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Adaptive algorithm for polyhedral approximation
of 3D solids

Gabor Fabian and Lajos Gergd

Abstract. In this paper we discuss theoretical foundations of developing general
methods for volume-based approximation of three-dimensional solids. We con-
struct an iterative method that can be used for approximation of regular subsets
of R? (d € N) in particular R®. We will define solid meshes and investigate the
connection between solid meshes, regular sets and polyhedra. First the general
description of the method will be given. The main idea of our algorithm is a
kind of space partitioning with increasing atomic o-algebra sequences. In every
step one atom will be divided into two nonempty atoms. We define a volume-
based distance metric and we give sufficient conditions for the convergence and
monotonicity of the method. We show a possible application, a polyhedral ap-
proximation (or approximate convex decomposition) of triangular meshes.
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1. Introduction

Approximation of 2D or 3D subsets is useful many times. The main application
is mesh simplification, i.e. we would like to approximate a mesh having n triangles with
another mesh having n’ << n triangles. Mesh simplification algorithms sometimes use
volume-based error metric [1], but the most common metric is the Hausdorff-distance,
it can be found in many papers e.g. in [2]. A volume-based metric allows to approx-
imate meshes which can not be realized to generate meshes which have a geometric
realization. We investigated some topological properties of triangular meshes. There
are some common topological error, e.g. holes, dangling faces, isolated faces, etc, a
good summary of this topic can be read in [5]. Mesh repairing algorithms like [4] or
[2] deal with changing the topological properties of meshes. Result of our method is

This paper was presented at the third edition of the International Conference on Numerical Analysis
and Approximation Theory (NAAT 2014), Cluj-Napoca, Romania, September 17-20, 2014.



278 Gébor Fabian and Lajos Gergo

a common finite polyhedron, which always has an obvious geometric realization. The
discussed algorithm can be applied to recover topological properties, if we define prop-
erly the measure of an object having topological errors. Another intensively studied
related topic is the approximate convex decomposition, see e.g. [16]. It can be used
in physical simulation e.g. collision detection, fracture simulation [12] and obviously
finite element methods. Similar approaches exist for volume-like approximations, for
example spatial decomposition and mesh generation. Common spatial decomposition
algorithms like octree and k-d trees can be found in [9] and comparative analysis of
some algorithms in [22]. There are some useful information about mesh generation
in [19]. During our work we studied the above topics, and it became clear, that the
methods are very similar to each other, but there is no general theory published yet
that connects these subjects. This was our motivation to give a theoretical founda-
tion, which can describe most of the volume-based approximation methods. Reader
will notice, that our concept is similar to the construction of the measure and integral
theory, where it is needed we refer to the literature.

2. Solids

The subject of our study is the solid mesh. The solids can be triangular meshes,
polyhedra or solid geometries, e.g. a solid cube. The solid can be determined by its
vertices and faces, as we discussed in [13]. We will define the solid as a special subset
of R3. General theory of solids can be found in [10], [11],[20], including the concept
of regularity, which plays a central role, as we will see further. We draw up some
requirements before defining the solid. Let us consider an S C R? set. If S is a solid,
it should meet the following expectations:

e S does not contain dangling faces, edges, isolated points or gaps

S has volume and surface area

S cannot be arbitrary large

S cannot be decomposed into some parts satisfying the first 3 conditions.

As we will see, the requirements above can be translated as regularity, measur-
ability, boundedness and connectedness. The last two criterions are obvious. In the
followings, some properties of regularity will be detailed.

Let S be an arbitrary set. Denote S¢, S, intS, extS, &S the complement, closure,
interior, exterior and boundary of S, respectively. Let p be the common Lebesgue-
measure in R?, and denote B¢ the d dimensional unit ball with respect to the Euclidean
norm denoted by [|.||, moreover let B,.(x) be the ball with radius r centered at x.
Topological subjects concerned with the notions of this paper can be found in [15].

Definition 2.1. Let S be an arbitrary set. We define the reqularized of S as
S* = ntS.
Definition 2.2. S is said to be reqular if S = S*.

Corollary 2.3. If S C R? and S = S* then
08 = dintS = dintS.
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Therefore L
S =8% =intS = intS U dintS = intS U IS.
Moreover R? = intS U OS U extS = S U extS, consequently
S¢ = extS.
Lemma 2.4. If S = S* then x € 35 if and only if
V>0 : (Be(z)\{z})nintS #0 and (B.(x)\{z}) N extS # 0.

