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Partial hyperbolic implicit differential equations
with variable times impulses
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Abstract. In this paper we investigate the existence of solutions for the initial
value problems (IVP for short), for a class of functional hyperbolic impulsive
implicit differential equations with variable time impulses involving the mixed
regularized fractional derivative. Our works will be considered by using Schaefer’s
fixed point.
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1. Introduction

The subject of fractional calculus is as old as the differential calculus since, start-
ing from some speculations of G.W. Leibniz (1697) and L. Euler (1730), it has been
developed up to nowadays. Fractional calculus techniques are widely used in rheol-
ogy, control, porous media, viscoelasticity, electrochemistry, electromagnetism, etc.
[18, 23]. There has been a significant development in ordinary and partial fractional
differential equations in recent years; see the monographs of Abbas et al. [6, 7], Kilbas
et al. [19], Miller and Ross [22], Samko et al. [24], the papers of Abbas and Benchohra
[1, 2, 3, 4], Abbas et al. [5, 8, 9], Benchohra et al. [13], Vityuk and Golushkov [26],
and the references therein.

The theory of impulsive differential equations have become important in some
mathematical models of real processes and phenomena studied in physics, chemical
technology, population dynamics, biotechnology and economics. There has been a
significant development in impulse theory in recent years, especially in the area of
impulsive differential equations and inclusions with fixed moments; see the mono-
graphs of Benchohra et al. [12], Lakshmikantham et al. [20], the papers of Abbas et
al. [2, 3, 5] and the references therein. The theory of impulsive differential equations
with variable time is relatively less developed due to the difficulties created by the
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state-dependent impulses. Some interesting extensions to impulsive differential equa-
tions with variable times have been done by Bajo and Liz [10], Abbas and Benchohra
[1, 2], Benchohra et al. [12], Frigon and O’Regan [14, 15, 16], Lakshmikantham et al.
[21], Vityuk [25], Vityuk and Golushkov [26], Vityuk and Mykhailenko [27, 28] and
the references cited therein.

In the present article we are concerning by the existence of solutions to fractional
order IVP for the system

Dy, u(w,y) = f(z,y,u(z,y), Dy, u(z,y)); it (x,y) € Ji,
x # xp(u(z,y)), k=0,...,m, (1.1)
waty) = I(u(z,y)); if (v,y) € J, o = o (u(z,y)), k=1,...,m, (1.2)
u(z,0) = ¢(x); © €10,d],
u(0,y) =¥ (y); y €10,0], (1.3)

where a,b > 0, J:=[0,a] x [0,b], Jo = [0,z1] x (0,b], Ji := (xk, xx+1] x (0,0]; k =
1,..,m, O = (2,0), Egk is the mixed regularized derivative of order r = (ry,r3) €
(0,1] x (0,1], 0 =g < 21 < -+ < Xy < 1 =a, [ JXR" xR" - R"| I :
R* - R™ k=1,...,m, ¢ € AC(]|0,a]) and ¥ € AC([0,D]).

In the present article, we present an existence result based on Schaefer’s fixed point.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. By C'(J) we denote the Banach space of all continuous
functions from J into R™ with the norm

[w]loo = sup JJw(z,y)l,
z,y)eJ
where ||.|| denotes a suitable complete norm on R™.

As usual, by AC(J) we denote the space of absolutely continuous functions from J
into R™ and L'(J) is the space of Lebegue-integrable functions w : J — R™ with the

norm b
ol = / / lw(z, )|l dydz.
0 0

Definition 2.1. [19, 24] Let € (0,00) and u € L*(J). The partial Riemann-Liouville
integral of order « of u(x,y) with respect to x is defined by the expression

1 x
If u(x,y) = —/ (x — 5)* tu(s,y)ds, for a.a. x € [0,a] and all y € [0,b],
’ L'(a) Jo
where T'(.) is the (Euler’s) Gamma function defined by

I'(s) :/ tte7tdt; ¢ > 0.
0
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Analogously, we define the integral

1 /y 1
— y—8)* “u(x,s)ds, for a.a. x € [0,a] and a.a. y € [0, b].
e O( )" u(z, 5) [0,a] (0, 0]

Definition 2.2. [19, 24] Let o € (0,1] and u € L*(J). The Riemann-Liouville fractional
derivative of order a of u(z,y) with respect to x is defined by

Ig u(z,y) =

(D5 .u)(2.) = 515 ul,y), Jor oo 5 € [0.a] and a.a.y € 0.3

Analogously, we define the derivative
« a —
(Dg yu)(z,y) = a—yI&y u(z,y), for a.a. z € [0,a] and a.a. y € [0, D).

