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On some generalizations of Nadler’s contraction
principle

Tulia Coroian

Abstract. The purpose of this work is to present some generalizations of the
well known Nadler’s contraction principle. More precisely, using an axiomatic
approach of the Pompeiu-Hausdorff metric we will study the properties of the
fractal operator generated by a multivalued contraction.
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1. Introduction

Let (X,d) be a metric space and P(X) be the set of all subsets of X. Consider
the following families of subsets of X:

P(X):={Ye P(X)| Y# 0}, Py o(X):={Ye P(X)|Y is bounded and closed}
The following (generalized) functionals are used in the main sections of the paper.

1. The gap functional generated by d:
Dy:P(X)x P(X) = Ry U{oo},D4(A, B) = inf{d(a,b) | a € A,b € B}
2. The diameter generalized functional:
0:P(X)x P(X) = Ry U{oo},d(A, B) =sup{d(a,b)|la € A,b € B}
3. The excess generalized functional:
pd:P(X) x P(X) = Ry U{oo}, pa(A, B) = sup{D(a, B)|a € A}
4. The Pompeiu-Hausdorff generalized functional:

Hy:P(X)xPX) = Ry U{oo}, Hi(A, B) = max{sup Dq(a, B),sup Dg(b, A)}
a€A beB
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5. The H™-generalized functional:

HT :P(X) x P(X) > Ry U{cc}, H"(A,B) := %{p(A,B) +p(B,A)}

Let (X,d) be a metric space. If T : X — P(X) is a multivalued operator, then
z € X is called fixed point for T if and only if € T'(x). The following concepts are
well-known in the literature.

Definition 1.1. [7] Let (X, d) be a metric space. A mapping T : X — Py (X)) is called
a multivalued contraction if there exist a constant k € (0,1) such that:

Hy(T(2), T(y)) < kd(z,y), for all z,y € X.
Definition 1.2. [5] Let X be a nonempty set and d,p two metrics on X. Then, by

definition, d,p are called strongly(or Lipschitz) equivalent if there exists ¢1,co > 0
such that:

Clp(xay) S d(:)'],y) S CQP(I',ZJ), fOT' all T,y € X.

Definition 1.3. [7] Let (X,d) be a metric space. Then, by definition, the pair (d, Hg)
has the property (p*) if for ¢ > 1, for all A,B € P(X) and any a € A, there exists
b € B such that:

d(a,b) < qH4(A. B).

Definition 1.4. [6] Let (X,d) be a metric space. T : X — Py q(x) is called Hy—
upper semi-continuous in xo € X (Hg-u.s.c) respectively Hqg— lower semi-continuous
(Hq—1l.s.c) if and only if for each sequence (xy,)nen C X such that

lim z, = g
n—oo
we have
lim pg(T(zy), T(x0)) = 0 respectively lim pq(T(xo),T(z,)) = 0.
n—oo n—oo
2. Main results
Concerning the functional H™ defined below, we have the following properties.

Lemma 2.1. [2] H" is a metric on Py (X).

Lemma 2.2. [1] We have the following relations:

1
ng(A,B) < H'(A,B) < Hy(A,B), for all A,B € Py.(X) (2.1)
(i.e., Hy and HT are strongly equivalent metrics).

Proposition 2.3. [2] Let (X, ||-]|) be a normed linear space. For any X\ (real or complez),
A7B € Pb,cl(X)

1. HY(AA,AB) = |\|[HT (A, B).

2. HY(A+a,B+a) = HY(A, B).

Theorem 2.4. [2] Ifa,b € X and A, B € P, »(X), then the relations hold:
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1. d(a,b) = H*({a}, {b).
2. Ac S(B,r),BC S(A,r) = HT(A,B) <r where r = %

Theorem 2.5. [2] If the metric space (X,d) is complete, then (Pyo(X),H") and
(Py,c1(X), Hy) are complete too.

Definition 2.6. [2] Let (X,d) be a metric space. A multivalued mapping T : X —
Py.ci(x) is called (H™, k)-contraction if
1. there exists a fized real number k, 0 < k < 1 such that for every x,y € X
HY(T(x),T(y)) < kd(z,y).
2. for every x in X, y in T(x) and € > 0, there exists z in T(y) such that
d(y,z) < H(T(y), T()) + &

Theorem 2.7. [2] Let (X,d) be a complete metric space, T : X — P, (X) be a
multivalued (HY, k) contraction. Then FixT # ().

