. If the function f defined by (1.14) is in the class
M(f,g;a,8,A¢) for 0<|z| =r <1, then we have
1 (1-8@1-2Nc 201=8)(1-2X\(1-c¢)

2 Cat+pB+1)b AN Batfr2)bs

The result is sharp for the function f given by (3.2).
Proof. In view of Theorem 2.1, it follows that

EQ-p8)1-2))(1-¢)
L+Ak—1D]E(Q+a)+(a+B)]b’ =
Thus, for 0 < |z| = r < 1, and making use of (3.5) we obtain

1 (1-p0
ST (2a+6+1 +Zka’“|z|k 1

kay <

I (1-51-2)Nc

gﬁ—'_ 2a+8+1)b r Zkak

<iJr(1—ﬂ)(172>\)c+2(1*3)(1*2/\)( —0)

=2 Qa+B+1)b  (1+N)(Ba+B+2)b
Also we have

/ 1 1-8)1-2Nc k—1
f(Z)ZE_ 20+ B+ )b Zkk|2|

1 (1-8)(1-2)\c
2T 20+ B+1)by Zkak
i_(1—5)(1—2/\)0_2(1—5)(1—%)(1—0) .

~ 2 2a+B+1)b (14X (Ba+ B8+ 2)bs
Hence the result follows.

/ ‘<i (1—ﬁ)(1—2)\)c+2(1—5)(1—2/\)(1—c)r
= 72 a+B8+1)h (14+XN)Ba+5+2)by

r, by (3.5).

389
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4. Closure theorems

In this section we shall show that the class M(f, g;a, 8, A, ¢) is closed under convex
linear combination.

Theorem 4.1. Let
1 1-810-2)Nc¢

=2+ Qa+pB+1)b (4.1)
and
_1 (1_5)(1—2)\)0
fk(z)_;‘i' 2ot 3+1)b z (4.2)
3 (1-8)(1—2\)(1—c) .
k-zzz[1+)‘(k*1)][k(1+a)+(a+ﬂ)}bkz (kZQ).
Then f € M(f,g;, B, ¢), if and only if it can expressed in the form
F(2) =t (2), (4.3)
k=1

where ui > 0 and § pe < 1.
Proof. Let = .

F)=> mfe(2),
then from (4.2) and (4.3), we have .

_1, (=m0 -2)c = (1-8)(1 =201 —c)m )
F) =2+ (2a+B+1)by +Z[1+A(k:—1)][k(1+a)+(a+ﬁ)]bk b (44)

k=2
Since
c- (1-p)A=2)N1—c)m L+ Ak —DIEQA+a)+ (a+ 5)] br
L+ A (k= D]k (L+a) + (a+5)] b (1—-8)(1—=2)\) (1 —c)

o0
=Y me=1-pm <1,
k=2

hence by using Lemma 1.1, we have f € M(f,g;a, 3, ¢).
Conversely, suppose that f defined by (1.14) is in the class M(f, g; o, 8, A, ¢). Then
by using (2.4) ,we get

(1-p=-20)(1=-¢

HEEIAG- Dk @A (42
setting L4+ A (k— DIk (14 0) + (a + 8)
AR -D]E(A+ ) + (a+ B)] b
S [ [ I (0
and

k=2
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we can see that f can be expressed in the form (4.3).This completes the proof of
Theorem 4.1.

Theorem 4.2. The class M(f, g;«, B, )\, ¢) is closed under linear combination.

Proof. Suppose that the function f given by (1.14), and the function g given by

9(Z)=1+ (1_5)(1_2A)62+§:dk2k7 dy. > 0. (4.8)
k=2

z 2a+8+1)b

Assuming that f and g are in the class M(f, g;a, 8, A, ¢), it is enough to prove that
the function A defined by

hz)=pf(z)+(1-—pg(z), 0<p<l, (4.9)
is also in the class M(f, g;a, 8, A, ¢). Since

1 1-f-2e | &
hiz) =+ Gatpih z+;[aku+(1—u)dk]zk, (4.10)
we observe that
L4+ Ak =]k 1+ )+ (a+ B)] by larp + (1 — p) di]
k=2

<(-f -2 (1-0). (4.11)
with the aid of Theorem 2.1. Thus, h € M(f, g; o, B, A, ¢).

5. Radii of Meromorphically Starlikeness and Convexity

Theorem 5.1. Let the function f defined by (1.14) be in the class M(f,g;, 3, A, c).
Then f is meromorphically starlike of order § (0 <6 < 1) in 0 < |z| < ri(a, B, A\, ¢, ),
where r1(a, B, A, ¢, 0) is the largest value for which

(3-00-F1-2Nc, (k+2-00-F1-2)1-¢) PR < (1 -

0
2a+p+1)b " T+ A(k—D]kQ+a)+ (a+B)] b )
(5.1)
for k > 2. The result is sharp for the function
1 (=) (1-2e (1-8)(1-2)) (1) .
== 5.2
R Ty U Y SR Wy ¥ 7 ey pry o A )
for some k.
Proof. 1t is sufficient to show that
) ] <1 50<a<1) for0< 2] <. (5.3)
f(z)
Note that
21-B)(1-2N)c 2 | <= k41
zf’(z) Gathrnh " +k2_:2 (k+ 1) aprt™
e 11 < =2 <1-6 (5.4)
z 1-B8)(1—2)\)c
1= ((2a+)23+1)b3 r? = 3 aprt

k=2
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for (0 < ¢ < 1) if and only if

B-9)(1-F -2, & .
Gatprnn 2 Er2odartti<d-0. 6)

Since f is in the class M (f, g; i, B, A, ¢), from (2.4) , we may take

(1-8)(1-=2))(1-c¢)
L+ aGk—D]kQ+a)+ (atp)]bo'"

o0
where pp > 0(k >2) and > g < 1.
k=2

For each fixed r, we choose the positive integer ko = ko (r) for which
(k+2-9) kL
[T+ A(k—D]E(1+ )+ (a+B))
is maximal. Then it follows that

c- (ko +2-08)A-B)(A-2)(1~¢) 1

2 (k2= et < G T ) + (ot Bl

(5.7)

Then f is starlike of order ¢ in 0 < |z| < 1 (a, 8, A, ¢, 0) provided that

B-0)1-B1-2e,, (h+2-0)1-BA-201-09 sy _y
@at+f+1)h T3 - O+ )+ @+ A, =7

We find the value rg = 1o (@, 5, A\, ¢, §) and the corresponding integer kg (1) so that

B=00-A0=2Nc, (sr2-00=AHU=00-0 4u_,_,
(204 +1)by O [+ A (ko — D[ko (1+ @) + (+ B)]bey, © ( )
5.9
Then this value rg is the radius of meromorphically starlike of order § for functions
belonging to the class M(f, g;«, B, A, ¢).
Corollary 5.1. Let the function f defined by (1.14) be in the class M(f, g;«, B, A, ¢).
Then f is meromorphically convex of order 6 (0 < § < 1) in 0 < |z| < ra(a, B, A\, ¢, ),
where ro(a, B, A, ¢, 0) is the largest value for which

B-0)A=F1A=2Nc, k(E+2-0)1=FH1-20){A=0) xn
(2a+B+1)by T4+ X(k—D]kA+a)+ (a+B)| b

< (1 - 5) )
(5.10)
(k > 2).The result is sharp for function f given by (5.2) for some k.

Remark. Specializing the function g, in(1.6) , we have results for the subclasses main-
tain in the introduction in the case of fixed second coefficients.
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