Definition 2.3. [19, 24] Let o € (0,1] and u € L*(J). The Caputo fractional derivative
of order a of u(zx,y) with respect to x is defined by the expression

0
“Dg pu(r,y) = I&;O‘%u(x,y), for a.a. x € [0,a] and a.a. y € [0, ).

Analogously, we define the derivative

0
CDayu(x,y) = Ié,;aaiyu(xay% for a.a. x € [070“} and a.a. ye [O’b]

Definition 2.4. [26] Let r = (r1,72) € (0,00) % (0,00), 8 = (0,0) and u € L*(J). The

left-sided mized Riemann-Liouville integral of order r of w is defined by

(I)e) = ooy L[ @ =97 = 00 s s,

In particular,

(Igu)(x,y) =u(z,y), (Igu)(z,y) = /Ox /Oy u(s, t)dtds; for a.a. (z,y) € J,

where o = (1,1).
For instance, Iju exists for all 71,72 € (0,00), when u € L'(.J). Note also that when
u € C(J), then ([ju) € C(J), moreover

(Ipu)(z,0) = (I5u)(0,y) =0; = € [0,a], y € [0,b].
Example 2.5. Let A\,w € (0,00) and r = (r1,72) € (0,00) x (0,00), then

Ir A w F(l + )‘)F(l + w) m)\—&-rl
FI+A+r)T(1+w+re)

UJ+T‘2

Yy , for a.a. (x,y) € J.

By 1 — 7 we mean (1 —ry,1—73) € [0,1) x [0,1). Denote by D2, :=
mixed second order partial derivative.

62
3205 the

Definition 2.6. [26] Let r € (0,1] x (0,1] and u € L'(J). The mized fractional
Riemann-Liouville derivative of order r of u is defined by the expression Djyu(x,y) =
(Dgyfg_ru)(a:,y) and the Caputo fractional-order derivative of order r of u is defined

by the expression Dyu(x,y) = (I;”Dgyu)(m,y).
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The case 0 = (1,1) is included and we have
(Dgu)(w,y) = (“Dfu)(z,y) = (D3,u)(w,y), for a.a. (z,y) € J.
Example 2.7. Let A\,w € (0,00) and r = (ry,72) € (0,1] x (0,1], then

T'(1+ A1 +w) "~
D" A, w _ T
Y T A A )1t w )"

w—Tr2

Yy , for a.a. (z,y) € J.

Definition 2.8. [28] For a function w: J — R", we set

q(xv y) = U(ZL', y) - u(x, 0) - 'LL(O, y) + ’LL(O, 0)
By the mized regularized derivative of order r = (r1,7r2) € (0,1] x (0,1] of a function

u(x,y), we name the function

Dyu(z,y) = Dyq(z,y).
The function
Dy’ yulz,y) = Dy, lu(z,y) — u(0,y)],

is called the partial r; —order regularized derivative of the function w : J — R™ with
respect to the variable x. Analogously, we define the derivative

Dy’yulz,y) = D@2, [u(z, y) — u(z,0)].

Let a; € [0,a], 2T = (a1,0) € J, J, = [a1,a] x [0,b], r1,72 > 0 and r = (r1,72).
For u € L(J,,R™), the expression

(I = 50 | / B T A

is called the left-sided mixed Riemann-Liouville integral of order r of u.

Definition 2.9. [26]. For u € L'(J.,R") where D2, u is Lebesque integrable on
Ji; k=0,...,m, the Caputo fractional-order derivative of order r of u is defined by
the expression (°D7, f)(x,y) = (IZIITDiyf)(x,y). The Riemann-Liouville fractional-
order derivative of order r of u is defined by (D’ f)(z,y) = (D2 I ) (z,y).

