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Spline and fractal spline interpolation

[ldiko Somogyi and Anna Sods

Abstract. The classical methods of real data interpolation can be generalized by
fractal interpolation. These fractal interpolation functions provide new methods
of approximation of experimental data. This paper presents an application of
these interpolation methods.
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1. Spline interpolation

Let H™?[a,b], m € N* be the set of functions f € C™ '[a,b] with f(m—1
absolutely continuous on [a,b] and f(™ € L?[a,b], A = {\i | \i : H™?[a,b] — R,
it =1...,n} a set of linear functionals, y € R™ and

U=U, ={f€H™ab|\(f) =yi,i=1,....,n}.
Definition 1.1. The problem that consists of determining the elements s € U such that

Is"™ |2 = inf fu™ ]
uelU
is called a polynomial spline interpolation problem.

For the solution of a spline interpolation problem we can give the following
structural characterization theorem ([3]) in the most general case, when we have
Birkhoff type functionals. The set of Birkhoff type functionals is given by:

A= f = 19 (@), i = 1,..n,5 € L},
for I; C{0,....,7}, r; €N, 7y <m, and x; € [a,b],i =1, ..., k.
Theorem 1.2. Let A be a set of Birkhoff type functionals and let U be the corresponding
interpolatory set. The functions s € U is a solution of the spline interpolation problem
if and only if:
1. s@m(2) =0, z€ [z, xx]\ {z1,..08},
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2. sM(2) =0, z€ (a,21)U (x1,b),
3. 3(2m—#_1)($i _0) = S(Qm_'u_l)(:l;i"'o)a M S {Oa 17 ceey T — 1} _IZ fOTi = 1’ o k.

The characterization theorem states that the solution s of the polynomial spline
interpolation problem is a polynomial of 2m — 1 degree on each interior interval
(z;,2;41) and it is a polynomial of m — 1 degree on the intervals [a,x1) and (xg,b].
Furthermore, the derivative of order 2m — u — 1 is continuous in x; if the value of the
vth ordin derivative in z; does not belong to A.

Definition 1.3. The solution s of the polynomial spline interpolation problem is called
a natural spline function of order 2m — 1.

When A = {\|\i(f) = f(z),4 = 1,...,n} is the set of Lagrange type functionals,
with x; € [a,b],i = 1,...,n and n > m, then for every f € H™?[a,b] the interpolation
spline function Sy, f exists and is unique.

The function Sg, f may be written in the form

Spf =2 sif(ww),

k=1
where s,k = 1,..,n are the fundamental interpolation spline functions. To determine
these functions we can use the characterization theorem and we have

m—1 n
sip(x) = Z af; + be(x —z)i" L k=1,..n,
i=0 j=1

with af,i = 0,..,m — 1 and b%,j = 1,...,n obtained as the solution of the following
systems:

si(@) =0, p=m,...2m—1, and a > z,

sp(y) =0k, v=1,...,n
for k=1,...,n.
We collect form the server of our university some data regarding the internet traffic.

We process these data with Lagrange type cubic spline function, and we obtain the
following figure:

1.325 1.33 1.335 1.3a 1.3a5 1.35 1.355
x 10°

FIGURE 1. Spline interpolation: for internet traffic data
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2. Fractal functions

Let (X, d) be a complete metric space, and D(X) be the class of all non-empty
closed bounded subsets of X. Then (D(X),h) is a complete metric space with the
Hausdorff metric: h: D(X) x D(X) — R

h(A, B) := inf d(a,b inf d(a,b
(A, B) S“P{i‘gg inf d(a, ),fgg inf d(a,b)}

Let EC X, p >0, ¢e>0, |E| denote the diameter of the subset E, and define

the Hausdorff p-dimensional measure of E:

