Stud. Univ. Babes-Bolyai Math. 60(2015), No. 2, 303-310

On global smoothness preservation by
Bernstein-type operators
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Abstract. We study global smoothness preservation of a function f by sequences
of Bernstein-type operators with respect to a certain modulus of continuity of
order two.
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1. Introduction

Let (Ly)nen a sequence of linear positive operators of approximation on C]0, 1]-
the space of continuous real-valued function on [0, 1]. If global smoothness of a continu-
ous function f is expressed by a Lipschitz condition with some modulus of continuity,
it is of interest if L, f verify same condition. Further, if the sequence of operators
present simultaneous approximation property, namely for f € C"[0,1] the sequence
(L, f)) converges to the f() uniformly on [0,1], it is also important to study if is
preserved global smoothness of the derivatives.

The preservation of global smoothness properties by the Bernstein operators

B,(f,z) = Zf <i) P, ;(x), f € C[0,1], z € [0,1],

Pasto) = (7)o 1 -2
J
were studied in [6], [7], [4], [2], [5], [3]. In [10], D.-X. Zhou showed that the Lipschitz
classes with respect to the second order modulus
wa(f,t) =sup{|f(x —h) —2f(x)+ f(x+h)|: xhe€]0,1],0< h <t}
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are not preserved by the Bernstein operators. He introduced the following modulus
of smoothness of order two

wa(fit) = sup{[f(z+hi+h2) = f(z+h1) — flz+h2) + f(2)]:
$,$+h1+h2€[0,1],h17h2>07 h1+h2§2t} (1.1)

and proved:
Theorem A. Let f € C[0,1],n e N, M >0 and 0 < a < 1.
If
~ 1
UJQ(f,t) < Mta, 0<t < 5,
then
- 1
Ga(Bufit) < M, 0 <t < <.

We consider the Bernstein-type operators
ZP i (f), f € Cl0,1], z € [0,1], (1.2)

where P, ;(z) = (?) I (1—x)" 7 and F, ; : C[0,1] — R, j = 0, n, are linear positive
functionals.
In the next section we study simultaneous global smoothness preservation in

terms of modulus of continuity w} introduced by Paltanea [8], [1], [9], defined for
f€Clo,1] and t > 0 by

w;(fat) = sup{|A(f;u,y,v)|:u,vE[O,l],u#v,
u<y<wv,v—u<2t}, (1.3)

where

v—y Yy—u
A . = - .
(Fr9.0) = =L g )+ L2 10) - 1)
2. Main result
Firstly, we present two auxiliary results.

Lemma 2.1. The derivative of r-th order of the Bernstein-type polynomial L, f, r €
N, n > r, has the expression

(Ln )" ZPn r, (€)Gnjir (£), (2.1)

with
r L (r
oo (1) = (0, -1 (7) Byt (22
i=0
where (n), =n(n—1)---(n—r+ 1) is the Pochhammer symbol.
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Proof. We prove the formula by induction with regard to r. For r = 1 we have

(Lof) (z) = —nFpo(f)(1—2)"""
+Z< )[rfj(l )"V o (F) 4 nFon(f)e" !
j=1
" /=1 i1 n—j
= n; (j_l)g; (1—2)" 7 Fu(f)

= n P% 10 n]+1(f) F%J(f”'

Jj=0

Suppose now that the formula (2.1) is true for » € N, r > 2 and prove it for r + 1,
n>r+ 1.

n—r—1

(L)) (@) = (n=r1) Y (n _; ) 1) 2 (1=2)" " [Grjyre(f) = G ()]
=0
n—r—1
> a1 (@)Gngrsa(f) 0

In [10] is given the following representation of the Bernstein operators

fvx‘%ty z{: }%Ikl I y :E: }ﬁﬂl <k7+n1>7

k+1=0

0<z<1l,y>0,z+y<1land 0<t <1, where

n! &

Kl (n—k— )" Y1 ==y

Pyia(z,y) =

Similarly is obtained:

Lemma 2.2. Let f € C[0,1], r e NU{0}, 0 <u<v <1, A€[0,1]. Then forn >r+1

we have
(L) (1= Nu+ Av) (2.3)
an rkluv*u Zle nk+nz,r(f)a
k-+1=0

where G j(f), 0 < j <n—r, reNisdefined in (2.2) and Gy jo(f) = Fn ;(f),
0 <j <n. We agree that (L, f)©) = L, f.
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Sketch of proof. We have
(Ln )7 (1= Nu+ X)) = (Ln )7 (u+ Av = u))

n—r

= Z Py j(u+ Av—1u)Gy . (f)
=0

) Qe

k=0

r—j <n e j) (1= 0)""9P(1 = AP0 — )P Go o ()

p=0 p
n—r j n—r—j

= > Parkgkip(w 0 = )P pyp i k(NG (f)
j=0 k=0 p=0

It makes the change of index j — k 4+ p = [ and reverses the order of summations,
afterwards it changes the index j — k = m and is obtained (2.3).