Proof. Since z is a boundary point, then each B,.(z) satisfies B,.(z) NS # § and
B,.(z) N 5¢ # . Notice, that intS does not contain isolated points and S* contains
all of its limit points. Therefore x € 95 if and only if

Vr>0 : (Bo(x)\{z})NS#0 and (B.(z)\{z})NS®+#0.

As a consequence of Corollary 2.3 5S¢ = extS, i.e.

(Bu@)\ {2} N S° £0 & (Bu(x)\ {a}) NextS £ 0. (2.1)
On the other hand z € 8S = dintS, thus B,(x) NintS # (@ for all r > 0, and = € 4S5
implies (B,(z) \ {z}) NintS # 0, hence

z€0S = (Br(z)\{z}) NintS # 0. (2.2)

In the opposite direction (B, (x)\ {z})NintS # 0 is sufficient to fulfill (B,(z)\ {z})N
S # 0, thus

(Br(z) \{z}) NintS # 0 = (Bp(x) \{z}) NS #0. (2.3)
(2.1),(2.2),(2.3) are sufficient to satisfy the statement. O

We need a measure such that the concept of volume can be interpreted. Most of
our theorems can be proved supposing that p is an outer measure, for simplicity we
suppose that p is the Lebesgue-measure.

Corollary 2.5. The closed (and opened) sets of R% are Lebesgue-measurable.

It is known, that any open ball in R? has a positive Lebesgue-measure, because

for all z € R4
d/2

w(Br(z)) = mrd

is the volume of the d-dimensional ball with radius r.

>0 (2.4)

Corollary 2.6. An open set S C R is empty if and only if u(S) = 0.
If S is regular and S # () then intS # 0, since intS = () implies S = S* = intS = 0 = 0.
Corollary 2.7. A regular set S C R? is empty if and only if 1(S) = 0.

We deal with regular, connected and bounded sets. It is easy to see, that there
exists an isomorphism between every bounded subset of R? and the subsets of the
unit ball, so it is enough to consider the subsets of B? without loss of generality.

Definition 2.8. Let us define the following set:
Q% :={S cB? | S connected, regular, and u(9S) = 0}.
If S € Q% then we say S is a d-dimensional solid.
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A commonly convex polyhedron is defined to be the finite intersection of half-
spaces. Then a polyhedron can be defined as the finite union of convex polyhedra. By
definition we have two important corollary with respect to polyhedra, see e.g. [14],
(6], [3].

Corollary 2.9. If B is a polyhedron, then B is a solid.

Corollary 2.10. Let B be a convex polyhedron, and H be a half-space, such that B =
BN H, B := BN H® with intB" # (), intB"” # 0.Then B’ and B’ are convex
polyhedra.

3. Distance, approximation problem

In this section we use some notes from integral theory. The connection between
measure and integral is studied in [8], [23]. The following concept of distance can be
found in [8].

Definition 3.1. Let us define the following function p : oR" x 9RT R which defines
the distance between subsets A and B of R?

p(A,B) i= f(AAB) (A, B C RY)
where AAB := (A\ B)U (B \ A) denotes the symmetric difference.

We can see that if y(AAB) = 0 then A and B may differ only on a set of
measure zero. Denote xg the indicator function of some set S. If A, B are measurable
and bounded then y 4, x g are integrable. Therefore we can express the measure of set
operations by integrals.

M(AQB):/RL{XAXB du (3.1)
p(A%) = (RN A) = / 1— x4 du (3.2)
Rd
(AU B) = / XA+ XB — XAXB dp. (3.3)
Rd

The distance can be reformulated as
p(A,B) = /d XA+ XB — 2XaXB dp.
R

There are connections between measure and integral. The range of x is {0,1} then
x = xP for all 1 < p < +00, consequently

o, B) = [ it = s die= [ (xa - xw)? du

= / Ixa — xB| du= / Ixa —xB" dp=:|lxa — XB||I£P- (3.4)
R4 Rd #

As we see, p(A, B) equals to the p-th power of the common LF-norm of the measurable
function x4 — xp. This implies, that p is a pseudo-metric, since p is non-negative,
triangle inequality holds and p(A, A) = 0, but p(A4, B) = 0 does not imply A = B,
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because A and B may differ on a set of measure zero. Now we show, that A and B
can not differ in the case p(A4, B) = 0 if they are regular sets.