Ty zt+

Analogously, we define the derivatives

D:Jru(xay) = D;-%—Q(x,y)a

EZ?,IU(% y) = Dgiﬁz[u(xv y) - u(07 y”’

and

T2

Dy, yula,y) = Dy2 Ju(z,y) — u(,0)].

a1,y
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3. Existence of solutions
To define the solutions of problems (1.1)-(1.3), we shall consider the space
Q:{u:J%R": there exist 0 =29 < 21 < 22 < ... < Ty < Typy1 = @

such that @y, = zy(u(z, ), and u(z; ,.), u(z],.) exist with
w(z,,.) =u(zk,.); k=0,...,m, and u € C(Jy); k = 07...,m}.

This set is a Banach space with the norm

llu|lo = max{||ug|; £ =0,...,m},
where uy, is the restriction of u to Ji; k£ =0,...,m.

Definition 3.1. A function u € QN (U qAC(Jx)) such that u(zx,y), ﬁ;lk,zu(x,y),

ﬁ;i’yu(ac,y), EZ:u(m,y); k = 0,...,m, are continuous for (x,y) € Ji and

I'TTu(z,y) € AC(Jy) is said to be a solution of (1.1)-(1.3) if u satisfies equation
(1.1) on Ji, and conditions (1.2), (1.3) are satisfied.

For the existence of solutions for the problem (1.1)-(1.3) we need the following
lemmas

Lemma 3.2. [28] Let a function f: J x R™ x R™ — R" be continuous. Then problem

Dyu(z,y) = f(z,y,u(z,y), Dyu(z,y)); if (z,y) € J :=[0,a] x [0,], (3.1)
’LL(LE,O) = W(I); WS [O,Cl],
u(0,y) = ¥(y); vy € [0,0], (3.2)
©(0) = (0),

s equivalent to the equation
9(@,y) = f(z,y, w(@,y) + Iig(x,y), 9(x,y)), (3.3)
and if g € C(J) is the solution of (3.3), then u(z,y) = p(z,y) + I;g(z,y), where
w(z,y) = (@) + ¥ (y) — ¢(0).

Lemma 3.3. [2] Let 0 < 71,70 <1 and let h: J — R™ be continuous. A function u is
a solution of the fractional integral equation

1@ y) + v Jo Jo (@ = 97 7 y = 672 s, tydtds;
if (x,y) € Jo,
u(@,y) = 4 () + In(u(ar, y) — In(u(zx, 0)) (3.4)
+m fai Ji (@ —s)" "y — t)2 " h(s, t)dtds;
if (myy) € Jg; K=1,...,m,
if and only if u is a solution of the fractional IVP

“Dy u(x,y) = h(z,y); (2,y) € Jp; k=0,...,m, (3.5)
u(zf,y) = I(u(zr,y)); ye[0,b; k=1,...,m. (3.6)

By Lemmas 3.2 and 3.3, we conclude the following Lemma
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Lemma 3.4. Let a function f : J Xx R™ x R®" — R"™ be continuous. Then problem
(1.1)-(1.3) is equivalent to the equation

9(z,y) = f(z,y,8(z,y), 9(x, y)), (3.7)
where
1z, y) + vy Jo Jo (@ =)y — )27 h(s, t)dtds;
Zf (Qf,y) € JO;
(@, y) = o(@) + L(u(zr, y) — Te(u(zy, 0))
gy o [ (@ = )T (y — 072 (s, dtds;
Zf(x7y) €EJg; k=1,...,m,
puz,y) = () + ¥(y) = »(0).
And if g € C(J) is the solution of (3.7), then u(z,y) = &(z,y).
Theorem 3.5. (Schaefer) [17] Let X be a Banach space and N : X — X completely
continuous operator. If the set
E(N)={ue X : u=AN(u) for some X € [0,1]}
1s bounded, then N has fixed points.
Further, we present conditions for the existence of solutions of problem (1.1)-
(1.3).
Theorem 3.6. Assume
(Hy) The function f:J x R™ x R™ — R™ is continuous,
(Hs) For any u,v,w,z € R™ and (z,y) € J, there exist constants M > 0 such that
1/ (2, y,u, 2) | < ML+ JJull + ||2]),
(H3) The function x), € C1(R™,R) for k =1,...,m. Moreover,
0=2a0(u) <z1(u) <...<zpmu) < Tpmii(u) =a;  for allu e R",