Remark 2.8. [1] If T' is a multivalued k-contraction in the sense of Nadler then T is
a multivalued (H T, k)-contraction but not viceversa.

1
Example 2.9. Let X = {0, 5,2} and d : X x X — R be a standard metric. Let
T:X — Py o(X) be such that

1
{0, 5}, forz =0

Tiw) = {0}, for z =

{0,2}, for

x
Then T is a (HT, k) contraction (with k € [2,1)) but is not an k- contraction
in the sense of Nadler, since

1
2
1

1
Hy(T(0),7T(2)) = Ha({0, 5}, {0,2}) =2 < kd(0,2) =2k =k > 1,
which is a contradiction with our assumption that k£ < 1.

Theorem 2.10. [3] (Nadler) Let (X,d) be a metric space and T : X — P.,(X) be a
multivalued contraction. Then

Hy(T(A), T(B)) < kHq(A,B) for all A,B € P.,(X). (2.2)
Lemma 2.11. [4] Let (X,d) be a metric space and A, B € P.,(X).
Then for all a € A there exists b € B such that
d(aa b) < Hd(A7 B)
Theorem 2.12. Let (X,d) be a metric space and T : X — P.,(X) for which there
exists k > 0 such that:
Hy(T(x), T(y)) < kd(z,y), forall x,y e X

Then
H+(T(A)7T(B)) < 2kH+(A,B) for all A,B € Pp(X).
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Proof. Let A, B € P,,(X).
From (2.2) we have p(T(A),T(B)) < kHy(T(A),T(B))
Combining the previous result and Lemma(2.2) we obtain

pa(T(A),T(B)) < kHy4(A, B) <2kH™' (A, B) (2.3)
Interchanging the roles of A and B, we get
pa(T(B), T(A)) < kHa(B, A) < 26H* (B, A) (2.4)
Adding (2.3) and (2.4), and then dividing by 2, we get
HT(T(A), T(B)) <2kH" (A, B). O

Let us recall the relations between u.s.c and H;—u.s.c of a multivalued operator.
If (X,d) is a metric space, then T : X — P,,(X) is w.s.c on X if and only if T is
Hy — u.s.c.

Theorem 2.13. Let (X,d) be a metric space and T : X — P,,(X) be a multivalued
(H™T, k)-contraction. Then

(a) T is Hyq-l.s.c and u.s.c on X.
(b) for all A € Pyy(X) = T(A) € Pp(X)
(c) there exists k > 0 such that

HY(T(A),T(B)) <2kH'(A,B) for all A,B € P.,(X).
Proof. (a) Let © € X such that x,, — x. We have:
pa(T(@), T(,)) < Ho(T(@), T(wa)) < 2+ H*(T(2), T(wy) < 2k - d(,2) = 0

In conclusion, T is Hy-l.s.c on X.
Using the relation:

pa(T (), T(x)) < Hy(T(z,,), T(2)) <2- HY(T(x,), T(x) < 2k -d(z,2,) = 0

we obtain that T is Hg-u.s.c on X.

(b) Let A € P.,(X). From (a) we obtain the conclusion.

(¢) If w € T(A), then there exists a € A such that u € T'(a).
From Lemma 2.11 we have that there exists b € T'(B) such that

d(a,b) < Hy(A, B) < 2H* (A, B).

Since
D(u,T(B)) < D(u, T(b)) < pa(T(a), T(b)) (2.5)
taking sup,cp(a) in (2.5), we have
pa(T(A), T(B)) < pa(T(a), T(b)) (2.6)
Interchanging the roles of A and B, we get
pa(T(B),T(A)) < pa(T'(a), T'(b)) (2.7)

Adding (2.6) and (2.7), and then dividing by 2, we get for all A,B € P.,(X) the
following result:

HY(T(A), T(B)) < H*(T(a), T(b)) < kd(a,b) < 2kHT (A, B). O
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As a consequence of the previous result we obtain the following fixed set theorem
for a multivalued contraction with respect to HT.