Theorem 3.2. Let A, B C R? be regular sets. Then p(A, B) =0 if and only if A = B.

Proof. If A = B then obviously AAB = 0, thus p(4, B) = u(AAB) = 0. To verify
the opposite direction, let us suppose p(A, B) = 0. Since A, B are regular sets, we can
express the symmetric difference this way:

AAB = (A\B)U(B\ A)=(ANB°)U (BN A9
= ((intAU9A) NextB) U ((intB U OB) NextA)
(intANextB) U (OANextB) U (intB NextA) U (OB NextA).

All four members of the last term are disjoint. Using properties of the measure we get
p(A, B) = p(intA NextB) + p(int B NextA)
+u(0ANextB) + pu(0B NextA) = 0.

It can be seen p(A4, B) = 0 if and only if every member has zero Lebesgue-measure.
Notice that intA and extB are open sets, therefore intA NextB is open, so they have
zero measure if and only if they are empty. Since ext A NintB is open, the followings
are necessarily true:

intANextB =10
extANintB = ().
Let us suppose, that A N extB # (. Then exists € R? such for some r > 0
B, (z) C extB, moreover as a consequence of Lemma 2.4
(Br(z) \ {z}) NintA # 0.
Thus
(Br(z) \ {z}) NintA NextB # 0,

i.e. intA NextB # (), which is a contradiction. Consequently 0A N extB is empty,
similarly B N extA is empty, as well. To sum up, p(4, B) = 0 implies AAB = 0,
which proves the statement. O

As a consequence of the preceding theorem p is a metric on the regular subsets
of R?. As QF contains only regular sets, we get the following result.

Corollary 3.3. p is a metric on Q.

The abstract approximation problem is the following:
Given S C R? a solid and e > 0 a positive real. We are looking for a solid S cR?
which has ,,better properties” than S in some sense, and u(S,5) < e.

In the next sections we will discuss our construction to give a possible solution
for the problem above. Here ,,better properties” refers to e.g. topological correctness,
simplicity, convexity, etc. depending on the objective.
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4. Construction

Consider B C 28" to be a finite atomic o-algebra on BY, i.e
B:=0(B;CcB:i=0,1,...,n) (n€N)
B;NB; =0 (i #3j), U',B;=B"%

Then the functions contained in L, (B) are integrable, and by definition they
are constant on an arbitrary B; atom. Thus L, (B) C L,(B?), moreover L, (B) is a
finite dimensional subspace in L, (B?). Denote by x(X) the set of indicator functions
defined on subsets of some set system X. Obviously x(B) C L,(B). Moreover, if
S C B? then ys € x(B?), i.e. a bijection can be defined between the subsets of B¢
and the functions from x(B?).

Let us define the following functions:

(4.1)

1
@i = ————=XB,- (4.2)
w(B;)
It is easy to see, that {¢;}7, forms an orthonormed system under the common inner

product:

1
i) = iOidpy = ————— XB.du.
(Gis D7) /Bdm % MGAMER] | xBaxsdp

If ¢ # j then B; N Bj = () implies that the inner product is zero, and obviously

(b, i) = dp = 1.

1 ) 1 /
- i dp = ———
V(B2 Jea PN w(Bi) U,

Consequently {¢;}_ is an orthonormed system on a finite dimensional subspace
of the Hilbert-space L (IBBd) By Riesz projection theorem the best approximation in
L, (B) of an arbitrary function f € L,(B?) can be expressed by the Fourier-series
with respect to B, see e.g. [7],[17]:

FEf = (f, 1) (4.3)

i=0
Let be given S C B?. Then we get the following formula for the i-th Fourier-
coefficient of yg:

(s, i) = ——

7<X55XB > T o XsXB; di
1(Bi) VH B
1 1

N Vi(B;) JBins = w(B;)

Thus the Fourier-series of xg is

n

FBxs : _Z\/i Z”B 05, ZleB (4.4)

w(BiNS)
w(Bi)

where
bi =
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FByg is also the best approximation of yg on the subspace spanned by B. The main
problem is, that By is generally not an element of (B?), therefore we can not assign
a set from B¢ to the resulting function. To solve this problem, we will introduce the
following operator.

Definition 4.1. Let f € L,(BY) be an arbitrary function and o € (0,1). Define the
operator X, : L,(BY) — x(B?) as follows

0, f(z)<a

Yaflw) = {1, flx) > a.

