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Coincidence point and fixed point theorems
for rational contractions

Anca Maria Oprea

Abstract. The purpose of this work is to present some coincidence point theorems
for singlevalued and multivalued rational contractions. A comparative study of
different rational contraction conditions is also presented. Our results extend
some recent theorems in the literature.
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1. Introduction

In this first section, for the convenience of the reader, we will recall the standard
terminologies and notations in non-linear analysis. See, for example [4], [11], [6], [9].

Let (X, d) be a metric space, g € X and r > 0.

Denote B(zo,7) := {z € X|d(xo,z) < r} the closed ball centered at zo with
radius 7.

If S: X — X is an operator, then we denote by F(S) := {z € X|z = S(x)} the
fixed point set of S.

An operator f : Y C X — Y is said to be an a-contraction if a € [0,1] and
d(f(x), f(y) < ad(z,y), for all z,y € Y.

Definition 1.1. Let (X, <) be an partially ordered set and A, B be two nonempty
subsets of X. Then we will wrote A <, B if and only for all a € A exists b € B
satisfying a < b.

We denote by P(X) the family of all nonempty subsets of X. Also P,(X) will
denote the family of all nonempty subsets of X having the property ”p”, where ”p”
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could be: b = bounded, ¢l = closed, ¢p = compact etc. We consider the following
functionals:

D:P(X)x P(X) =Ry, D(A, B)=inf{d(a,b)|la € A be B}
o Py(X) X Py(X) 5 Ry, p(A,B) = {sup{D(a, B)la € 4}
H:P(X)x P(X)—Ry, H(AB)= max{sggD(a, B)’igD(b’ A}

Definition 1.2. Let (X, <) be a partially ordered set and T : X — P(X) be a multi-
valued mapping, satisfying the following implication

ry="Tx <, Ty.
Then T 1s said to be increasing.

Definition 1.3. ([6]) A function ¢ : Ry — Ry :=[0,400) is called an altering distance
function if the following properties are satisfied:

(Ty) Y(t)=0&t=0.

(¥4 ) ¢ is monotonically non-decreasing.

(U3) v is continuous.
By U we denote the set of all altering distance functions.

The following theorem is an result proved by B.K. Das and S Gupta, in 1975.

Theorem 1.4. Let (X, d) be a metric space and let S : X — X be a given mapping
such that,

i) there exist a,b € R with a+b < 1 for which d(Sx,Sy) < ad(x,y) + bm(z,y)
for all x,y € X where
1+ d(z, Sx)

m(z,y) = d(y, Sy) T+ d(.y)

ii) there exists xo € X, such that the sequence of iterates (S™xg) has a subse-

quence (S™ xo) with leH;C(S"kxO) = 29. Then zg is the unique fized point of S.

Definition 1.5. Let S be a self mapping of a metric space (M, d) with a nonempty fized
point set F(S). Then S is said to satisfy the property (P) if F(S) = F(S™) for each
n € N.

Definition 1.6. Let (X, <) be a partially ordered set endowed with a metric d on X.
We say that X is reqular if and only if the following hypothesis holds:
If {z.} is an non-decreasing sequence in X with respect to =< such that lim z, = z €

n—oo
X then z, < z for all n € N.

Definition 1.7. Let (X,d) a complete metric space, with T : X — Py(X) and R :
X — X. Then C(R,T) = {z € X|Rx € Tz} is called the coincidence point set of S
and T. We say that a point x € X is a coincidence point of R and T if Rx = Tx.

We will denote by F/(T') the fixed point set for T and by SF(T') the strict fixed
point set of T.

If Y is a nonempty subset of X and 7' : Y — P(X) is a multivalued operator,
then by definition, an element x € Y is said to be:
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(i) a fixed point of T if and only if x € T'(z);
(ii) a strict fixed point of T if and only if z = T'(x).
The following result appeared in [9].