(Hy) There exists a constant M* > 0 such that || Ix(u)|| < M*; for each u € R™
and k=1,...,m,

(Hs) For allu € R, (I (u)) < xp(u) < Tpp1(Ip(w)); fork=1,...,m,

(Hg) For all (s,t,u) € J xR™ and k=1,...,m, we have

/ / Tl_]' 3 K r1— ro—
[0+ im0 g0 mynde] # 1,

where
g(x,y) = f(a:,y,u(x,y),g(m,y)); ($7y) €J

If
Ma™ b

<
F(l + Tl)F(l + 7’2)
then (1.1)-(1.3) has at least one solution on J.

M + (3.8)
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Proof. The proof will be given in several steps.
Step 1. Consider the following problem

Dyu(z,y) = f(z,y, u(z,y), Dyu(z,y)); if (z,y) € J, (3.9)

u(z,0) = ¢(z), u(0,y) =P(y); = €[0,a], y €[0,0],(0) = 1(0). (3.10)
Transform problem (3.9)-(3.10) into a fixed point problem. Consider the operator
N :C(J) — C(J) defined by

(Nu)(z,y) = p(z,y) + Igg(z,y),
where g € C(J) such that

g(m7y> = f(x,y,u(:c,y)7g(x,y)).

Lemma 3.2 implies that the fixed points of operator N are solutions of problem (3.9)-
(3.10). We shall show that the operator N is continuous and completely continuous.
Claim 1. N is continuous.

Let {u,}nen be a sequence such that w, — u in C(J). Let n > 0 be such that
llun|l < n. Then

T — S 7"1 1 y _ t)?"g—l
O A R
X||gn(s,t) — g(s,t)||dtds, (3.11)

where g, g € C(J) such that

97L(377y) = f(m7y7un('rvy)7gn(x7y))

and
g(z,y) = f(x,y,ulz,y), 9(x,y)).

Since u,, — u as n — oo and f is a continuous function, we get
gn(z,y) = g(x,y) as n — oo, for each (z,y) € J.
Hence, (3.11) gives

T1 b’l"2
<
- F(1+T1)F(1+7"2
Claim 2. N maps bounded sets into bounded sets in C(J).

Indeed, it is enough show that for any n* > 0, there exists a positive constant £* > 0
such that, for each

[(Nun) = (Nu)loo

)”gn_gHoc — 0 asn — oo.

u€ By ={ueC(J):|lufo <07},
we have | N(u)||s < ¢*. For (z,y) € J, we have

[(Nu) (@, 9)|| < [lp(z, )]

/ / (x —8)" "y — )2 Y|g(s, t)| dtds, (3.12)
L(r1)T(r2)
where g € C(J) such that

9(z,y) = f(z,y,u(z,y),9(z,y)).
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By (Hz) we have for each (z,y) € J,

lg(z, )l < MO+ [lux,y) + Igg(x, y)ll + llg(z,y)l)

a"b™|lg(z,y)|
< M(1+ o+ )+M 2,9)].
< [l T+ 71T+ 1) lg(z, )
Then, by (3.8) we get
M1+ [l
o)l < )
T T T+ (A+r2)
Thus, (3.12) implies that
la™ b .
IN(Wllos < llptllc + =0

D1+ 7)1+ 72)

Claim 3. N maps bounded sets into equicontinuous sets in C(J).
Let (z1,y1), (z2,92) € J, ©1 < 2, y1 < Y2, By be a bounded set of C'(J) as in Claim
2, and let v € B,«. Then