X, f is an approximation of f by an indicator function, and the resulting function
depends on a real parameter « € (0,1). Later the importance of the value of o will
be explained.

Corollary 4.2. Let S C B? be an arbitrary set, o € (0,1).
X, FBxs € x(B)

i other words
IS B! : x5 = X FBxs
namely
S :={X,FBxs =1}.

In our approach the set S is the approzimation of S with respect to the system B and
a.

Our strategy is similar to Schipp’s construction in [21]. We would like to con-
struct a sequence of increasing o-algebras to refine the approximation. Let us suppose,
we have a o-algebra B,, and a set S to be approximated. Now we can draw up the
approximation with respect to B, as S, = {X,FP"xs = 1}. We need to check if
p(Sn,S) < e. If not, then we have to construct a larger o-algebra B,,4+1, compute the
(n 4+ 1)-th approximation and its distance. Repeat this process while p(S,,S) > e. It
seems to be easy, but we have to work out some conditions for refinement to ensure
the convergence. Denote [a..b] the interval of natural numbers between a and b, i.e.
[a..b] :=[a,b] NN,

Let us consider the following atomic decomposition sequence of the unit ball

Bn = U(Bo,Bl,...7Bn)
n

B:NB; =0 (i#3j), UBi = B¢, (46)
i=0

By definition, the n-th o-algebra is generated by exactly n + 1 subsets, then
B,+1 can be obtained only by splitting a generator element of B,,, for details see [18]:

dk € [OTL] : Bn+1 = U(Bo,...,kal,B;C,BZPB]H,l,...,Bn)

such that
B, #0, B{#40, BLUB] =By, B;NB=0.
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Then the indicator function of the n-th approximation can be defined by
Xs, = XaFPxs. (4.7)
Denote diam(A) the diameter of some set A C BY, i.e
diam(A) = sup, e 4l — . (4.8)
We give a sufficient condition for the convergence of S,,.
Theorem 4.3. Let (B,,) be an increasing sequence of o-algebra, where
B, =o(BS,BM™ ... BM)
and consider S € Q% to be a solid, an arbitrary o € (0,1) and let
S, = {X,FBrxs =1}.
If the diameter of all the generator atoms converge to zero, i.e.

lim max dlam(B( )) =0

n—o0 k€[0..n]

then
lim S, = S.

n—oo

Proof. Since S is solid, lim,_,~ S, = S if and only if lim, . p(S,,S) = 0 as a
consequence of Theorem 3.2, and

p(Sn,S) =/ Ixs, — Xxs| du
Bd

=/ Ixs, — xs] du+/ Ixs, — x5 du+/ IxXs, — xs| dp. (4.9)
intS extS oS

Notice that any function in x(B¢) can be dominated by xga, which is integrable. Using
this fact the third integral equals to zero, because p(9S) = 0.
We know by Lebesgue’s density theorem, that for almost every x € S

o 1B (@) 01 9)

hm =) b (4.10)

This implies that

. o H(Br(z)NS)
Vo € intS : 11—1}(137(BT($)) =1
o H(B@)NS)
Vo € extS 71_}() (B, (@) 0.

If x € intS then exists r > 0 such B,(z) C intS. On the other hand since B,, is atomic,

(n))

then for all n € N exists a unique k such = € Blgn). Since diam (B, ") tends to zero,

we get B,(:) C B, (z) for sufficiently large n, i.e. pointwise convergence is true for any
z € intS. Similarly, pointwise convergence can be proved in the case x € extS. Now
using dominant convergence theorem we have

lim Ixs, — xs| du = / lim |xs, — xs| du =0
intS intS
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lim Ixs, — xs| dp = / lim|xs, — xs| du =0
extS extS

to sum up, all the three integrals in (4.9) equals to 0 as n — oo, therefore p(S,,, S) = 0,
which proves the theorem. O

‘We should not require that the maximal diameter of the decomposition tends to
zero, it would be too expensive in applications. To avoid this problem and to simplify
the procedure, we have the following idea. If a Fourier-coefficient of an atom is exactly
0 or 1, it is unnecessary to split. Accurately, if every Fourier-coefficients tends to 0 or
1, then the preceding theorem is automatically satisfied.

