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Abstract. We give a characterization of relatively compact sets F' in LP(Q2, B)
for p € [1,00), B a Banach-space, and 2 C R". This is a generalization of the
results obtained in [12] for the space L?((0,T'), B) with T > 0, first to rectangles
Q = (a,b) C R™ and, under additional conditions, to arbitrary open and bounded
subsets of R™. An application of the main compactness result to a problem arising
in homogenization of processes on periodic surfaces is given.
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1. Introduction

In this paper, we prove a Kolmogorov-Riesz-type compactness result for the
space LP(Q2, B) with p € [1,00), Q@ C R™ open and bounded, and B a Banach space.
Such a result was proved in [12] for = (0,7T) with T > 0. We generalize this result to
rectangles € in R", see Theorem 2.2, and under additional assumptions to arbitrary
open and bounded domains 2 C R"™, see Corollary 2.5.

Similar results in the framework of vector-valued Sobolev and Besov spaces can
also be found in [2], see Theorem 5.2 and the proof of Theorem 1.1. There, the
compactness result is obtained under the assumption that there exists 6 > 0, such
that

1£(-+h) = fllron.B)
3 < 00
heRm\ {0} I
However, our results are proven under the weaker assumption (i¢) in Theorem 2.2.
In the homogenization theory, we are often concerned with sequences of functions

in the space LP((0,T) x Q, B), for which we have to show strong convergence. Here,
due to lack of regularity, classical results like e. g., the Aubin-Lions Lemma cannot be
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applied, and the compactness result derived in this paper is an appropriate alternative.
In Section 3, we give an application of our main compactness result for a problem
arising in homogenization of processes on periodic surfaces.

2. Main result

In this section, we prove our main compactness theorem and related results.
The proof is based on the Arzela-Ascoli theorem, which for the sake of completness
is repeated below, and uses similar arguments as in [12].

Lemma 2.1 (Arzela-Ascoli). Let T be a compact Hausdorff space and B be a Banach-
space. A subset F C C(T, B) is relatively compact in C(T, B) iff the following condi-
tions hold:

(i) For every x € T, the set F(x) :={f(x): f € F} is relatively compact in B.
(i) F is uniformly equicontinuous, i.e., for all € > 0 there exists n > 0 such that

If(z2) — f(z1)||B <€ forall f €F, x1,20 € T with ||zo — 1] < 7.

Proof. See e.g., [4, Theorem 0.4.11]. O

For an arbitrary set 2 C R™ and a vector £ € R™, we define
Qe =N Q2 -§).
Further, for a,b € R™ we define
(a,b) :=(a1,b1) X ... X (an,bn),
with (a;, b;) := (bs,a;) if b; < a;. For f:Q — B and h € R™ we define
ol Q- h) = B, mf() = fa+ h).
We now state our main theorem:

Theorem 2.2. Letp € [1,00), B be a Banach-space, Q = (a,b) with a,b € R™ (a; < b;),
and F C LP(QY, B). Then F is relatively compact in LP(S2, B) iff

(i) for every rectangle C' C ) the set {fc fdx: f € F} is relatively compact in B,
(i) for z € R™ with 0 < z; <b; —a;, i =1,...,n it holds

sup ||Tzf - fHL”(Qz,B) —0 f07’ z — 0.
feF

Proposition 2.3. The condition (ii) in Theorem 2.2 is equivalent to the following one:

()" Fori=1,...,n and s >0 it holds

sup ||7se, f — f||Lp(QSEi,B) —0 for s—0,
feF

where e; is the i-th unit normal vector.
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Proof of the Proposition 2.3. It is straightforward that (i¢) implies (i7)’. For the other
implication, we choose z € R™ with z; > 0 small. Then we have z = Z?:l z;e; and we

define 2% := 0 € R" and 27 := Zgzl ze; for j € {1,...,n}. Of course 2" = z. Now,
we use the triangle inequalitys to obtain

n—1
|7 f — fllze(a..B) < Z |7zt f — T2 flle(a.,B)

7=0
n

SZ |Tzlelf f”LP(Ql e;»B)
i=1

where for the last inequality we used for 7 =0,...,n—1
j+1 J P
|Tpi+1 f — Tzif”ip(QZ,B) = f (3? + Z%%) - f <33 + Z Zﬂi)
=1 =1 B

=/ , Hf(95+2j+1€j+1) _f('r)H%dx
Q.+>7_ zie;

< /Q }|f($+zj+16j+1)*f(m)HZ};de-

Zj+1€i+1

In the last inequality, we used the inclusion 0, + Zgzl zie; C Q In fact,

Q

Zjt1€541
sipesn =Y ER" 1yip1 € (aj41,b541 — 2j41), ¥i € (ai,b;) for i # j + 1}
and for y € Q, + Zzzl zie; = [a,b—z] + Zg_l z;e;, we have

yi € (a; + zi,b;), fori=1,...,7

yi € (ai,b; — 2z;), forz:j—l—l,...,n
The claim follows. O
Proof of Theorem 2.2. Assume first that F' is relatively compact in LP(Q, B). Then,
we can use exactly the same arguments as in the proof of [12, Theorem 1]. In fact, (7)
follows from the continuity of the mapping f — fc fdx from LP(§2, B) into B, and
(1) follows, since in metric spaces, relatively compact sets are totally bounded, and
the density of C°(Q, B) in LP(, B).

