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The generalization of Mastroianni operators
using the Durrmeyer’s method
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Abstract. In the present paper, we define a sequence of Durrmeyer’s type oper-
ators associated with Mastroianni operators and introduce a new operator.

Mathematics Subject Classification (2010): 41A25.

Keywords: Mastroianni operator, operator of Durrmeyer type, approximation
properties.

1. Introduction

In [5], [6] G. Mastroianni defined and studied a general class of linear positive
approximation operators, which was generalized by O. Agratini, B. Della Vecchia [1].
In brief we recall this construction.

Taking [0, 00) := R, we consider the next spaces of functions:
BRy)={f:Ry — R|(F)M; > 0:|f(x)| < My}, a normed space with the uniform
norm ||, = sup {|f(x)| : = € R };

B,(Ry) = {f: Ry — R||f(z)| < Ngp(z), Ny >0, p(z) =1+ 22}, a normed space
with the norm || f||, = sup {%i))' x> 0} = sup { lf-f-xx)l txr > O};
C,(Ry) ={f € B,(R4)|f continuous function};

x
C;®0) ={1 € Gy )IE) Jim L
The space Cj(R4) endowed with the norm || f||, is a Banach space.
In our estimations we use the first modulus of continuity on a finite interval [0, b],
b >0, wjo (f;0) =sup{|f(z+h) — f(x)]: 0 < h <6, 2 €[0,b]} and the Peetre’s K-
functional defined as

Ky (f;8) =if {[|f —gllp+6llg"lz:9€ Wi}, >0,
where W2 ={g€ Cp(R;): ¢, ¢" € Cp(Ry)}.
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This paper was presented at the third edition of the International Conference on Numerical Analysis
and Approximation Theory (NAAT 2014), Cluj-Napoca, Romania, September 17-20, 2014.



242 Cristina Sanda Cismasiu

It is known (see [9] p.177, th. 2.4) that, there exists a positive constant C' such
that Ko (f;6) < Cws ( £ \/S), where

w (FiV8) = swp  sup {|f(@+2h) —2f(z+h)+ f()]}.
0<h</3 x€[0,00)

Let (®,),,»; be a sequence of real functions defined on [0, c0) := R, which are
infinitely differentiable on R and satisfy the conditions:

(i) ®n(0) =1, n € N;

(ii) for every n € N, x € Ry and k € NU {0} := Ny,

(—1)*8P(z) > 0; (L1)

(iii) for each (n,k) € N x Ny there exists a number p(n,k) € N and a function
an i € R® such that <I>£f+k)(m) = (—1)’“(1)1(71()” ky (@)an i (@), i € No, # € Ry and

. . n T an,k(x) _

(iv) nlggo p(n, k) - nh—g)lo nk L

Remark 1.1. There is easy to see that

o4 1)k,
i ® = i SR (-2

The Mastroianni operators M, : Cp(Ry) — C(R.) are defined by the following
formula

n

M, (f,2) = ki:omn,k(x)f (%) (13)

with the basis functions,

—x k@%k) T
For these operators and for the test functions e,(x) = =", r = 0, 1, 2 the following

results were obtained [5]:

My (eo;z) = @,(0),

M, (er;z) = 7(I>nn(0)x7 (1.5)
" xzi / T

M, (e2i2) = 27,(0) = 27,(0) '

In terms of the hypergeometric and confluent hypergeometric functions, recent
results, about Durrmeyer type operators [2], [3], [4], [8], have considered in the defi-
nition of the basis functions, the family’s functions:

B, o(z) e ", c=0,2>0
n,e\T) = n
’ (I+cx)"c, ceN x>0

For these functions we have

L (@) = ]

s n—4-c,c

(), n > max {0, —c}
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respectively
i+ k
O (2) = (~1)Fnp @4 o (2)

where n, ) = n(n+c)(n+2c)--- (n+k — 1c) is the factorial power of order k of n
with the increment —c and njy,_ = 1.

So, the conditions (iii)-(iv) are true, for p(n, k) = n + kc and a, x(7) = np, -

In the next section we propose a Mastroianni—Durrmeyer operator, when the
sequence of functions (®,,),,-, satisfy the conditions (i)-(iv) and other supplementary
conditions, is non-nominated.

