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On global smoothness preservation by
Bernstein-type operators
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Abstract. We study global smoothness preservation of a function f by sequences
of Bernstein-type operators with respect to a certain modulus of continuity of
order two.
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1. Introduction

Let (Ln)n∈N a sequence of linear positive operators of approximation on C[0, 1]-
the space of continuous real-valued function on [0, 1]. If global smoothness of a continu-
ous function f is expressed by a Lipschitz condition with some modulus of continuity,
it is of interest if Lnf verify same condition. Further, if the sequence of operators
present simultaneous approximation property, namely for f ∈ Cr[0, 1] the sequence
(Lnf)(r) converges to the f (r) uniformly on [0, 1], it is also important to study if is
preserved global smoothness of the derivatives.

The preservation of global smoothness properties by the Bernstein operators

Bn(f, x) =

n∑
j=0

f

(
j

n

)
Pn,j(x), f ∈ C[0, 1], x ∈ [0, 1],

Pn,j(x) =

(
n

j

)
xj(1− x)n−j ,

were studied in [6], [7], [4], [2], [5], [3]. In [10], D.-X. Zhou showed that the Lipschitz
classes with respect to the second order modulus

ω2(f, t) = sup {|f(x− h)− 2f(x) + f(x+ h)| : x± h ∈ [0, 1], 0 < h ≤ t}
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are not preserved by the Bernstein operators. He introduced the following modulus
of smoothness of order two

ω̃2(f, t) = sup{|f(x+ h1 + h2)− f(x+ h1)− f(x+ h2) + f(x)| :
x, x+ h1 + h2 ∈ [0, 1] , h1, h2 > 0, h1 + h2 ≤ 2t} (1.1)

and proved:
Theorem A. Let f ∈ C[0, 1], n ∈ N, M > 0 and 0 < α ≤ 1.
If

ω̃2(f, t) ≤Mtα, 0 < t ≤ 1

2
,

then

ω̃2(Bnf, t) ≤Mtα, 0 < t ≤ 1

2
.

We consider the Bernstein-type operators

Ln(f, x) =

n∑
j=0

Pn,j(x)Fn,j(f), f ∈ C[0, 1], x ∈ [0, 1], (1.2)

where Pn,j(x) =
(
n
j

)
xj(1−x)n−j and Fn,j : C[0, 1] −→ R, j = 0, n, are linear positive

functionals.
In the next section we study simultaneous global smoothness preservation in

terms of modulus of continuity ω∗2 introduced by Păltănea [8], [1], [9], defined for
f ∈ C[0, 1] and t > 0 by

ω∗2(f, t) = sup{|∆(f ;u, y, v)| : u, v ∈ [0, 1] , u 6= v,

u ≤ y ≤ v, v − u ≤ 2t}, (1.3)

where

∆(f ;u, y, v) =
v − y
v − u

f(u) +
y − u
v − u

f(v)− f(y).

2. Main result

Firstly, we present two auxiliary results.

Lemma 2.1. The derivative of r-th order of the Bernstein-type polynomial Lnf , r ∈
N, n ≥ r, has the expression

(Lnf)(r) (x) =

n−r∑
j=0

Pn−r,j(x)Gn,j,r(f), (2.1)

with

Gn,j,r(f) = (n)r

r∑
i=0

(−1)r−i
(
r

i

)
Fn,j+i(f), (2.2)

where (n)r = n(n− 1) · · · (n− r + 1) is the Pochhammer symbol.
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Proof. We prove the formula by induction with regard to r. For r = 1 we have

(Lnf)′ (x) = −nFn,0(f)(1− x)n−1

+

n−1∑
j=1

(
n

j

)
[xj(1− x)n−j ]′Fn,j(f) + nFn,n(f)xn−1

= n

n∑
j=1

(
n− 1

j − 1

)
xj−1(1− x)n−jFn,j(f)

−n
n−1∑
j=0

(
n− 1

j

)
xj(1− x)n−1−jFn,j(f)

= n

n−1∑
j=0

Pn−1,j(x) [Fn,j+1(f)− Fn,j(f)] .

Suppose now that the formula (2.1) is true for r ∈ N, r ≥ 2 and prove it for r + 1,
n ≥ r + 1.