Theorem 2.14. Let (X,d) be a complete metric space and T : X — P.p(X) be a
multivalued operator for which there exists k € [0, %) such that

HT(T(x),T(y)) < kd(x,y), for all x,y € X
Then, there exists a unique A* € P,,(X) such that T(A*) = A*.
Proof. From Theorem 2.13 we obtain that:
HT(T(A),T(B)) < 2kH"(A,B), for all A,B € P.,(X)

1
Since k < = we obtain that T is a 2k-contraction on the complete metric space

(P.p(X), H"). By Banach contraction principle we get the conclusion. O

In the second part of this section, we will study when the property (p*) given in
Definition 1.3 can be translated between equivalent metrics on a nonempty set X.

Lemma 2.15. Let X be a nonempty set, di,ds two Lipschitz equivalent metrics such
that there exists c1,co > 0 with ¢; < cg i.e

crdy(z,y) < dg(z,y) < cody(z,y), for all z,y € X (2.8)
If the pair (di,Hg,) has the property (p*), then the pair (de, Hy,) has the property
().
Proof. Let c¢1,co such that

c1di(a,b) < ds(a,b) < cadi(a,b) foralla € A,be B (2.9)
and for all ¢ > 1, for all A, B € P(X) and for all a € A, there exists b* € B such that
dy(a,b*) < qHy, (A, B) (2.10)

From (2.9) and (2.10) we obtain:
da(a,b*) < cady(a,b*) < caqHg, (A, B).
If, in ¢1dy(a, B) < da(a, B) we take infpep, then
c1Dgy, (a, B) < Dg,(a, B) |§1€13 < c1p4, (A, B) < pg, (A, B).

In a similar way,

c1pd, (B, A) < pa, (B, A).
Taking maximum, we get

c1Hg, (A, B) < Hy, (A, B).
Therefore,

do(a,b°) < gy (4. B).

which means that there exists b’ = b* € B such that
d2(aa b*) S QIHdz (Aa B)v
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C2
where ¢; := —q > 1. O
C1

Lemma 2.16. Let X be a nonempty set, dy,ds two metrics on X such that:
there exists ¢ > 0: do(x,y) < cdy(z,y) for all x,y € X (2.11)
and G1, Gy two metrics on Py (X) such that:
there exists e > 0: eGy, (A, B) < G4, (A, B), for all A,B € P, (X) (2.12)

with e < c¢. If the pair (di,G1) has the property (p*) then, the property (p*) is also
true for the pair (da, Gs).

Proof. Let A, B € Py ¢(X). The pair (dq, Gy, ) has the property (p*) i.e for all ¢ > 1
and for all @ € A there exists b* € B such that

di(a,b") < qHq, (A, B) (2.13)
From (2.11), (2.12) and (2.13) we obtain:

da(a,b') < cdi(a,b') < cqGy, (A, B) < qudQ(A,B).
Therefore,
da(a,) < © 4G, (4, B)
which means that there exists b = € B such that
da(a,b) < 1Ga, (A, B)

c
where ¢; := — ¢ > 1 i.e the pair (do, Gg4,) has the property (p*). O
e

Lemma 2.17. Let X be a nonempty set, di,ds two metrics on X such that:
there exists ¢ > 0: do(x,y) < cdi(z,y) for all z,y € X (2.14)
and G1, Gy two metrics on Py (X) such that:
there exists e > 0: Gg,(A, B) < eGg,(A, B), for all A,B € P, (X) (2.15)

with c-e < 1. If the pair (d1,Gq,) has the property (p*) then, the property (p*) is also
true for the pair (d2,Gq,).

Proof. Let A, B € Py (X). The pair (di,Gq,) has the property (p*) i.e for all ¢ > 1
and for all @ € A there exits b* € B such that
dy(a,b*) < ¢G4, (A, B) (2.16)
From (2.14), (2.15) and (2.16) we obtain:
da(a,b’) < cdi(a,b') < cqGa,(A,B) < c-e-qGq, (A, B).

Therefore,
da(a,b') <c-e-qGa,(A, B)
which means that, there exists b = ' € B such that

d2 (a7 b) S qudz (A7 B)
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where ¢; :=c-e-q > 1i.e the pair (d3, G4,) has the property (p*). O
In the next part of this paper we will give some general abstract results for the
metric space Py o (X).