Lemma 4.4. Let be
I :={ic0.n] | b\ > a}

and
Ip = [0..0] \ I,.
Then
=U B™
iel,
moreover
p(S,Su) = > (BB + > w(BM)(1 =),
= iel,

Proof. By definition

Sp = {XaFBrxsg =1} = {Xa S b xs, = 1}

=0

={ZX&=1}= U B™.

icl, icl,
Using the formula above, we can write

p(S,8n) = p(SAS,) = p(SUS,) — p(SNSy)
=usu | BM) —usn | BM™)

iel, iel,
=u(su |J (B ns)) —u(|J (B 08
€1, i€l
= u(8) = p(J (BN n8)+u(|J (B 15
i€l, i€l
= u(J B n8)+u(|J BN nse))
ey i€l,
=Y uBMNS)+ > wBM) — u(BM N S)
icJy, 1€1,
_ Z B(”) b(") + Z " 17 b( )) m
1€ J,, i€l,

We can estimate the distance, if we define the relevant indices.
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Definition 4.5. Let be
A, = {i€[0.n] | b™ € (0,1)}.

An i index and the Bi(n) generator atom are said to be relevant if i € A,,.

A, contains all the indices of atoms which have Fourier-coefficients not exactly
equal to 0 or 1. Notice, that if b§»n) = 0 then j € J, for all @ € (0,1). Consequently
in the first sum there is a multiplication with bgm = 0, moreover I,, N J,, = () implies
j & I, therefore j can be left from both sums. Similarly, if bgn) = 1 then we multiply
with (1 — bg")) = 0 in the second sum and i ¢ .J,, therefore i can be left, as well.
Because of this we have the following corollary.

Corollary 4.6.
(S, S,) = Z ;L(Bi(n) (n) + Z B(n) _ bl(n))

i€JnNAy ielnNAy
< X wuBM+ X B =3 wB").
i€JnNAy i€lnNAy 1€EA,

We are ready to state a stronger convergence theorem.
Theorem 4.7. Let (B,) be an increasing sequence of o-algebra where
B, =o(By”,B", ..., BM)
and consider a solid S € Q¢, an arbitrary o € (0,1) and let
Sn = {XaFPrxs = 1}.
If the diameter of all the relevant generator atoms converge to zero, i.e.

lim max dlam(B(")) 0

n—oo keA,,

then
lim S, = S.

n—oo
Proof. If b(" = 0 then u(B, () ns) = (Bi(n)). Since atoms and S are regular sets, we
have Bl( s = Bg ), therefore X (®) = xs(z) for all z € Bi("). The same result
is true if bg") = 1. Consequently,

p(50:9) = [ s, sl dn =32 [ s, sl
= Z/()b(s — xs| du.

1€A,
Using the same idea as in Theorem 4.3 we can prove that the remaining integrals tend
to zero as n — oo. 0

We have convergence theorems, finally we would like to investigate the mono-
tonicity of the convergence. The following theorem gives a monotonicity condition of
the approximation method. We will show, that it is closely related to the value of «.
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Theorem 4.8. (S,,) is an improving approzimation sequence, i.e.
p<Sn+17 S) S P(Sm S)
for alln € N if and only if o = %

Proof. Let us suppose, that B,(gn) =: B € B,, is divided into two disjoint non-empty
B’',B" € B,11 sets. We have to show, that the sequence 6§, := p(S,S,,) — p(S, Sp+1)
is non-negative, i.e. §,, > 0 (n € N). We have 6 possible outcomes with respect to the
relationship of the Fourier-coefficients b, ', b” and «, viz. it depends on the Fourier-
coefficients if B is a subset of S,, and if B’ or B” or both B’, B” are subsets of
Sn+1-
1.b>a, b >a, b/ >«
Then
dp=u(BNS)— (B 'NS)+u(B"NS))=0.
2.0<a, V<a, t'<a
Similarly,
6p = u(BNS°) — (u(B'NS°) + u(B" NS =0.
3b>a, bV <a, V' <a
This implies u(B' NS) < au(B’) s u(B" N S) < au(B"), therefore
w(BNS) =B NS)+uB"NS) < a(uB')+ u(B") = ap(B)
consequently b < «, and it is a contradiction. This case cannot be realized.
4. b<a, V>a, V' >«
Similarly to the preceding case, this case is also impossible.
5. b>a, b >a, V' <a
Under the assumptions
n = p(BNS) = (WB'NS)+u(B"NS))
= (u(B N 5%) — p(B' 0 5%) — p(B" N 5)
— u(B" N S%) = u(B" N S)
= u(B") —2u(B"NS) >0,
if and only if

1
2
This holds for arbitrary B” only if a <
6. b<a, bV <o, V>«
In this case, similarly to the preceding we get
8p = p(B") —2u(B" N 5%)) >0,

if and only if
u(B") = 2u(B" N S°)



288 Gébor Fabian and Lajos Gergo

_ MBS (B - puB'NS) |,
- B"y B") B
1(B") 1(

1
2

bl/ Z

N[ =

. . . 1
It is true in general case only if a > 3.

In summary, 3. and 4. are impossible, 1. and 2. implies §,, = 0, in the cases 5. and 6.
0, > 0 is satisfied only if a < % and o > %, respectively. Consequently d,, > 0 for all
1

possible outcomes if and only if a = 3. O

To guarantee the monotonicity of the convergence let us redefine the n-th ap-

proximation for o = %

Sp = {XL FPrxs = 1}. (4.11)

Applying the above idea, we can give a general schema to develop volume-based
approximation methods:

1. Let be given a solid S € Q%, moreover let BSO) D B? be an arbitrary superset of
the unit ball, which is the unique generator set of the By o-algebra.

2. Choose an index k, where 0 < b;n) < 1, and divide the set B,(Cn) into two non-
empty disjoint sets. In this way we obtain the algebra B, 1.

3. Compute the new Fourier-coefficients b}, b} as well as p(S,,, S). While p(S,,, S) >
e for some given € > 0 tolerance, go back to step 2.

4. If p(Sp, S) < € we are done, we could define 95 if it is needed.

It can be seen, there are two important questions unanswered, namely: how
could we choose the k£ index and how could we divide the B,(f") atom such that the
assumptions of our convergence theorems are satisfied. Let us define the following
functions.

d
Definition 4.9. The C:22° — N type function is said to be a choosing function if
VYn e N3k e[0.n] : C(B,) =k.

Moreover D : 28* — 2B x 2B s sqid to be a dividing function if

vBe2® 3B B2 . B £0, B" 40

D(B) = (B',B"), BnB"=0, BUB’=B.

With our new notations we can draw up the approximation schema more precisely.
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VolumeBased Approximation(S, B(()O)7 &,C, D)
1. n:=0

2. B, = J(B(()")7 ...,BM)
3. k:=C(B,)

4. S, := {X%]-"B"Xs =1}
5. if p(Sp,S) > € then
6. B :=o(BY,...,BM,DBM),BY,,...,B)
7 n:=n+1
8 goto 3.
9 else stop

(4.12)

To develop a volume-based approximation algorithm we need only to define
exactly the choosing function and the dividing function. As we can see C, D, Béo),s
are free parameters, the result can be affected by all of them. In the next section we

give a simple example for an approximation algorithm.

5. Application

We applied our method successfully to give approximation of three-dimensional
triangular meshes. Let d := 3, B((,O) D B3 is the cube of side 2 centered at the origin,
€ > 0 be an arbitrary real. Denote

o) i= { & A | u(BL) = ma n(B)}. (5.1)
Let be a,b € B3 and
Hop:={zeR®| (z— ¢t b—a) <0} (5.2)

is a half-space, the points below the plane determined by the midpoint of ¢ and b and
the normal vector in the direction of b — a. Then we can define the following function

Do(B) = {(B',B") | B'= BN H,, B"'=B\B
la —b]| = diam(B)}.

It is obvious, that |Co| > 1 and |Dy| > 1, therefore Cy and Dy are not functions
in generally. It can be thought, that we can give some extra conditions to obtain
functions, e.g. let k& be the minimal index which satisfies (5.1), and let a have the
smallest x, y, z coordinate value satisfying (5.3). Let us denote the functions describing
these additional conditions with C; and D; respectively. For instance, we chose the
maximal indices for k and for a using that a finite convex polyhedron’s diameter
can be spanned by only two of its vertices, and vertices can be indexed. Here we

(5.3)
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used Corollary 2.10 i.e. a convex polyhedron divided a by plane results two convex
polyhedra. As a consequence of the definition of C; and Dy, it is easy to see that

C:= C1 ] CO (54)

is a choosing function,
D :=D; 0Dy (5.5)

is a dividing function.

Theorem 5.1. Let B((,O) DB3 S CQande >0, and let C,D be defined by (5.4),
(5.5), (5.1), (5.3). Then the algorithm defined by (4.12) is convergent.