[(Nu)(z2,y2) — (Nu)(@1, 1) ||
[l 12(22, Z/2 — (w1, Y1)

e [ [t

—(931 - S)” Yy = 1) llg(s, t)|dtds

2
$)" " Hy2 — ) lg(s, t) | dtds
1

IN

L(ry)l(r2) Jo

(w2 = )" M y2 — )" lg(s, 1)|dtds,

/,
ENES) / / 72— 8)" My — )72 lg(s, 1)l drds

where g € C(J) such that
9(z,y) = f(z,y,u(z,y), 9(x,y)).
But ||g]lec < £. Thus

[(Nu)(z2,y2) — (Nu)(z1,y1)||
< (e, y2) — (o, y1)||

2 T2 _ T1 2 T1 _ o
T(1+r)0(1+ 7y )[ y2* (w2 = 1) + 205 (42 — 1)

+ 2y —wptyy’ — 2w —x0)" (2 — 1))
As x1 — 9, y1 — yo the right-hand side of the above inequality tends to zero. As a
consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can conclude
that N is continuous and completely continuous.
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Claim 4. A priori bounds.
Now it remains to show that the set

E={ueC(J):u=AN(u) for some 0 <\ <1}

is bounded. Let u € &, then u = AN (u) for some 0 < A < 1. Thus, for each (z,y) € J,
we have

We now show there exists an open set U C C(J) with u # AN (u), for A € (0,1)
and u € 9U. Let v € C(J) and u = AN(u) for some 0 < A < 1. Thus for each
(z,y) € J, we have

>\ * Y ri—1 _ p\r2—1 s S
) = Mo 9) + / / (z— 8" (y — )2 g(s, t)dtds.

This implies by (Hz) and as in Claim 2 that, for each (x,y) € J, we get ||ufoo < £*.
This shows that the set £ is bounded. As a consequence of Theorem 3.5, we deduce
that N has a fixed point which is a solution of the problem (3.9)-(3.10). Denote this
solution by u;. Define the function

Tk,l(xvy) :xk(ul(xvy))_xu fOfﬂCZanZO

Hypothesis (Hs) implies that 74,1(0,0) #0 for k=1,...,m
If ri1(x,y) #0on J for k=1,...,m; ie.,

x # xi(ui(z,y)), ond fork=1,...,m,

then w; is a solution of the problem (1.1)-(1.3).

It remains to consider the case when 7 1(x,y) = 0 for some (z,y) € J. Now since
r1,1(0,0) # 0 and 71 7 is continuous, there exists 1 > 0,y; > 0 such that r1 1(z1,y1) =
0, and r11(z,y) # 0, for all (z,y) € [0,z1) x [0,y1).

Thus by (Hg) we have

r1,1(z1,y1) =0 and r11(x,y) # 0, for all (z,y) € [0,21) x [0,y1] U (y1,b].

Suppose that there exist (Z,7) € [0,21) % [0,y1] U (y1, b] such that v 1(Z,§) = 0. The
function r; ; attains a maximum at some point (s,t) € [0,21) x [0, b].
Since

Egul(‘T,y) = f(xayaul(xay)aﬁgul(xay))v for (lL’,y) € Ja

then

our(z,y) . oria(s,t) Ouq(s,t) B

T eXlStS, and T = zl(U1(S,t))T —1=0.
Since

8”1(-75’9) ZQOI(.%') Tl - 1 / / r1 2 —t)rz_lgl(s,t)dtd&
or
where
g (z,y) = flz,y,ui(z, ), g1(z,y)); (x,y) € J.

Then

2 (u (5,£)) [ (5) + “‘1 / / Y12t — )" gy (8, m)dBd] = 1,
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witch contradicts (Hg). From (Hs) we have
ri1(x,y) # 0 for all (z,y) € [0,21) x [0,b] and k =1,..m
Step 2. In what follows set
X = [xg,a] X [0,0]; k=1,...,m.

