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On convergence of nonlinear singular integral
operators with non-isotropic kernels

Harun Karsli and Mehmet Vural

Abstract. Here we give some approximation theorems concerning pointwise con-
vergence and rate of pointwise convergence of nonlinear singular integral opera-
tors with non-isotropic kernels of the form

TealNe) = [ K (ls=tl,. @) at
R
where the kernel function satisfies Lipschitz condition and some singularity as-
sumptions. Here A is a non-empty set of indices, 0 is an accumulation point of A
and |s — t|, denotes the non-isotropic distance between the points s,¢ € R™.

Mathematics Subject Classification (2010): 41A35, 41A25, 47G10.

Keywords: Nonlinear singular integral, non-isotropic distance, Lipschitz condi-
tion.

1. Introduction

The theory of approximation with nonlinear integral operators of convolution
type was introduced by J. Musielak in [12] and widely developed in [4]. He considers
nonlinear integral operators, replacing linearity assumption by Lipschitz condition for
kernel functions generating the operators and satisfying suitable singularity assump-
tions. After this discovery, several matematicians have undertaken the program of
extending approximation by nonlinear integral operators in many ways and to sev-
eral settings, including modular function spaces, pointwise and uniform convergence
of operators, Korovkin type theorems, abstract function spaces, sampling series and
so on. Especially, this kind of operators were extensively studied by C. Bardaro, J.
Musielak and G. Vinti [5],[6] in connection with the modular space. Operators of type

b
Tu(f)@) = [ Kulo =t 50 dt.z € () (L1)
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and its special cases were studied by Swiderski and Wachnicki [15], Karsli [9], [10]
and Karsli-Ibikli [11] in some Lebesgue spaces. Such developments delineated a theory
which is nowadays referred to as the theory of approximation by nonlinear integral
operators.

The kernel of the operator of type (1.1) depends on Euclidean distance, so it holds
the properties of isotropy. As an extension of the isotropic distance, non-isotropy was
defined by Besov and Nikolsky 1975 in [7] . It is useful to mention that, non-isotropy
were studied on linear singular integral operators [2], [3], [16], and on potential theory
[8], [14]. In this paper we assume that the kernel of the operator depends on non-
isotropic distance.

The present paper concerns with pointwise convergence of families of nonlinear
singular integral operators T, »(f)(s) of the form

Tor(F)(s) = / Ko (s —tly, £(8)) dt. (12)

The convergence of the family of operators of type 1.2 is proved for some points with
the suitable assumptions and properties. The next section contains some definitions,
notations, assumptions and properties.

2. Preminilaries

Definition 2.1. [7] Let A1, A2, ...,A, be positive real numbers. The non-isotropic A-

distance of x € R™ to the origin is
il

L 1 £
2ly = (o137 + 225 + .. + fo )

where
x = (T1,Z2y .y Tn),
A= (A, A2, 00 A0),
|>\| = AM+A+..+\.

In the case Ay, = 3(k = 1,..n) we have the well-known Euclidean norm. Note also
that for any ¢t > 0

a a a1
(I |7 + [P2a] = 4 [P ™) " =t Jal,.
It means that non-isotropic A-distance has the homogeneity of the degree %, and
also A-distance has the following properties,

a) |z|, =0& 2 =0,
Al

n

b) [prz|, =p " |zly,
11 )Rl
¢) o +yly < 20 %)W (], + [yly).
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Definition 2.2. [13] Let g : A € R® — R be a function and f be a one-variable
function, defined almost everywhere on [0, 00). g is called radial function, if there is a
representation such that

9(x1, T2 ey n) = f <\/(x1)2 (@22t ot (xn)Q) .

Definition 2.3. [1] Let f € L,(R") 1 < p < 400 be a function and a point € R” is
called (A, p)-Lebesgue point of the function f, if

p

i | o [ -0 f@ra| o,

n
[t <n

Definition 2.4. [1] A-spherical coordinates are given by

1 = (ucosf)*M,
Ty = (usinb cosfq)* 2,
x = (usiné;sinf;...sind O _1)2 1
n—-1 = 1Smdy...SIMbp 2 COSU, 1 5
z, = (usinfsinf...sinf, _o)**»

where
0 S 917927 "'7977,72 S 7T70 g e’nfl g 27T,U 2 0.
Denoting the Jacobian of this transformation by Jy(u, 61,60, ...,0,_1), we obtain
J)\(ua 017 02a ) an—l) = UZ‘A|719A(0)7

where
n—1

J+1
O (0) = 2" A1\, | [ (cos6,)2% 7 (sin Hj)kz::j?/\rl
j=1
and we can easily see that
Wrxn—1= / Q)\(Q)de
Snfl
is finite, where S™lis the unit sphere in R™.
Definition 2.5. K, (|.|, ,.) belongs to A-class, if the following conditions are satisfied
(A) There exists a summable function L.,(].|,) : R® — R such that

[ Ko ([t 5 w) = Ko ([t )] < Lus([t])) [u = v]

for any w € W, t € R™, u,v € R,
(B) For every t € R™ and uw € R

uljlino /Kw(|t|)\,u)dt—u =0.
Rn

(C) Lu(Jt]y) = w ML (|],) for any we W, t € R",
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(D) lim R‘s( ) = 0, where

w—0

Q=

f (Lw([t]y))?dt 1<g< 400
127 >
esssup Ly (|t] ) q = +oo.

n
¢ 2 > 5

RS (w) =

3. Convergence results

Theorem 3.1. Let f € L,(R™), 1 < p < +oc0. Assume that the kernel of the family of
operators of type 1.2 is in A-class, then

[TwA(f)(s)— f(s)] =0 asw—0

when s is the continuity point of the function f.
Proof. We can easily observe that

/Kwus—m,f(s))dt: /Kw<|t|k,f<s+t>>dt
R R

then

/ Ku ([t (s + 1) dt — f(s)

/Kw (\t|A,f(s+t))dt—/Ku,(|t\A,f(s))dt
n R™

/K (Itly» £(5)) dt — £(s)

IN

/ Ko (It £(5 + 1)) dt — Ko (It]y , F(5))] dt

/K (Itly £(5)) dt — £(s)

= L+ I,

from the condition (B) of the A-class I — 0 whenever w — 0.
Now we will prove I; — 0 whenever w — 0. From the condition (A) of the
A-class, there exists a function which is in L,(R™) with

1< [ Ll 176 +0) = £(5) .
R?’L

Due to the continuity of the function f at t = s,Ve > 0 we can find a § > 0 such that

|f(s+1) — f(s)| <& whenever |t|;* <4
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L o< / W) 1F(s 1) — F(s)] dt + / Lu(tly) [F(s +£) — f(s)] dt
i

n
2[A
[t 317 < ¢ 21 > 6

= J1+J2

from the property of continuity of the function f(z) and the summability of the
function L (|t],), Ji — 0 whenever w — 0, and

Js / Lu([tly) [f(s +1) — f(s)] dt

n
[t 212 > 6

IN

R (w) / (If(s +1) — f(s)])Pdt
t|A‘*‘ >6

from the condition (D), Jo — 0 whenever w — 0.
Theorem 3.2. Let f € L,(R™), 1 < p < +o00. Assume that the kernel of the family of
operators of type 1.2 is in A-class, then

|TwA(f)(s)— f(s)] =0 asw—0

when s is the (A, p)-Lebesque point of the function f.
Proof. We can easily observe that

/mm&wwﬂmﬁ:/mmmJ@+ma
R R
then

/mmm¢u+mﬁam>: /mmm¢u+ma7/mme@Mt
/ / J

+/K@WhJ@Dﬁ—f@

Rn

/WK (1t £(5 1)) dt = Ko (] F(5)] e

IN

/K|m, )t — £(s)

= h+1D

from the condition (B) of the A-class I — 0 whenever w — 0.
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Now we will prove I; — 0 whenever w — 0. From the condition (A) of the
A-class there exists a function which is in L,(R™) with

L < / L (It]y) [£(s + 1) — £(5)] dt.

R™

We give some inequalities to prove this part.
Define a function,

unle) = esssup [ L (il )de

tazlelsg,
It is seen that 1 () is radial function of the non-isotropic distance, so
@) = Pallz)).

If |z} =T =7, then ¥ (r) = ¥x(x). So, from the definition of the function 1 (z), it is
a monotone decreasing function with respect to r. Hence,

)/dt

1
72

[SIE

/ Ya(t)dt > a(r

1 L .
—2<\t|/\‘ l<r2

1
<\t|/\W <r2

<
>
—~
)
MBS
~—

/ O (0)p* M 1dbdp

gn—1

1
r2
2
P
(2 AL 213227 > S

1 1
3 )plAl -
o (2|A| 2|A|22*>°‘“’“'

Since ¥ (r2)r* — 0 whenever » — 0 and r — oo, so we can find a constant A > 0
such that

\
l\?\b—‘

¢A(r%)r"\| <A 0<r<oo
and to obtain the second inequality, we use the property of (), p)-Lebesgue point,
1
. 1 p -
lim | o / [ |16+ 07 = 1| a0)d8 b 521
|t\)\m < 2

= [ |#ts+ 002~ 0

gn—1

NOLL
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s oy / ax(p)p®dp | =0

so it is obvious that

then
no< [ Ll 15+ - ) dr
Rn
= [ L)1 - Sl e+ / W) s +0) = ()] de
|t\f‘L*‘§5 R
= Ji+ Jo.
— —|Al
no= [ (fg] ) e o s
It]3 T <5

1
P

([ oo s e (2)0)
= (/6 A (p)p* M=t Ay (1;0%) dﬂ) %

0
Applying integration by parts,

( (2)- foon(eme(2)
0

< ey, (L) i [ Gx<w%u>wkd<w<u>>)
0
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1
<cla- [wPaaw)
0
Using integration by parts to calculate the last integral,
oo (oo}
—/um'd (¥a() = lim —rPyy(r) +2) /ﬁ'”*lw(r)du
0 0
2|\
= L/z/»\(ac)dac < B.
WA n—1
R’n
Here B is a constant, hence, J; < ¢B. Now we investigate Jy whenever w — 0,
5 = / Lu(tl) [f(s + ) — f(s)] dt
|t|f'L*' >6
< [ erolLatdes [ 156 L)
|t|f'L’\I >4 \t|f‘LM >4

Let 15 is the characteristic function of the set {t eR™: [t|23 > 5}, then

= 156+ 0l Lulud st + [ 1) Lulll s
R™ R

= fllp s L (DN, + 1 ()05 L (1O -

In view of the conditions (D),[|)s L ([t[})l|, goes to zero whenever w — 0. From (C)
of \-class, one has
)ﬁ
A

sl ol = [ Zueya= | wkmqtk

w

¢ 2 > 5 It 2 > 5

2\r3\| 2
R It]2

|
h
—~~
=
>
Y
~
\

SR

v T
&
=
>
S~—
Y
~

[tw?]

and this part also goes to zero whenever w — 0.
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