HP(E) := lim HE(E) = sup HZ(E),
e—0 >0

where

HP(E) := inf {Z |Ei|P, E C UX By, B < e} :
i=1
For each E there is a unique real number ¢, named the Hausdorff dimension of F,
such that
4o if 0<p<gq
P —
%(E)_{O if g<p<oo
B. Mandelbrot define fractal as the set of which Hausdorff dimension is noninteger.
The functions f : I — R, where I is a real closed interval, is named by M. F.
Barnsley fractal function if the Hausdorff dimensions of their graphs are noninteger.
Let be N a natural number, N > 1, and let w; : X — X : i € {l,..,N} be
continuous functions. Then we call {X,w; : i = 1,..., N} an iterated function system
(IF'S).
If, for some 0 < k <1 andall i € {1,..., N},

d(w;(z), w;(z") < kd(x,2"), Vo, € X,

then the IFS is named hyperbolic.
Define W : D(X) — D(X) by

W(A) = Uivzlwi(A)a

where w;(A4) = {w;(z) : = € A}.
W is a contraction mapping if the IFS is hyperbolic:

h(W(A), W (B)) < kh(A, B)Y A, B € D(X).
Any set G € D(X) such that W(G) = G is called an attractor for the IFS.

Theorem 2.1. (Hutchinson [4]) Let {X,w;i =1,..., N} an hyperbolic IFS. There is a
unique compact set G C X, such that W(G) = G, and

G = lim W"(E), E € D(X), wo.
Let {(z;,5) € R?,i = 0,1,--- ,N} be given, and I = [z¢,zx]. The functions

f I — R,which interpolate the data according to f(x;) = y;, 4 = 0,1,..., N, and
whose graphs are attractors of IFS are fractal interpolation functions .
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Let be X = I x [a,b] with Euclidean metric d, I, = [xp—1,2Zn] un : I — I, n €
{1,2,..., N}, contractive homeomorphism such that

Un(T0) := Tp-1, Un(TN) :=xn, Yn e {l,--- N}

|un(c1) — un(e2)| <ller —eal, 1,0 € I,0< 1< 1
v @ X — [a,b] continuous, with

vn(x07y0) = Yn—-1, Un(xNayN) = UYn, Vn € {17 e 7N}
|vn (e, d1) — vn(e,da)| < gldy — da|, c € 1, dy,da € [a,b],0 < g < 1.
Let w, : X - X, ne{l,2,...N}
wn(xay) = (un(x),vn(x,y))

Than {X,w, : n=1,2,..., N} is an IFS but may not be hyperbolic.

Theorem 2.2. (Barnsley [1]) For the IFS {X,w, :n =1,2,..., N} defined above, there
is a metric d equivalent to the Fuclidean metric, such that the IFS is hyperbolic with
respect to d. The unique attractor G of the IFS is the graph of a continuous function
f : I — R which interpolates the data set {(x;,y;) € R%,i=0,1,--- ,N}

The following example given by Barnsley is used in many articles to give the
iterated function system for the most widely studied fractal interpolation function.

Example 2.3. [1] Let {(z;,v;) € R%,i=0,1,--- ,N}, N > 1

a, 0 T en
wp(z,y) = + )
n(®) (Cn dn><y> (fn)
where |d,,| < 11is given, ay, ¢y, €y, fn are real number such that

wn(70,%0) := (Tn—1,Yn-1), Wn(TN,YN) = (Tn,Yn)

From the above equations follows that

_ Tn — Tn—1
Up = ———
TN — o
 Yn—Yn—1  du(yn —vo)
Cp = - ’
IN — Zo IN — Zo
INTp—-1 — ToTn
eTL =
N — X0
£, = TNYn—1 = T0Yn dn(TNYo — Toyn)
n — - .
IN — Zo IN — Zo

wy, is a shear transformation: it maps lines parallel to the y-axis into the lines parallel
to the y-axis, d,, is the vertical scaling factor.

Using the same data regarding the internet traffic, we construct the iterated function
system, and we implement this in MatLab. The graph of the fractal interpolation
function for these data is given in Figure 2.
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FIGURE 2. Fractal interpolation: for internet traffic data

3. Spline fractal interpolation functions

Let be
un(x) = anx + by
and
’Un(l', y) =apy+ Qn(x)
where a,, and b,, can be obtained from the relations for a,, e,, given in example and
—“1l<a,<l1.