2. Main results

Let (®,),~; be the sequence of functions which satisfy the conditions (i)-(iv)
and the next supplementary conditions, for any n € N and r, k € Np:
: k) ()
(v) tlgrgox @, () =0
(Vi) B)per = [ 2" W (2)dz < 00, (3)Jn00 = fc1> x)dx # 0.
0

We define the operators of Durrmeyer type assomated with Mastroianni opera-
tors (1.3)-(1.4) for each real value function f € R® for which the series exists:

f M, k: o0
Zm”k —:/Kntx dt (2.1)
f M ( 0
0
with the kernel
Ko (t, ) Zmn 1 (@)Mp k() Ino0 = Jnoo = /(I)n(t)dt #0. (2.2)
n 0,0 0

Lemma 2.1. The next identity is true for anyn € N and r, k € Ny

r+1
In,k,r = (kil)kjn,o,r,
where
—1)k
In,kﬂ‘ = /trmmk(t)dt = %Jn,kﬂdﬂe
J !
and

(M =nn+1)n+2)---(n+k—-1)=np 1, (n)o=1
is the Pochhammer symbol or the factorial power of order k of n and the increment
—1. So, (l)k = k!, (2)k = (k—‘r 1)'
The proof suppose an easy computation, so we have omitted them. We remark
that

Loy = Jnor = [P, (t)dt, r > 0, (the moments of the r-th order reported to ®,,)
0
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0o -1 k
Inko= fmnk( )dt = an,k,ka
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k!
Ink ke = ( kK00, k>0,
Inko=1In00=Jnoo= f o,
0
[SS) 1 k oo 1
Lnger = [ t"mp g (t)dt = % [ e (1)dt = (r + f o
0 ) 0
1 1
— (r _Z' I Jn0r = (r —;' )kInﬁoyr, (the moments of the r-th order reported to my, j).
Lemma 2.2. The moments of the operators DM, (f;x) are given for e.(x) = z",
r € Ny as
. _ In70,r = (T+ 1>k
DM, (ey;x) = T > k(). (2.3)
00 k=0
Further, we have
DM, (ep;z) = 1,
1,
DM (617 ) = Lo,l<1_x(biz(0))a
Inoo
I,
DM, (eg;2) = %2 (220!(0) — 429/, (0) +2), (2.4)

DMn ((61 - .’Eeo)2;x) =

Proof. Using Lemma 2.1 we obtain

21500

n,0,0

I, I, I,
—2x (’0*2 @/, (0) + ’0’1> 4+ 02
In.0,0

70,0 In0,0

nOr
DMn(e'm E mnk nk,r: § mnk
nOO nOO
n()O
DMn(GO; E mnk nkO E mnk
nOO nOO
[eS)
DMn(ela § mnk nkl—
nOO
Ino1 k+1 Ino1
= E mnk = § mnk
nOOk 0 nOOk 0
_ nIn,O,l @,L(O)

In.0,0

1 nl, 0.1 !
M, (er;z) + — | = 2ot
< "(el’x)Jrn) In0,0 ( n

1 1
2 n,0,2 1 n,0,1 %/
q) 0)+2 P (0)+1

+1)

+1)

1)
e
n
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n02
DMn (62;93) - § mnk nk2 § mnk

nOO nOO

Ino2 2)!
— ﬁzmn’k@)m

|
2In00 = k!
712]” 0.2 3 2
~ 2L,00 (M" (€250) + 5 Mo (er32) + n2>
Pz [(P0(0)a? —<I>'n(0)w 30! (0)x n 2
o 2,00 n? n? n? )’
Because DM, ((e1 — weg)?;x) = DM, (e2; x) —2x DM, (e1;x)+a? DM, (eo; x) is easy
to obtain the relation of enunciation. O

Lemma 2.3. Let
DL (i) = Dt (i)~ (5202 (12 00) ) gy 2s)

10,0

The following assertions hold:

DM, (ep;z) = 1,
DM, (e1;z) =
DM, (e; —zeg;z) = 0.

The proof suppose an easy computation, so we have omitted them.
Further, we consider the next conventions:

1
|DM,, (e1 — meg; z)| = I"Z; (1 —29,(0) — 2| := (), (2.6)
2. o Ino2 i Inoa o,
DM, ((e1 — weg)*;z) = a° | —===@0(0) + 227 (0) + 1
21,0,0 10,0
I, I, I,

—2x( 021 (0) + ,0,1> 4 Ino2

n,0,0 In0,0 10,0
= Bu(x). (2.7)

From (1.1) we have ®,(x) > 0, ®/ (z) <0, ®/'(z) >0, x € Ry and so

Bn(z) < 2 (“@;;(0) + 1) — 2202 (0) + 02— (). (28)

n,0,0 n,0,0 In0,0

Because DM, is a linear positive operator, using the Cauchy-Schwarz’s inequal-
ity we have