(Lnf)(r+1) (x) = (n−r)
n−r−1∑
j=0

(
n− r − 1

j

)
xj(1−x)n−r−1−j [Gn,j+1,r(f)−Gn,j,r(f)]

=

n−r−1∑
j=0

Pn−r−1,j(x)Gn,j,r+1(f). �

In [10] is given the following representation of the Bernstein operators

Bn (f, x+ ty) =

n∑
k+l=0

Pn,k,l(x, y)

l∑
m=0

Pl,m(t)f

(
k +m

n

)
,

0 ≤ x ≤ 1, y > 0, x+ y ≤ 1 and 0 ≤ t ≤ 1, where

Pn,k,l(x, y) =
n!

k!l! (n− k − l)!
xkyl(1− x− y)n−k−l.

Similarly is obtained:

Lemma 2.2. Let f ∈ C[0, 1], r ∈ N∪{0}, 0 ≤ u < v ≤ 1, λ ∈ [0, 1]. Then for n ≥ r+1
we have

(Lnf)(r) ((1− λ)u+ λv) (2.3)

=

n−r∑
k+l=0

Pn−r,k,l(u, v − u)

l∑
m=0

Pl,m(λ)Gn,k+m,r(f),

where Gn,j,r(f), 0 ≤ j ≤ n − r, r ∈ N is defined in (2.2) and Gn,j,0(f) = Fn,j(f),

0 ≤ j ≤ n. We agree that (Lnf)(0) = Lnf .
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Sketch of proof. We have

(Lnf)(r) ((1− λ)u+ λv) = (Lnf)(r) (u+ λ(v − u))

=

n−r∑
j=0

Pn−r,j(u+ λ(v − u))Gn,j,r(f)

=

n−r∑
j=0

(
n− r
j

) j∑
k=0

(
j

k

)
ukλj−k(v − u)j−k ·

·
n−r−j∑
p=0

(
n− r − j

p

)
(1− v)n−r−j−p(1− λ)p(v − u)pGn,j,r(f)

=

n−r∑
j=0

j∑
k=0

n−r−j∑
p=0

Pn−r,k,j−k+p(u, v − u)Pj−k+p,j−k(λ)Gn,j,r(f)

It makes the change of index j − k + p = l and reverses the order of summations,
afterwards it changes the index j − k = m and is obtained (2.3).

Theorem 2.3. Let r ∈ N0 = N ∪ {0}, Ln defined by (1.2), n ≥ r + 1, with Fn,j :
C[0, 1] −→ R, j = 0, n linear positive functionals such that

|∆ (Gn,•,r(f); j1, j2, j3)| ≤ ω∗2
(
f (r),

j3 − j1
2n

)
(2.4)

hold (∀)f ∈ Cr[0, 1], (∀)j1, j2, j3 ∈ N : 0 ≤ j1 ≤ j2 ≤ j3 ≤ n − r, j1 6= j3, where
Gn,j,r(f), 0 ≤ j ≤ n−r, r ∈ N is defined in (2.2) and Gn,j,0(f) = Fn,j(f), 0 ≤ j ≤ n.
Let f ∈ Cr[0, 1], M > 0, α ∈ (0, 1].
If

ω∗2

(
f (r), t

)
≤Mtα, 0 < t ≤ 1

2
,

then

ω∗2

(
(Lnf)(r), t

)
≤Mtα, 0 < t ≤ 1

2
.

Proof. Let t ∈
(
0, 12
]
. Let u, v ∈ [0, 1] , u 6= v, u ≤ y ≤ v, v − u ≤ 2t. We use the

representation (2.3). We have:∣∣∣∆((Lnf)(r);u, y, v
)∣∣∣ =

∣∣∣∣v − yv − u
(Lnf)(r)(u) +

y − u
v − u

(Lnf)(r)(v)− (Lnf)(r)(y)

∣∣∣∣
≤

n−r∑
k+l=0

Pn−r,k,l(u, v − u)·

·

∣∣∣∣∣v − yv − u
Gn,k,r(f) +

y − u
v − u

Gn,k+l,r(f)−
l∑

m=0

Pl,m

(
y − u
v − u

)
Gn,k+m,r(f)

∣∣∣∣∣
=

n−r∑
k+l=0

l6=0

Pn−r,k,l(u, v − u)·
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·

∣∣∣∣∣v − yv − u
Gn,k,r(f) +

y − u
v − u

Gn,k+l,r(f)−
l∑

m=0

Pl,m

(
y − u
v − u

)
Gn,k+m,r(f)

∣∣∣∣∣
≤

n−r∑
k+l=0

l 6=0

Pn−r,k,l(u, v − u)

l∑
m=0

Pl,m

(
y − u
v − u

)
·

·
∣∣∣(1− m

l

)
Gn,k,r(f) +

m

l
Gn,k+l,r(f)−Gn,k+m,r(f)

∣∣∣
=

n−r∑
k+l=0

l 6=0

Pn−r,k,l(u, v − u)

l∑
m=0

Pl,m

(
y − u
v − u

)
|∆ (Gn,•,r(f); k, k +m, k + l)|

≤
n−r∑
k+l=0

l6=0

Pn−r,k,l(u, v − u)

l∑
m=0

Pl,m

(
y − u
v − u

)
ω∗2

(
f (r),

l

2n

)

≤
n−r∑
k+l=0

l 6=0

Pn−r,k,l(u, v − u)

l∑
m=0

Pl,m

(
y − u
v − u

)
M

(
l

2n

)α

=
M

2α

(
n− r
n

)α n−r∑
k+l=0

Pn−r,k,l(u, v − u)

(
l

n− r

)α

≤ M

2α

(
n−r∑
k+l=0

Pn−r,k,l(u, v − u)
l

n− r

)α
=
M

2α
(v − u)

α ≤Mtα.

Hence ω∗2
(
(Lnf)(r), t

)
≤Mtα. �

3. Applications

3.1. Global smoothness preservation by the Stancu operators

For 0 ≤ a ≤ b, the Stancu-Bernstein operators are given by

S(a,b)
n (f, x) =

n∑
j=0

f

(
j + a

n+ b

)
Pn,j(x), f ∈ C[0, 1], x ∈ [0, 1].

So

Gn,j,0(f) = Fn,j(f) = f

(
j + a

n+ b

)
, 1 ≤ j ≤ n

and for r ∈ N, n ≥ r + 1, 1 ≤ j ≤ n− r

Gn,j,r(f) = (n)r

r∑
i=0

(−1)r−i
(
r

i

)
f

(
j + a

n+ b
+

i

n+ b

)
= (n)r∆

r
1

n+b
f

(
j + a

n+ b

)
,
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where ∆r
hf(x) is the forward difference of order r with step h of f at x.

Let r ∈ N0, j1, j2, j3 ∈ N : 0 ≤ j1 ≤ j2 ≤ j3 ≤ n − r, j1 6= j3. For r = 0,
f ∈ C[0, 1] we have:

|∆ (Fn,·(f); j1, j2, j3)| =
∣∣∣∣j3 − j2j3 − j1

Fn,j1(f) +
j2 − j1
j3 − j1

Fn,j3(f)− Fn,j2(f)

∣∣∣∣
=

∣∣∣∣j3 − j2j3 − j1
f

(
j1 + a

n+ b

)
+
j2 − j1
j3 − j1

f

(
j3 + a

n+ b

)
− f

(
j2 + a

n+ b

)∣∣∣∣
=

∣∣∣∣∆(f ;
j1 + a

n+ b
,
j2 + a

n+ b
,
j3 + a

n+ b

)∣∣∣∣
≤ ω∗2

(
f,

j3 − j1
2(n+ b)

)
≤ ω∗2

(
f,
j3 − j1

2n

)
.

For r ≥ 1, f ∈ Cr[0, 1] we have

|∆ (Gn,·,r(f); j1, j2, j3)|

= (n)r

∣∣∣∣j3 − j2j3 − j1
∆r

1
n+b

f

(
j1 + a

n+ b

)
+
j2 − j1
j3 − j1

∆r
1

n+b
f

(
j3 + a

n+ b

)
−∆r

1
n+b

f

(
j2 + a

n+ b

)∣∣∣∣
≤ (n)r

1
n+b∫
0

· · ·

1
n+b∫
0

|∆(f (r);
j1 + a

n+ b
+ u1 + · · ·+ ur,

j2 + a

n+ b
+ u1 + · · ·+ ur,

j3 + a

n+ b
+ u1 + · · ·+ ur)|dur · · · du1

≤ (n)r
(n+ b)r

ω∗2

(
f (r),

j3 − j1
2(n+ b)

)
< ω∗2

(
f (r),

j3 − j1
2n

)
.