Theorem 1.8. ([9]) Let (X, <) be a partially ordered set equipped with a metric d on
X such that (X, d) is a complete metric space. Let T,R : X — X be two mappings
satisfying( for pair (x,y) € X x X where in Rz and Ry are comparable),

ad(Rx,Tz) - d(Ry, Ty)
1+ d(Rx, Ry)

where a, B are non-negative real numbers with o+ 5 < 1. Suppose that
a) X is reqular and T is weakly increasing with R.

b) the pair (R,T) is commuting and weakly reciprocally continuous.
Then R and T have a coincidence point.

d(Tz, Ty) < + Bd(Rz, Ry) (1.1)

On the other hand, in [2] the following local fix point theorem for multivalued
contraction is given.

Theorem 1.9. Let (X,d) be a complete metric space, xyg € X and r > 0. Let T :

B(zo;7) = Pu(X) be a multivalued a- contraction such that D(xo, T (z0)) < (1—a)r.
Then F(T) # 0.

We also mention that the following fixed point theorem, for the so called multi-
valued rational contractions was presented in [10], as follows.

Theorem 1.10. Let (X,d) a complete metric space and T : X — Py(X) be a multi-
valued operator such that exists o, f > 0 with a + 8 < 1 satisfying
aD(y, Ty)[1 + D(z, T)]

H(Tx, Ty) <
e T

+ Bd(z,y), for all x,y € X. (1.2)

Then T has a fized point.

The purpose of this paper is twofold. First we will extend Theorem 1.8 for the
case of multivalued operators. Secondly, we will present a local fixed point theorem
for multivalued rational conractions.

2. Main results
Our first main result is the following coincidence point theorem.

Theorem 2.1. Let (X,d) be a complete metric space. Let T : X — Py(X) and R :

X — X be two operators satisfying

aD(Ry,Ty)[1 + D(Rz,Tx)]
1+ d(Rz, Ry)

where «, B are some non-negative real numbers with o + B < 1. Suppose that R is

continuous and T(X) C R(X). Then R and T have a coincidence point.

p(Tz,Ty) <

+ Bd(Rz, Ry),Vz,y € X (2.1)
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Proof. Let g € X be arbitrary. Since T'(zg) C T(X) C R(X), there exists x; € X
such that R(z1) € T(xo). For R(x1) € T(z¢) and T'(z1), by well-known property of
the functional p, for any ¢ > 1, there exists u; € T(x1) such that

d(Rzxy,u1) < gp(Txo, Tx1).
Since u; € T(x1) C T(X) C R(X) there exists x5 € X such that u1 = R(z2) € T(x1).
Thus
aD(Rxy,Txz1)[1 + D(Rxo, Txo))
1+ d(Rxo, Ra1)

d(Rx1, Rxo) < qp(Txo,Tx1) < g [ + Bd(Rxy, Rxl)}

<q {ad(mliﬁggg"gﬁ’ Rl | ﬁd(Rxo,Rm)] .
Hence
(1 = ga)d(Rzy, Rx2) < qBd(Rxo, Rr1)
and so

qB

d(Rx1, Rxs) < d(Rxo, Rzxq).

Now, for R(x2) € T(x1) and T(z2), for the same arbitrary g > 1, there exists ug €
T(x2) such that

d(Rzxa,uz) < qp(Tx1,Txs).
Again, since ug € T'(z2) C T(X) C R(X) there exists 3 € X such that ug = R(z3) €
T'(z2). In this case, by a similar procedure, we obtain
: zﬂqad(Rxl,Rxg) < <1 Eﬂqa

2
d(RIL’Q,RCEg) § > d(Rﬂfo,RlL'l).

By this procedure, we obtain a sequence uy, := R(zp+1) € T(x,,),n € N* such that
d(Rl‘n, Rmn—&-l) < Qp(Txn—h Rxn)

and
/B n
d(Rxy, Rrpy1) < (1 z qa) d(Rxg, Rx1). (2.2)
By choosing 1 < g < +ﬁ’ we obtain thus r := 13?1& < 1.

By (2.2) we get that the sequence (Rx,)nen+ is Cauchy in the complete metric
space (X, d). Thus, there exists * such that Rz, — z*,n — co. We will show that
x* is a coincidence point for R and T' (i.e. Rx* € Tx™).