Conversely, assume that (i) and (i¢) hold. Let f € F, and h € R" with h; > 0

for i = 1,...,n (for example choose h = s25% with s > 0). Set
Vi :=[(0, k)| > 0,

the measure of (0, h). For z € Qy, we have (z,z + h) C Q, and we define the function
M, :
(M) = [ G
(z,z+h)
We first show that My, f € C ((Th, B), and the set
My F = {th : f GF}
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is relatively compact in C(Qp, B). Let € > 0, and choose § > 0 so small, that for
i=1,...,n it holds

Vhe =
||Tgeif — fHLl(QSeivB) < o for all § < 4.

This is possible due to (i) and the continuity of the embedding LP($;, ,B) into
Ll(Qgei ,B). Let o € Q;, and = € Bj(x0) Ny, where the ball is taken with respect to
the | - |so-norm on R™. Then z = x4 + o, die; with 6; € (=6,0). For j =1,...,n,
we define the vector

J
! =z + E di€;.
i=1

Thus, we have 2" = x. Now, as in the proof of Proposition 2, we obtain

n—1
1My f () = My f(zo)ll g < D I Mif(2+) = M f(a?)] 5, (2.1)

j=0
and we have z9! — 29 = §;,1e;11 for j =0,...,n— 1. Without loss of generality, we
assume that §; > 0 for ¢ = 1,...,n. Otherwise, i.e., for §; < 0, we change the role of

2711 and 27 in the following argumentation and for §; = 0 it is trivial. It holds that

. . 1
A =M f @ = | [ (- D) (s
ho||J (23,29 +h) 5
1
< — e = fllsd (2.2)
~— W (x3 i +h) ”Téﬁlej“f fllsdz
(x) 1 €
< 7h||7-6j+16j+1f - fHLl(Qstrlej+17B) < E’

where in (x) we used (27,27 + h) C Qs,,,¢,,,- In fact, from z, 2o € Qp, it follows by
contradiction, that z* € €, for i = 1,...,n. This implies that

J J _ Jt+1
aj1 < Ty and T+ hjy1 = Tipq — djp1+hjp1 <bjyr — 0541,

for j =1,...,n — 1, and hence, the inclusion (27,27 + h) C Qs,,e,,,. From (2.1)
and (2.2), we obtain that My f € C(Qy, B), and especially the set M} F is uniformly
equicontinuous in C(Qy, B).

For z € O, we obtain from the assumption () that the set

(MpF)(z) = {éh/( " fdy: fe F}

is relatively compact in B. From Lemma 2.1 it follows that M} F' is relatively compact
in C(Qy,, B).

The next step in the proof is to show that F is the uniform limit of M,F in
LP(Qe, B) for h — 0, see also [12, (2.2)]. We start from the following relation which
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holds for x € Qy:

1 1
v /( o [~ fa)dz = /(M)(Tz - F)(o)de

With the Jensen-inequality and the Fubini-Theorem we get

(Myf = f)(x) =

p

1
. / 0= S| s

<y [, I~ S dede
h JQp J(0,h)

< s?p A |2 f — fHLp (Q,B)’

1Mo f = £ ) = /

and therefore

| Mnf — f”Lp(Qh,B) < sup ||7of = flle(ou.B)-
z€(0,h)
Due to assumption (i), for every € > 0 we can choose h so small that for every
z € (0,h) and every f € F we have

7= f = flleen,By < Il f = fllzre.,B) <6

and we obtain

| My f — flle(Qh,1B) <¢

Hence, F' is the uniform limit of M F' in LP (¢, B) with §{ = 252 for h — 0. Since M}, F
is relatively compact in C(Q, B), it is also relatively compact in LP(Qe, B), because
the embedding C(Q¢, B) < LP(Q¢, B) is continuous. From [12, (2.2)] it follows that
F is relatively compact in LP(Q¢, B).