Let (X,d) be a metric space, U C P(X) and ¥ : U — R;. We define some
functionals on U x U as follows:

1. Let 2* € X, U C Py(X)

Gu,(A,B) = 0, A=B
Ui(A)+ Wi (B), A£B
where Uy (A) :=0(A,x*).
2. Let U := Py(X) and A* € Py(X)
G, (A, B) = 0, A=B
Uy(A) +Us(B), A# B
Where Wo(A) = Hq(A, A").

Lemma 2.18. Let (X,d) be a metric space and T : X — P, (X) and A, B € P,(X).
Let
0, A=DB
Gy,(A,B) =
Ui(A)+ Ui (B), A#B
Where ¥1(A) = 0(A, A*), A* € P.,(X). Then Gy, is a metric on P, (X).
Proof. We shall prove that the three axioms of the metric hold:
a) Gy, (A,B) >0 for all A, B € P,,(X)
Gy, (A,B) =0(A,A*) +6(B,A*) >0
Gy,(A,B)=0< A=B.
This is equivalent to ¥1(A) =0 and ¥{(B) =0 i.e
§(A,A")=0and §(B,A") =0 A=A"and B=A"= A=B.
b) Gy, (A, B) = Gy, (B, A) is quite obviously.
¢) For the third axiom of the metric, let consider A4, B,C € P,,(X). We need to show
that:
© U1(4) + U1(C) < Vi(A) + U1 (B) + Wi (B) + ¥ (0) &
<0< 2¥,(B) =46(B, A") which is true. O
Lemma 2.19. If (X,d) is a complete metric space, then (P.,(X),Gy,) is complete
metric space.

Proof. We will prove that each Cauchy sequence in (P.,(X), Gy,) is convergent. Let
(Ap)nens (Am)men € Pep(X), we have:

Gy, (An, Ap) = 0, myn — 0& §(A,, A") + (A, A7) - 0=
= §(A,, A") = 0.

Therefore,
Gy, (An, A") =0(A,, A") + 6(A*,A*) - 0, n — 0. O
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Lemma 2.20. Let (X,d) be a metric space and T : X — P, (X) and A, B € Pp(X).
Let
0, A=B

Gy, (A, B) =
(4. 5) { i(4)+ Ui(B), A#B
where ¥y @ Pep(X) — Ry, U (A) = 6(A, AY) with A* € P.,(X). Then, the pair
(d, Gw,) has the property (p*).
Proof. We have to show
d(a,b) < qGw, (A, B) <= d(a,b) < q(V1(A) + ¥1(B)) &
< d(a,b) < q(6(A, A*) 4+ (A, AY))
Suppose, by absurdum, that there exists a € A and there exists ¢ > 1 such that for
all b € B we have:
d(a,b) > q(6(A, A*) + 6(B, A")).
Then, §(A,b) > d(a,b) > q(6(A, A*) + 6(B, A*)).
Then, taking sup,c 5, we obtain:

6(A, A%) +6(A%, B) < 6(A, B) =2 q(6(A, A7) +6(B, A"))
which is a contradiction with ¢ > 1. O

Theorem 2.21. Let (X,d) be a metric space and T : X — P.p(X) be a multivalued
operator for which there exists k € (0,1) such that

6(T (), T(y) < kd(z,y).
For all A, B € P.,(X) we consider
G%(A’B):{o, A=B
Ui(A)+¥1(B), A#B,
where ¥y @ P(X) — Ry, ¥1(A) = §(A, A*) (with A* € P.,(X) is a given set
satisfying A* = T(A*)). Then,
Gu,(T(A), T(B)) < kGw,(A,B) for all A,B € P.,(X).
Proof. We shall prove that for each A, B € P,,(X) we have
5(T(A),A*)+6(T(B), A*) < k(6(A, A*)) + (B, A")) (2.17)
Since A* = T(A*), we have:
0(A*,T(A))+6(A", T(B)) =06(T(A"), T(A))+ 6(T(B*), T(B))

Since
(T(a),T(b)) < kd(a,b) foralla € Aandbe B

We have (taking sup,c 4 pep) that
5(T(A), T(B)) < k3(A, B)
We obtain:
(A, T(A)+ (A", T(B)) =08(T(A*), T(A)+ (T (A*), T(B))
< k§(A*, A) + k6(A*, B) = kGy, (A, B)
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which means:
Gy, (T(A), T(B)) < kGy,(A,B) for all A, B € Pe,(X). O

Lemma 2.22. Let (X,d) be a metric space and T : X — P, (X) and A, B € P.,(X).
Let

0, A=B

where Uy @ Pp(X) — Ry, Uy(A) = Hy(A, A*) with A* € P.p(X). Then Gy, is a
metric on Pey(X).