We estimate

D(Rz*,Tx*) = inf d(Rz*,y) <d(Rz*,R(Rzy))+ inf d(R(Rzy),y)

yeTx* yeTz*
< d(Rz*,R(Rzy)) + D(Rxpt1,Tx") < d(Rz™, R(Rxy)) + p(Txp, Tx™)
aD(Rz*,Tx*)[1 + D(Rxy, Txy))
D(Rxn, Rzx*)
z*)[1 + d(Rzy, Rrpt1))
d(Rxn, Rzx*)

< d(Rz*, R(Rx,)) + + Bd(Rxy, Rx™)

1+
< d(Ra*, R(Ra,)) + 22U T + Bd(Ran, Rz*)
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Letting n — oo and R continuous, we obtain
D(Rx*,Tx*) < aD(Rx*,Tx")
(1—-a)D(Rz*,Tx") <0.
Since «a, 8 > 0, then T and R has a coincidence point. O
In the next paragraph we will prove Theorem 1.6 using Theorem 1.7 condition.

Theorem 2.2. Let (X,d) be a complete metric space, xg € X and r > 0. Let T :
B(xo;r) — Py(X) be a multivalued operator for which there exist o, 8 € RY with
a+ B <1 such that

aD(y, Ty)[1 + D(x, Tx)]

1+d(x,y)

H(Tz,Ty) < + pd(z,y), forall z,y € X. (2.3)

l—a-—p

We also suppose that D(xg, Tzg) < ( 1
-«

)7“. Then F(T') # 0.

Proof. We will inductively construct a sequence x,, C B (zo;7) such that
i) p € TTpt1, Vn € N*
ii) d(zp, xn—1) < k" 1r. We denote by k = % €[0,1).
From the condition D(xg, T'zo) < (%
that d(xg,21) < (1 — k)r. Suppose that we construct xi,xo,...,z, € E(xo,r) with
properties i) and ii), now we have to prove the existence of z,1. We have
aD(xn, Tep)[1+ D(zp—1,Txp_1))
1 + d(a?n,l, l‘n)
aD(zy, Ten)[1 + d(@n—1,2)]
- 1+ d(xpn—_1,2n) + Bd(@n—1,2n)
=aD(xn, Txy) + Bd(Xn—1,2,) < aH(Txp_1,Tx,) + fd(Xn—1,2,)

H(Txn—laTxn) S %d('xn—laxn) S (1 —/BCK) d(x07x1)

() ()"

This proves that x,+1 € Tx, such that

d(Tpt1,Tn) < (1 fa) (1 — 1?(}) T,

so using k we will have d(zp41,2,) < K™(1 — k).
Moreover, we have
A(Tnipy2n) < (1 + k4 o+ EPHE(1 - k)r

P
< iikk;"(l—k)rﬁo as m,p — o0. (2.4)

)r we have that exists 21 € T'(x¢) such

H(T'Tn—h Txn) S

+ ﬂd(xn—lv xn)

Therefore (zy,)nen is a Cauchy sequence, with lim z, = zf € E(xo, 7). Because T is
n—oo

closed we obtain
D(xf, Txy) < d(xf, tnt1) + H(Txy, Tx)
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aD(zf, Txy)[1 + D(xn, Txy,)]
1+ d(zy, )

aD (x5, Txg)[1 + d(@n, Tnt1)]
1+d(zp,xf)

< d($671‘n+1) + +5d($na$3)

< d(2g, Tny1) + + Bd(n, 75).

Letting n — oo, we have
D(zf, Txy) < aD(zj, Tx)).
This proves that z{ is a fixed point of T'zj. O

The next part of this section, is devoted to generalize Theorem 1.4 to the case
of multivalued operators.