M(x) = |DM,, (e1 — weo; )|<DM (ler — weol; )
\/DMn ((e1 — zeg)? \/ﬁn

IN

Let
() = Bu(@) + A (x) < 2B (2). (2.9)
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Lemma 2.4. For every x € Ry and f” € Cp(Ry) we have

DN (f5) — f()] < 120, )

Proof. Using Taylor’s expansion

we obtain with Lemma 2.3 that

DM, (f;x) — f(x) = DM, (/(t—u)f”(u)du;x) )

t
Because | [(t —u)f"(w)du| < [|f"|5 using Lemma 2.2 we get
x

| DM, (f;2) = f()| < DM, (/(t - U)f”(u)du;a:>

x

I
02 (12, (0))

In0,0

- / (Z:SZ;U —2;,(0)) — u) #(u)du

" 1 2
< %DMH ((t—2)%2) + HfQHB <1: (17720 x>

Hf”HB (ﬂn( )+)\$L(x)) O

Theorem 2.5. For every xz € Ry and f € Cp(Ry) the operators (2.1)-(2.2) satisfy the
following relations

()Ifhmm—l r=20,1,2, then hmDM(f, x) = f(x),

n—oo 1! n,0,0

(i) (DM, (f52) = f(@)] < 20 (£.1/Bal@)),
(iii) |[DM,(f:2) — f(2)] < 2Cws (f, x/%(:c)) w(f, ().
with Ap (), Bn(x), nn(x), Yn(z) defined as (2.6), (2.7), (2.8), (2.9).

(b(k) 0 -1 k n 0 rIn .
Proof. (i) Because lim —- ©) = lim (1) an1(0) = (=1)* and lim " inor
n—00 nk n—00 nk n—0o0 T1p 0,0

1, r =0, 1, 2 using Lemma 2.2 we have hm DM, (e;;z) = er(z), r =0, 1, 2 and

the Bohmann-Korovkin assure the conclusmn () of the theorem.
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(ii) Using a result of O. Shisha, B. Mond [7] with the modulus of continuity of f
we obtain a quantitative estimation of the remainder of the approximation formula.
Indeed,

|DMn(fax) - f($)| < (1 + 5n1(w)\/DMn ((61 - :L’€0)2 ,33)) w(fa 5n(z))

Taking

dn(z) = \/m = \/DMn ((el — xeo)2 ;a:)

[

I, I,
= {02 (227(0) — 4z @), (0) + 2) — 22701 (1 — 2@, (0)) + 22
21500 In 0,0

the proof of (ii) is completed.
(iii) From (2.5) we obtain for g € W2

|IDM,,(f;2) — f(z)]

< DM, (f = g:w) = (f = 9)(@) + DM, (g;2) — g(2)]
nlpo, 1 @ (0)

wlr (e (5 - ")) - f

"]l 9n(2)
<2f - gllp +EE

(- 0)

<21f ~ gy + 1B 4oy 73 0)).

Taking infimum over g € W2 on the right hand side, we get
DM, (f; %) = f(2)] < 2K3 (f,70(2)) + @ (£, An(2))

< 20w (£, V3 (@)) +e (£ Au(@) a

Theorem 2.6. Let f € C,(Ry) and wiopq1](f;9) be its modulus of continuity on the
finite interval [0,b+ 1], b > 0. Then

IDMa(f) = Fllegos < 3N (®)(1+8) + 20,51 (£, v/1a0))
with n,(x) defined as (2.8).

Proof. Let x € Ry and t > b+ 1 Because f € C,(R) using the growth condition of
f since t —z > 1 we have

1f(O) = f@)] < Ny@+t+2%) SN2+ (t—a+2) +27)
< 3Ng(t—=)%(1+b)%
Forzx ¢ Ry, d >0and t < b+ 1 we have

so-1@l < (15 ) e ().
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So,
10 -1@] < 3Nyt 02+ + (1457 e (1),
and with (2.8) we obtain
|DM,(f;2) — f(z)| < 3NyDM, ((e1 — weg)*;z) (1 +b)?

DM, (le; — xegl;x
+(1+ ( 16 o )>W[0,b+1] (f,90)

< 3N;DM, ((61 — zeg)?; x) (14 b)?

4 (1 + \/DMTL ((63_ er)Q;m)> W{o,p41] (f7 (5)

< 3Nf77n(b)(1 + b)2 + (1 + 772;(b)> Wio,b+1] (f7 6)

< BN (B)(1+0)° + 201011 (£, VD)) - O
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