Consider now the problem

Eglu(x,y) = f(x,y,u(x,y),ﬁglu(x,y)); if (x,y) € X1, (3.13)
u(at,y) = Li(ui(z1,y)); y € [0,]. (3.14)
Consider the operator Ny : C'(X;) — C’(Xl) defined as
(Nu) = oz )—l—h ui(x1,y)) — I (u1(z1,0))

+ // (x — )"ty —t)2 " g(s, t)dtds,
INCGEDINCSY!

g(fl?,y) = f(xayau(xay)ag(xay)); for (l‘,y) € Xl-
As in Step 1 we can show that N7 is completely continuous. Now it remains to show
that the set £* = {u € C(X7) : u = ANy(u) for some 0 < A < 1} is bounded.
Let u € &, then u = ANy (u) for some 0 < A < 1. Thus, from (Hz), (Hy) and the
fact that ||g||e < ¢ we get for each (z,y) € X,

u(z, )l < e )||+||I1 (@, )|+ [T (wn (20, 0)
! L(r)T(r2) / / )y — )= lg (s, 1) || dids

|| || + 2M* + gaTl bTZ L E**
Plleo T+ Dl(rs + 1)
This shows that the set £* is bounded. As a consequence of of Theorem 3.5, we deduce
that N has a fixed point v which is a solution to problem (3.13)-(3.14). Denote this

solution by us. Define

where

IN

7“k,2(337y) = .’IZ‘k(UQ(x,y)) -, fOI‘ (Z’,y) € Xl'
If ri2(z,y) # 0 on (x1,a] x [0,0] and for all k =1,...,m, then

o Ul(xay)’ if (Cﬂ,y) €J0a
uz(z,y), if (z,y) € [21,a] x [0, 8],
is a solution of the problem (1.1)-(1.3). It remains to consider the case when
roo(z,y) = 0, for some (x,y) € (x1,a] x [0,b]. By (Hs), we have
roa(@],y1) = wa(ug (e, y1) — 21
= zp(i(ur(z1,91))) — 21
> 1 (ur(21,91)) — 21

= 7"1,1(561,91) =0.
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Since rg.2 is continuous, there exists xo > x1, Y2 > y1 such that ro 2(x2,y2) = 0, and
r22(z,y) # 0 for all (z,y) € (z1,22) x [0,b].
It is clear by (Hs) that

rea(x,y) #0 for all (z,y) € (z1,22)] X [0,b]; k=2,...,m.
Now suppose that there are (s,t) € (21, 22) x [0, b] such that r1 5(s,t) = 0. From (Hs)
it follows that
$1(U2($f7yl) — 1
z1 (L1 (u1(z1,91))) — 21
1 (ur(z1,91)) — 21
=ri1(z1,y1) =0.

7”1,2(961+7 y1)

IN

Thus 71 2 attains a nonnegative maximum at some point (s1,t1) € (z1,a) X [0,22) U
(3’52, b]
Since

E;1u2(xay) - f(x,yv“Z(Z,y)vﬁgluQ(xay)); for (Z,y) € Xla

then we get

ug(z,y) = (= )+11 uy(w1,y)) — Ii(ui(z1,0))

rl 1 _ T271
+ ()T (r2) // t) g2(s, t)dtds,

where
92(x,y) = f(@,y,u2(x,y), g2(x,y)); for (z,y) € X1.
Hence
0 — 1
%(m,y) =¢'(z) + Tl / / (z — 5)" 2 (y — )2 L go(s, t)dtds,
x
then
8T172(81,t1) 8u2
T = Zlill(UQ(Sl,tl))%(Sl,tl) —1=0.
Therefore
/ ’ 'rl — 1 n ro—1
2y (uz(s1,61))[¢" (s1) + (s1 = 0)"2(ts — )" go(6,m)dnd6] = 1,
which contradicts (Hg).
Step 3. We continue this process and take into account that wu,,+1 = u . is a

solution to the problem

Dy, u(w,y) = f(x,y,u(z,y), Dy u(z,y)); ae. (z,y) € (xm,a] x [0,8],
u('rr-ir_zay) = Im(umfl(l‘m,y)); Yy € [O,b]
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The solution u of the problem (1.1)-(1.3) is then defined by

Ul(myy)7 if (l‘,y) EJo,

if
U(Z‘,y) _ UQ(.I,Z/), 1 (I7y) €1

Umt1(2,y), if (2,y) € T
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