Theorem 2.3. Let (X,d) be a complete metric space, let € U and T : X — Py (X)
be a multivalued operator for which there exist a, 8 € R with o+ B <1 such that

YIH(Tz, Ty)] < anp[m(z, y)] + Bld(z,y)], for all z,y € X (255)
where
1+ D(z,Tz)
1+d(z,y)
Then T has a fixed point ©* € X, and there exists a sequence (Tn)nen C X with
20 € X and zpy1 € T(xy),n € N such that lim x,, = x*.

n—oo

m(z,y) = D(y,Ty) (2.6)

Proof. Let ¢y € X be arbitrary chosen and let (z,) be a sequence defined as follows:
Tpy1 € T, C T2 for each n > 1. Now,

Yld(@n, 2nt1)] < Y[qH (Tn—1,T2,)] < qatp[m(zn—1,20)] + ¢BY[d(Tn—1,2,] (2.7)
using (2.6),
14+ D(xp—1,T2pn_1)

1+d(xp_1,zn)
14 d(:cn,l, Jin)
1+ d(xp_1,2n)
Substituting it into (2.7), it follows that,

Zﬁ[d(iﬂm anrl) < qadj[d(xm anrl)] + Qﬁd}[d(xnflv xn)]

m(xp_1,2n) = D(x,, Txy)

< d(-rn; (En+1) = d(l"ru anrl)-

so we have,

Y[d(2n, Tng1)] < 1 Eﬁqalb[d(mn—hxn)]
a8\’
S (1 _ qa) ’Qb[d(l‘n,g,l‘n,l)] S (28)
a8 \"
< (7)) vidtan.on) (29)

Since r = 45— < (0, 1), from (2.8) we obtain

e
lim [d(n, 2ns1)] = 0.

n—oo
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From the fact that v € ¥, we have

nh—>120 d(xp, Tpt1) = 0.
Now we will show that (z,,) is a Cauchy sequence. Using (2.9), moreover, for n < m,
we have

V[, m)] < U[d(@p_1,2n)] + ... + V[d( @1, 2m)] < (P + ..+ Tm71)¢[d(x0,x1)]

<
—1—-r

Therefore (z,,) is a Cauchy sequence. Since (X, d) is a complete metric space, we get
that z € X lim z, = z*.
n— oo

Yld(zg,21)] = 0 as n,m — oco. (2.10)

VD@ Ter)] = [ wf d(@”,y)] < Pld@” enp)] + 9] mf d(znis,y)]

yeTx*
< Pld(a”, wnga)] + OH(Twn, Tz

< Qlda”, zn1)] + aglm(zn, 2%)] + Bld(zn, 27)]
1+ D(zp, Txy)

< * * *
< Wl )] + 00 Dl Tt 2+ (e, )
* * * 1 + d(ﬁl)n, Z‘n_»,_l)

< _ .

< Ul )] + 00D Tt S 4 Bl o)
Letting n — oo we obtain

$ID@*, Ta")(1 — a) <0,

Since ¢ € ¥, we have D(x*,Tz*) = 0. This proves that z* € Frp. O

As a consequence, we obtain the following fixed point theorem.

Corollary 2.4. Let (X,d) be a complete metric space and let T : X — Py(X) be a
multivalued operator. We assume that for each x,y € X,

H(Tz,Ty) D(y,Ty) 1-1*—-31(('?,7;?) d(z,y)
o(1)dt < a / o)t + 3 / o(t)dt (2.11)
0 0 0

where 0 < a+ f <1 and ¢ : Ry — Ry, is a Lebesque integrable opemtor which is
summable on each compact subset of [0, +00), non negative and such that f e(t)dt >0
for all e > 0. Then T admits a fized point x* € X such that for each x € X

lim 2" = 2%, z, € T"x.
n—oo

Proof. Let ¢ : R — Ry, be as in the corollary, we define

t

Po(t) = /(p(t)dt7 teR,.

0
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1Py is monotonically non decreasing and by hypothesis 1)y is continuous. Therefore,
1o € W. So the condition (2.11) becomes

1+ D(x,Tx)
1+d(z,y)
So, from Theorem 2.3 we have that exists 2* € X such that for each z* € F(T)

and there exist a sequence(z,)neny C X with zg € X and 2,41 € T(x,),n € N such

that lim =z, =z* . O
n—oo

Example 2.5. Let X = {(0,0,0),(0,0,1),(1,0,0)} be endowed with the metric d.
Consider the multivalued operator T : X — P, (X) and a singlevalued operator
R: X — X defined by

Yo[H(Tz, Ty)] < o) | D(y, Ty) + Bold(z, y)Va,y € X.
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