The function f is a cubic spline fractal interpolation function, which interpolates
the set of ordinates yo, y1, ..., yn with respect to the mesh zp < x; < ... < xy if f is of
class C2[z¢, xn], who satisfies the interpolation conditions f(x;) = v;, 3 = 0,1,..., N,
and the graph of f is fixed point of the iterated function system {R?;w,(z,y),n =
1,2,..., N}, where wy(z,y) = (unx, v, (2, y)), and the function ¢, (z) is a suitable cubic
polynomial.

In order to construct the cubic spline fractal interpolation function for the inter-
net traffic data, we use the algorithm used by Chand and Kapoor in ([2]), where the cu-
bic spline functions are constructed by the moments M,, = f"(z,) forn =1,2,...,N.

Let G ={f: 1 — R, fis continuous, f(xo) = yo, f(xn) = yn}, and p be the
sup-norm on G, then (G, p) is a complete metric space, and the fractal interpolation
function is the unique fixed point of the Read-Bajraktarevi¢ operator T on (G, p) so
that

Tf(z) = vnl(u,  (2), flu, (2)) = f(z),n=1,2,...,N. (3.1)

In the algorithm mentioned above, Chand and Kapoor obtained from the properties
of a fractal spline interpolation function, that the cubic spline fractal interpolation
function in terms of the moments can be written as

2L e (M, — an My)(x — 20)® (Mp_1 — anMp)(zn — )3
f(un(x)) - Yn { nf( ) + 6($N _ xO) + G(ZEN _ 130)
_ (Mn_lanMo)(CL'N — 1‘0)($N — CL‘) _ (MN — OanN)(I'N — 1‘0)((E — 1‘0)
6 6

— N — X r— T
+ <yn21 _any()) Y 4 <y_; —OényN> - },n: 1,2,...,N,
ay IN — X0 ay, IN — X9
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also they give the system of equations from where the moments can be obtained:

Al f'(xo) + AnMo + puMy,—1 + 2My, + AMy i1 + B, My + Bl f (zn)
6[(yn+1 - yn)/hn+1 - (yn - yn—l)/hn] G(an+1an+1 - anan) YN — Yo

hn+hn+l hn+hn+l TN —1'0’
where
% _Gan+1an+l _(anhn + 2an+1hn+l)
Ay =—F7 An= ;
h,, + hn+1 hn + hn+1
6
Op = T———F— HUn = 1- /\na
Fon + hpr”
hn + hn+1 hn + hn+1

forn=12,...,.N—1land z,, —xp_1 =h, forn=1,2,...,N.

Solving the systems of equations and using the boundary conditions where the
values of the first derivative are prescribed at the endpoints of the interval [zg, zn],
we have the moments M,,n = 0,1,..., N which are used in the construction of the
iterated function system given by the relations from ([2])

{R% wy (2,9) = (un(x),vn(x,y)),n=1,2,..,N}, (3.2)

where u,(z) = a,x + b, and

o) = a2 {anf(x) N (M, — ap, My)(x — 70)3 N (My—1 — anMp)(zy — )3

6(xn — o) 6(xn — x0)
_ (Mn_lanMo)(CL'N — 1‘0)({,6]\7 — {,U) _ (MN — OanN)({,UN — 1‘0)({,6 — 1‘0)
6 6
+ <yn2—l _ any()) AINTE <y_; _ anyN> M} n=1,2..N.
az, TN — Xo ar IN — Zo

The graph of the cubic spline is the fixed point of the iterated function system given
by (3.2).

We made a MatLab implementation of this algorithm. It can be used for arbitrary
set of data, in the case of the data studied before, the cubic spline fractal interpolation
function will have the form given in Figure 3.

The cubic spline interpolation function is an important tool in computer graph-
ics, CAGD, differential equations and several engineering applications and it is of
class C?. Generally, affine fractal interpolation functions are nondifferentiable func-
tions. Therefore the cubic spline fractal interpolation it seems to be a good method in
data processing, because it has better properties and it can be used with all possible
boundary conditions like in the case of classical splines.
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F1GURE 3. Spline fractal interpolation: for internet traffic data
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