Theorem 2.3. Let r € Ny = NU {0}, L,, defined by (1.2), n > r + 1, with F,, ; :
C[0,1] — R, j = 0,n linear positive functionals such that

S wf pory I3 7
A Gren (D] < (50,2201 (2.4
hold (V) f € C"[0,1], (V)j1, jo, 3 € N: 0 < j1 < jo < j3 < n—r, j1 # j3, where
Gr,jr(f),0<j<n—r,reNisdefined in (2.2) and Gy jo(f) = F, ;(f),0<j <n.
Let f € C"[0,1], M >0, a € (0,1].
If
1
W} (f(’“>,t) <Mt*, 0<t< 3
then )
Wl ((Lnf)(”,t) <Mt 0<t< <.
Proof. Let t € (O,%] Let u,v € [0,1],u # v, u <y < v, v—u < 2t. We use the
representation (2.3). We have:

() [ 222

—Uu vV—Uu

(Lnf) () + L2 L0 )T (0) = (L)) (y)’

n—r
< Z Pnfr,k,l(’uﬂ U= ’LL)
k+1=0

v—1U v vV—1U

l
v yGn,k,r(f) + %Gn,k—o—l,r(f) - Z Pl,m (y u) Gn,k+m,r(f)|
m=0

n—r
= Z Pn_r7k7l(u,v—u)-

k+1=0
1#0
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l
Y y—u
: Gn T n, 7‘ P Gn m,r
'v— k, (f)+v—u k+1, mE:O ( ) et ,(f)’
l
Yy—u
< g — .
Pn rkl , U U) Pl,m(v_u)
k+1=0 m=0
1#0

- '(1 — %) G (f)+ %Gn,k-i-l,r(f) - Gn,k+m,r(f)’

n—r l

y—u .
= > Pospa(w,v—u) > P (v_u) A (Grior(f); Kok +m, k4 1))
k-;,—ioo m=0

l
y—u * (r) l
< _
S Py )3 P (U223 (17,55
k+1=0 m=0

1#0

< Z P (u,v — ) Zle<_>M<21n)a

k-+1=0
1#£0
M(n—r)agp ( )( l >a
= 5a n—rk,I\U, UV — U
2 n Pty n—r
M o\
2(2 P, rkl(uv_U’)nT)
k+1=0
M

=% (v —u)* < Mt~

Hence w} ((Lnf)"),t) < Mte.

3. Applications

3.1. Global smoothness preservation by the Stancu operators

For 0 < a < b, the Stancu-Bernstein operators are given by

S (£, 2) Zf(”“) (@), f €Cl0,1], z € [0,1].
So ita
n+b

Grgolf) = Fus(f) =f<
andforreNn>r+1,1<j<n-—r

Gojr(f) = <n>r§ri<—1>“i(:>f (i:ﬁmb)

=0

— (AT, f (j”) 7

n+b n 4+ b

),1<j<n
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where A} f(x) is the forward difference of order r with step h of f at .
Let 7 € No, j1,j2, 3 € N: 0 < j; < jo < j3 <n—r,j1 # j3 Forr =0,
f € C[0,1] we have:

L 73 — J2 J2 — 1
A (B (F): s di)| = |22 B (F) 4 2200, () = P (f)‘
J3— 1 J3—

Js—J2 . (1 ta Ji,.(Jata Jjo+a
= 2= + -
J3J1f(n+b> lef(n+b) f(nJFb)’
jit+a jota js+a
_A .
<f7n+b7n+b’n—|—b>

J3—J1 Jz—
<oi (150 < (557
For r > 1, f € C"[0, 1] we have
|A(Gn,‘,r(f)§j1aj2aj3)|

J3—J2 J1+a J2— 71 Jjata jot+a
_ L2 AT A" BT AT J2 T
(n) J3 — 1 nlerf(n+b)+]3—j1 n+bf<n+b> nl+bf<n+b>‘

n—+
1+
./|A(f(7“);u_|_ul_|_..._|_ur7
0

n+b
e - ta
J;H) +u1+~--+ur,%+u1+--~+ur)ldur~~du1

<G (1) < (10 5 52),

We used that A} f(z) f ff(T) (x +uy + - up) duy - duy .
0
Thus we obtain:

Theorem 3.1. Let f € C"[0,1], r € Ng, n >r+1, M >0, a € (0,1].
If
W} (f(’“>,t) <Mt 0<t %
then
Wi ((Sff»“f)“),t) <Mt 0<t< %

In particular, when b = 0 we have the results for the Bernstein operator.

3.2. Global smoothness preservation by the Kantorovich operators
The Kantorovich operators are defined by

FES|

n

Molfe) =3 [0+ 1) [ fdu | Pusto). £ € Lo,z € .1

=0
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So

Foji(f) = (n+1) 71f(u /lf(vij—jl)
0

J
n+1

and forreNNn>r+1,1<j<n-r

Ggr(f) = <n>7i<—1>” ()

Il
—
S
~—

3

Let r € Ny, j1,j2,J3 € N: 0 < 51 < jo
f € CI0,1] we have:

|A (Fo,. (f); J1 J25 33)]

Jz — Jo J2—
B A+ 2R () - Fan(h)

1
o s . s s
/]'3 J2 ¢ SE O B B3 _ 2\ 4s
J3—n n+1 i3 —J1 n+1 n+1

0
1 . . .
S/A f;5+J175+]273+J3
n+l n+1 n+1
0

Ja—J1 . J3—J1
(f’ 2(n +1>><“2<f’ o0 )

For r > 1, f € C"[0, 1] we have
|A(Gn,-,r(f);jl7j2aj3)|

1

< [|2=2ar, g (SR 2 Lar, g (21D
Js —J1 ntt n+1 Js — 71 n+1 n-+1

r s+37
S .

]33”77’3].17&].3' FOI?":O,

ds

0
—A" <5+]2>‘d
ntl n+1
1 1
1 n¥1 nt1
+ 71
< (n), . A(F. 2 i
<) [ [ 1A TR g,
0 0 0
s+ J2 +

—= 4 uy + -+ up)|du, - - durds

3
1
i3 — J * (r) j3 _jl
— | < .
n ) Wa (f ) m )
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So we obtain:

Theorem 3.2. Let f € C"[0,1], r € Ng, M >0, a € (0,1].
If
1
w (p(r) < a < Z
ws (f ,t) <Mt 0<t< 3,
then 1
Wl ((Mnf)(’")7t) <Mt 0<t< <.
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