Until now we have only established that F' is relatively compact in L?(Q¢, B), but
we have to show the result for the whole domain Q. Let ¥ := {—1,1}" and for z € R"
we define z, := (0121, ...,0,2,). Of course, we have #% = 2" and Q = erz VI
additionally z; > 0 for ¢ = 1,...,n, then we write 2} := z"“ (positive components
of z5) and 2z, := 2= (the negative components of z,), such that z, = 2 + 2, . For
h € R" we write (z,z + hy) := (x + h,,z + hl).
We define the function M}, f in the same way as My, f, i.e.,

1 _
My, f(z) := V;/( o )f(z)dz for ze€Qp,,

and for all z € Q,_ we obtain with the transformation formula

1 1

M f = N@ =g [ F@ =gz = [ ef - P
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With Fubini’s Theorem, the Jensen-inequality and again by integration by substitu-
tion, we get

1
P P
[ Mh, f — f||Ll”(thvB) < A /th /(O,ho) (= f = f)(z)|pdzdx

_ L ) )
= /Qh /0 » | f(z+ 25) f(x)”dedx
vh /Oh) /Q If(z + 25 + 27) — f2)|[%dadz

/ / M@+ 20) — flo — z)|dudz

Oh) QhH.JrZ{7

<L / / 1f (@ + 25) = (o — 23)|Bdads,
Vi Joom Ja.

where in the last inequality we used §,_ + z; C Q, for z € (0, k). To show this, we

consider for y € Q, + 2., and for ¢ = 1,...,n the following two cases:
1) 0; = 1: Then (hy); = h; and (2, ); = 0 and therefore
Yi € (@i, bi — Ry

) C (ai, bi — ;).
2) 0, = —1: Then (h,); = —h; and (2 ); = —z; and therefore
€ (@i + hi — 2i,bi — ) C (as, b; — z).

Thus, y; € (a;,b; —z;) fori=1,...,n,ie., y € Q.. Hence,

|Mp, f = fllr (o, By < sup 5 |7+ f —7_.- fllLr (., B)

z€(0,

< sup 7.+ f = fllr(o..B) + sup » |7 .- f = fllzr(a..B)

z€(0, z€(0,
< Szlp ’ 7, +f = fllzr@ +B) + S?p ||T_z*f fllzr Q __.B)-
z€(0 “

With the same arguments as above we obtain that F' is relatively compact in
LP(Q,,B) for all o € . Hence, F is sequentially compact in LP (2, B) and therefore
F is relatively compact in LP (2, B). O

The next proposition gives us a further characterization of the condition (i) in
Theorem 2.2, where we use a special decomposition of the domain 2, and consider

the shifts on fixed domains. We use the same notation as in the proof of Theorem 2.2,

especially we have £ = b_Ta.

Proposition 2.4. The condition (i) in Theorem 2.2 is equivalent to the following one:

(i1)" For z € R™ and z; > 0 it holds

sup |72, f = fll o, ,5) = 0 for 2= 0
feF

forallo € X.
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Proof. Let (ii) from Theorem 2.2 be true. We use similar arguments as in the last
part of the proof of Theorem 2.2. Let € > 0 and ¢ > 0 so small that for all h € [0, ]
the following holds

[N e

|70 f — f”LP(Qh,B) <
Now, for z € [0,0]™ it follows by substitution and from
Qe +2, CA, (2.3)

(which is proved below) that
e f = Hipiig, iy = [ 1@+ 20) = S@lpdo
o
:/‘ [+ 25) = fla— 2 lpda
Qe,+2o

< [ M=) = s = =) lpda
= ||Tzif - T—z;fHIE,P(Qz7B)'
Since 2z}, —z, €]0,4]", it follows that
7eo f = fllzrce, By < NITr [ = fllze..B) + I7_- f = fllr(o..B)
Slirgf = fllevo g m 7 f = flleee_ B

<e+e
4 - —¢
2 2

Let us now give the proof of (2.3): For & € Q¢ + 2z, exists T € ¢ with

r=T+z,,1e,
bi—a; _ _
5 c (ai7 -4 ) foro; =1 and (25 = 0 foro; =1
‘ (459 b;)  for oy =—1" 7 —z; foro;=-1"

for i = 1,...,n. Hence, we obtain

(a‘ u) foro; =1

xl 6 19 2 (]
(Lg“i — 2, b — zl) for o; = —1.

Since Q. = [T, (ai, b; — z;), we obtain z € Q..
Conversely, let (#)” hold. For € > 0 choose § > 0 so small that for all 0 € ¥ and
all h € [0,0]™, we have

€
7_ - r < N —
ITh, f = fllLecae, ,B) 2o
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Let z € [0,6]™, then we obtain for o € ¥

If = Mo = [ 15(+2) = f@)lde
7 QsUﬂQz
— [ s =) - f@de
anﬂQz

- / 1@+ 20) — Flo+ z)|da
(an ﬂQz)fz;

<lrgf-r.; f||1£”(96673)'

Further, we have z}, —z, € [0,0]" and z} = (2}), and 2, = (—z, ),, what implies

HTzf*fHLP(QEGmQh,B)

€
Sl £ = fllere, 5y +l17s £ = Flire, ) <

Ief = iy = S 7F = M, iy < -
ocx

Until now we have only considered rectangular domains in R™. Now we extend
our result to more general domains. However, we need an additional assumption to
control the functions near the boundary. We use the same notation as above and
define for 6 > 0 the set Qs := {x € Q: dist(z,9dQ) > §} and for z € R™ the set

BG={reQ:z+2zeQ}t={z,v+2z€Q}

Corollary 2.5. