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On convergence of a kind of complex nonlinear
Bernstein operators

Harun Karsli and Esra Unal

Abstract. The present article deals with the approximation properties and
Voronovskaja type results with quantitative estimates for a certain class of com-
plex nonlinear Bernstein operators (N B, f) of the form

(NBaf)(z) = gm,mcn (1(5)). =<

attached to analytic functions on compact disks.
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1. Introduction

Approximation properties of complex Bernstein polynomials were initially stud-
ied by Lorentz [6]. Recently S. G. Gal has done a commendable work in this direc-
tion and he compiled the important papers in his recent book [2]. Concerning the
convergence of the Bernstein polynomials in the complex plane, Bernstein proved
that if f : G — C is analytic in the open set G C C with D; C G where
Dy ={z€C: |z| <1} then the complex Bernstein polynomials

@ =3 () #u-ars (1)

converge uniformly to f in D;. In the present paper we study the rate of approxi-
mation of analytic functions and give a Voronovskaja type result for the nonlinear
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complex Bernstein operator (NB,, f). Nonlinear Bernstein operator of complex vari-

able is defined as
k

where G, : C — C satisfies the Holder condltlon ie,
|G (1) = G (V)] < Rlu— o[
for every n € N, 0 < v <1 and suitable constant R > 0 and
nl;ngo [Gp(u) —u]=0 (1.2)

for every u € Dy where Dy = {z € C: |z| < 1}.

2. Convergence Results

We will consider the following nonlinear version of complex Bernstein operator,

(NBuf)( me ( (i)) 12| <1

defined for every f € D; for which (N B, f) is well-defined, where
D, ={z€C: |z|<1}

The real case of above operator (1.1) and some of its properties can be found in [5].
We are now ready to establish the main results of this study:
Theorem 2.1. Suppose that f: D1 — Cis analytic in D1, that is

z) = chzk
k=0
for all z € Dy. For all |z] <1 and n € N, we have
3 Yy
BN - f 1< R(S00) |

where 0 < C(f) = Zk( — 1) Jex| < o0.
Theorem 2.2. Suppose that f: Dy — C s analytzc in D;. We can write

z) = Z ezt
k=0

for all z € D1.The following Voronovskaja-type result in the closed unit disk holds,

B ) - 1 () - 2D )| < (=D )

n

foralln € N, z € Dy, where 0 < M(f) = Y k(k—1)(k—2)%cxy < 00 and 0 <y < 1.
k=3

The linear counterpart of Theorem 2.2 is given by Gal [4]. Notice that our
theorems contain appropriate result of Gal [4] as a special case.
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3. Auxiliary Result

In this section we give a certain result, which is necessary to prove our theorems.

Lemma 3.1. (Lorentz [7, p. 40, Theorem 4]) For polynomials P, (z) = Y. apz* with
k=0
complex coefficients on the disk |z| < 1 we put

P, = P, (2)].
1nlly = max | Pa(2)]

Then
1Pyl < nl|Pull-

4. Proof of the Theorems
Proof of Theorem 2.1. We consider

;pk @6 (1(2))-1e kiopk,n )
kz:;)pk,n (2) {Gn (f (:)) - f(z)}‘
kX_jp @ (1(5)) - eutren+ o - f(Z)}‘

S a0 {6 (1 (1)) ~earn}

the last term in the last inequality goes to zero because of (1.2). Then we will estimate

3 ({6 (1 () = Gl (D)

ém,n (2) {Gn (f (i)) - Gn(f(z))}’
ki_om,n (2)] |Gn (f (ﬁ)) — Gaulf (z))’.

By using Hélder condition 0 < v <1,
k
f <n) —f(2)
if we use Holder inequality then we have

<R (; a1 (5) -1

(NBnf)(2) = f(2) =

IN

+

Y e () {Gu(f(2)) = f (Z)}|

k=0

the first sum I; =

nL o=

IN

< RZ |pk,n (Z)l
k=0

)
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Denoting ex(2) = z*, k = 0,1, ... and 71, (2) = By (ex)(z), we evidently have

o0
=Y cmin(2)
k=0

and by using this representation we get

o v
=R (Z ek [mrn(2) — ek(z)l> :
k=0
So that we need an estimate for

|Tn(2) — ex(2)] -

For this purpose we use the recurrence proved for the real variable case in Andrica
[1]. It is valid for complex variable as well in [2] and [3]:
z(1—-2) ,

Tht1,n(2) = Tﬂk,n(z) + 27,0 (2)

forallne N, ze Cand k=0,1, ...
From this recurrence we easily obtain that degree (7, (2)) = k. Also, by replac-
ing k with k — 1, we get

e 2(1—2)

Men(2) = 2" = T[ﬂ-k—l,n(z) A (k—1)2F71(1 - 2)

n

+ 2[mp—1,n(2) — zk_l]

which by Bernstein’s inequality for complex polynomials where |z| < r < 1 gives

mon() =) < (k= DL oy (2) - er-1(2)|l;

L1 +r)(k-1)

n

+

+ 7| Th—1n(2) — en—1(2)].

As a conclusion, for all |z| <1 and n € N we obtain

0 v
(NBof)(2) = f(2)] < R <Z|Ck| [mhn(2) = 6k(2)|>
k=0
r(1 4+ 1)1+ 2r) & !
< R<H2k —1) |ck> .
k=2
Since f (z) = Z cx2* is absolutely and uniformly convergent in |z| < 1, then one has
k=0
"(z) = Z k(k—1)c,z"~2. Note that > k(k—1)cxz"~2 is also absolutely convergent

=2
for |z| < 1, which implies Y k(k — 1) |ex| < oo.
k=2
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Proof of Theorem 2.2. Denoting h(z) := f(z) + %f”(z)

VB, () - 1) = 2 s
- kznj_opk,man (4(

_ kz:opk,n(z)Gn( (
fjpk,n @fe (r(

Zpk n {Gn ( )) - h(z)}

k
n

f

IA

it is clearly seen that the last term in the last inequality goes to zero because of (1.2).

Then we will estimate [; = ’kiopk’n (2){Gn (f (£)) = Gu(h(2))}

kzn::()pk,n (2) {Gn (f (S)) — Gn(h(z))}‘
ki:_o|pk,n ()] ‘Gn (f (i)) —Gu(h (2))‘

by using Holder condition 0 < v <1

SWSEENORIE

Substituting & (z) and using the Holder inequality,

< (z prn ()] | (,’j) -1 -y ”@DW

I

IN

ol

k=0
Denoting er(z) = 2%, k = 0,1, ... and 7, (2) = By (er)(z), we can write
= Z ck7rk7n(z)
k=0
which immediately implies
z(1 -2z
B, ) - 1) - )
> 11— 2)k(k—1)|\
< R <I§|0k| Tn(2) — er(z) — ( 2n) ( )

for all z € D;, n € N.
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In what follows, we will use the recurrence obtained in the proof of Theorem
1.1.2 [2].

z(1—2) W;c,n(z) + 27 n (%)

Th+1,n(2) = -

forallne N, zeCand k=0,1,....
If we denote
2PN = 2)k(k — 1)
2n

Ek,n(z) = Wk,n(z) - 6%‘(3) -

then it is clear that Ej, ,,(#) is a polynomial of degree< k and by a simple calculation
and the use of the above recurrence we obtain the following relationship

z(1—=z
Bias) = g )t ema0)

2F2(1 - 2)(k — 1) (k —2)
2n?

+ [(k—=2)—z(k—1)]

forall k> 2, ne€ Nand z € D;.
According to Bernstein’s inequality ‘E,’C_ln(z)H < (k—1) || Ex—1,n(%)] the above
relationship implies for all |z| < 1, k > 2,n € N that

z||1—2
@l < P2 g @) + 1)
k—3
el o D=2
2n n
1—
< 1Bean+ PR o 1) () e ()
ot H (k— 1)(k — 2) [exa(2) — exa(2)] H L 2Kk =)k 2)
2n n
where ||.|| denotes the uniform norm in C(Dy).
It follows
3
170 (2) = en(2)| < —k(k —1)
and as a consequence, we get
|z] |1 — 2| 3(k—1)(k—2)
E < |Ex— —_— |12(k—-1)——=
B < 1Beyn(@)] + 22 oy 202D
+2(k — 1) H (k—1)(k-2) [621%2(2) —ep—1(2)] H n 2k(k —1)(k —2)
n n

which by simple calculation implies

RIS
n

|Ern(2)] < [Er—1.n(2)] o

(k —1)(k — 2).
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Since Eon(2) = E1,n(2) = E2n(2) = 0, for any z € C it follows that from the last
inequality for k = 3,4, ... we easily obtain, step by step the following

1—21
< Mﬁk(k —1)(k —2)
n

k
Bn(z)] < FIEZAI0S 505 )59
’ - 2n n = 2n

In conclusion

(NBuf) (2) — f (=) - Z“‘Z)f"(w\ <R (Z el Ek,n<z>|>
k=3

n

[e'e] Y
|z |1 — 2| 10 2

< 7—2 k(k—1)(k—-2 .
_R< m n k:3|ck| ( )( )

Note that since f(*)(2) = 3 exk(k —1)(k —2)(k —3)2"~* and the series is absolutely
k=4
o0

convergent in Dy, it easily follows that > |ex|k(k — 1)(k — 2)? < oo.
k=3
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