Proof. We shall prove that the three axioms of the metric hold:
a) Gu,(A,B) >0 for all A, B € P.,(X)
Gy, (A7 B) = Hd(A7 A*) + Hd(B7 A*) >0
G\I/Z(A,B) =0 A=8B.
This is equivalent to U3(A) =0 and ¥o(B) =0 i.e

Hy(A,A*)=0and Hy(B,A*) =0 A=A"and B=A"= A=B.

b) Gy, (A, B) = Gy,(B, A) is quite obviously. ¢) For the third axiom of the metric,
let consider A, B,C € P.,(X). We need to show that:

Gy,(A,C) < Gy,(A,B)+ Gy, (B,C) &
& Ua(A4) + U(C) < Va(A) + Ua(B) + ¥2(B) + ¥2(C) &
< 0 < 2Uy(B) =2H4(B, A*) which is true. O

Lemma 2.23. If (X,d) is a complete metric space, then (P.,(X),Gw,) is complete
meltric space.

Proof. We will prove that each Cauchy sequence in (P.,(X), Gy,) is convergent. Let
(An)nen, (Am)men € Pep(X), we have:

Gu,(An, Ap) = 0, myn — 0< Hy(Ap, A") + Hi(Apm, A¥) - 0 &
< Hy(Ap, A*) =0
Therefore,
Gy, (An, A") = Hg(An, A") + Hy(A*, A*) = 0, n — 0. O

Theorem 2.24. Let (X,d) be a metric space and T : X — P.p(x) be a multivalued
contraction with respect to Hy and A, B € P,,(X). Let

0, A=B
Uy(A) 4+ Wa(B), A#B

Where Wy : Pop(X) — Ry, Uo(A) = Hy(A, A*) (with A* € P.(X) is a given set
satisfying A* = T(A*)). Then, there exists k € (0,1) such that

Guy,(T(A),T(B)) < kGy,(A,B) for all A,B € P.,(X).

Gy,(A,B) = {
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Proof. We shall prove that for each A, B € P,,(X) we have
Hy(T(A),A")+ Hqy(T(B),A") < k(Hq(A, A")) + Hy(B, A")).

From (2.2) we have pqa(T'(A),T(B)) < Hy(T(A),T(B)).
Then

palT(A), A%) = pa(T(A), T(A*)) < Ha(T(A), T(A")) < kHq(A, A7),
Interchanging the roles of A and B, we get
pa(A*,T(A)) = pa(T(A"), T(A)) < Ha(T(A"), T(A)) < kHa(A", A).

Making maximum, we get

H(T(A), A%) < kHq(A, A°). (2.18)
Similarly for B € P,,(X), we have
Hy(T(B), A°) < kH(B, A°). (2.19)

Adding (2.18) and (2.19) we get:
Ha(T(A), A*) + Ha(T(B), A*) < k(Ha(A, A")) + Ha(B, A"))
which means:
Gu,(T(A), T(B)) < kGy,(A,B) for all A,B € P,,(X). O

Lemma 2.25. Let (X,d) be a metric space and T : X — P, (X) and A, B € P.,(X).
Let

0, A=B
Gu, (4, B) = { Uy(A) + U2(B), A#B,

where Uy : Pop(X) — Ry, Uo(A) = Hy(A, A*) with A* € P, (X). Then, the pair
(d, Gy,) has the property (p*).

Proof. We have to show
d(a,b) < ¢Gy,(A,B) < d(a,b) < q(¥2(A) 4+ ¥y(B))
< d(a,b) < q(Hq(A, A") + Hq(A, AY))

Supposing again contrary: there exists ¢ > 1 and there exists a € A such that for all
b € B we have:

d(a7 b) > Q(Hd(AvA*) + Hd(Ba A*))
Then, taking inf
beB
Hd<A, B) > pd(A, B) > D(a, B) > q(f’fd(A7 A*) + Hd(B, A*>)

But
Hy(A, A*)+ Hy(A*,B) > Hy(A,B) > q(Hq(A, A*) + Hy(B, A")).

Hence ¢ < 1, a contradiction. O
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