Proof. In terms of Theorem 4.7 it is enough to prove, that the definitions of C and D
ensure that

lim max diam(B,ﬁ")) = 0.

n—00 kEA,, )
Let us suppose, that in the n-th step of the iteration the k-th atom has maximal diam-
eter, i.e. r 1= maxgea, diam(B,(cn)), furthermore let us suppose C(B,,) = k. Corollary
2.10 implies that B,gn) is a convex polyhedron for all n € Nk € A,, determined by
a finite number of vertices. Because of this there are finite number of vertex pairs
(ag, bo), .- ., (an,,bn,) which satisfy |la; —b;|| > 5. Let us suppose, that we apply a D

function to B,(c"). By definition we choose a vertex pair (a;, b;), and after the dividing
operation there are no atoms with diameter determined by (a;, b;), since the a; and
b; vertices are assigned to different ones. Moreover, it is impossible, that after the

operation new vertex pairs were formed, whose distance is greater than 3. Therefore

the new atoms generated from B,(C") can have at least one less vertex pairs, which
satisfy ||a; — b;|| > 5. Consequently, after a finite number of iterations all the atoms

obtained from B,(cn) will have the diameter strictly less than 7, i.e.

mwetheAM,:mﬁmBgﬂ¢w:dmmBgﬂy<g

On the other hand, we have finite number of atoms, n + 1 in the n-th iteration, so

there are only a finite number of atoms By, ..., B,,, which satisfy diam(B;) > Z.

By definition of C, if no > 0 and n > N; we need to choose an atom for which
B; ﬂB,in) = (), since diam(B;) > 5> diam(B,(cjlvl)) for all k1 € Ap,. Due to the above
explanation, after finitely many iterations all the atoms obtained from By,..., By,
will have the diameter strictly less than 3, therefore all the atoms will have this
property, as well. In other words

. N r
N, eN kjgg}zflz dlam(B,(€2 2)) <3

The above idea can be applied arbitrary many times. Using the fact that » < 1, we
find (5)" — 0 as n — oo. O
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6. Results, Future Work

Figure 1. Test models were Cube, Sphere, Torus and Bunny.
From left to right we can see the test model, and the resulting approximation,
Sy, after n = 1000, 2000, 3000, 4000 iterations, respectively.

TABLE 1. Results for our 4 test models. After the model name the
number of vertices and faces are shown. The table contains the d*(S,,)
maximal diameter and the p*(S,,S) error estimation for iteration

number n.
Cube (602, 1200) Sphere (482, 960)

n | d*(Sy) | p*(Sn,S) | m | d*(Sn) | p*(Sn, S)
1000 | 0,39 1,98 1000 | 0,43 3,16
2000 | 0,27 1,35 2000 | 0,31 2,31
3000 | 0,22 1,07 3000 | 0,26 1,90
4000 | 0,19 0,90 4000 | 0,22 1,63

Torus (576, 1152) Bunny (2503, 4968)

n_ | d*(Sn) | p*(Sn,S) | n | d*(Sn) | p*(Sn, S)
1000 | 0,31 1,14 1000 | 0,30 0,97
2000 | 0,22 0,84 2000 | 0,27 0,71
3000 | 0,18 0,69 3000 | 0,17 0,58
4000 | 0,16 0,60 4000 | 0,15 0,50

The algorithm obtained from our approximation schema was implemented by
choosing and dividing functions defined in the last section. Some tests were performed
on triangular meshes as we can see on Figure 1. We show 4 models: cube, sphere,
torus, and the Stanford Bunny (see [24]) from top to bottom, respectively. From left
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to right we can see 5 level of approximation, the test model and the resulting S,, after
n = 0,1000, 2000, 3000, 4000 iterations, respectively. The most important properties
of the approximations were indicated in Table 6. These tables contain the maximal
diameters

d*(S,) := max diam(B\™) (6.1)

kEA,,
and the estimation of the error, defined as

P (S, 8) = > u(BM™) (6.2)
1€EA,
where p*(Sy, S) > p(Sy, S) according to Corollary 4.6.

Our future plans are to work out some new choosing and dividing functions, to
show that our method contains in particular most of the space partitioning methods
as Octree, spatial decomposition, approximate or exact convex decomposition, etc. We
are working on some strategies for choosing and dividing, that can have a dramatic
effect on rate of convergence. We are designing an effective data structure for the
decomposition, in addition we try to increase the efficiency of the implementation.
The source code of the preparing software package will be publicly available in the
future.
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