We used that ∆r
hf(x) =

h∫
0

· · ·
h∫
0

f (r) (x+ u1 + · · ·ur) dur · · · du1.

Thus we obtain:

Theorem 3.1. Let f ∈ Cr[0, 1], r ∈ N0, n ≥ r + 1, M > 0, α ∈ (0, 1].
If

ω∗2

(
f (r), t

)
≤Mtα, 0 < t ≤ 1

2
,

then

ω∗2

(
(S(a,b)
n f)(r), t

)
≤Mtα, 0 < t ≤ 1

2
.

In particular, when b = 0 we have the results for the Bernstein operator.

3.2. Global smoothness preservation by the Kantorovich operators

The Kantorovich operators are defined by

Mn(f, x) =

n∑
j=0

(n+ 1)

j+1
n+1∫
j

n+1

f(u)du

Pn,j(x), f ∈ L1[0, 1], x ∈ [0, 1].
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So

Fn,j(f) = (n+ 1)

j+1
n+1∫
j

n+1

f(u)du =

1∫
0

f

(
s+ j

n+ 1

)
ds

and for r ∈ N, n ≥ r + 1, 1 ≤ j ≤ n− r

Gn,j,r(f) = (n)r

r∑
i=0

(−1)r−i
(
r

i

) 1∫
0

f

(
s+ j

n+ 1
+

i

n+ 1

)
ds

= (n)r

1∫
0

∆r
1

n+1
f

(
s+ j

n+ 1

)
ds

Let r ∈ N0, j1, j2, j3 ∈ N : 0 ≤ j1 ≤ j2 ≤ j3 ≤ n − r, j1 6= j3. For r = 0,
f ∈ C[0, 1] we have:

|∆ (Fn,·(f); j1, j2, j3)|

=

∣∣∣∣j3 − j2j3 − j1
Fn,j1(f) +

j2 − j1
j3 − j1

Fn,j3(f)− Fn,j2(f)

∣∣∣∣
=

∣∣∣∣∣∣
1∫

0

[
j3 − j2
j3 − j1

f

(
s+ j1
n+ 1

)
+
j2 − j1
j3 − j1

f

(
s+ j3
n+ 1

)
− f

(
s+ j2
n+ 1

)]
ds

∣∣∣∣∣∣
≤

1∫
0

∣∣∣∣∆(f ;
s+ j1
n+ 1

,
s+ j2
n+ 1

,
s+ j3
n+ 1

)∣∣∣∣ ds
≤ ω∗2

(
f,

j3 − j1
2(n+ 1)

)
< ω∗2

(
f,
j3 − j1

2n

)
.

For r ≥ 1, f ∈ Cr[0, 1] we have

|∆ (Gn,·,r(f); j1, j2, j3)|

≤ (n)r

1∫
0

∣∣∣j3 − j2
j3 − j1

∆r
1

n+1
f

(
s+ j1
n+ 1

)
+
j2 − j1
j3 − j1

∆r
1

n+1
f

(
s+ j3
n+ 1

)

−∆r
1

n+1
f

(
s+ j2
n+ 1

) ∣∣∣ds
≤ (n)r

1∫
0

1
n+1∫
0

· · ·

1
n+1∫
0

|∆(f (r);
s+ j1
n+ 1

+ u1 + · · ·+ ur,

s+ j2
n+ 1

+ u1 + · · ·+ ur,
s+ j3
n+ 1

+ u1 + · · ·+ ur)|dur · · · du1ds

≤ (n)r
(n+ 1)r

ω∗2

(
f (r),

j3 − j1
2(n+ 1)

)
< ω∗2

(
f (r),

j3 − j1
2n

)
.
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So we obtain:

Theorem 3.2. Let f ∈ Cr[0, 1], r ∈ N0, M > 0, α ∈ (0, 1].
If

ω∗2

(
f (r), t

)
≤Mtα, 0 < t ≤ 1

2
,

then

ω∗2

(
(Mnf)(r), t

)
≤Mtα, 0 < t ≤ 1

2
.
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[9] Păltănea, R., Approximation theory using positive linear operators, Birkhäuser, 2004.
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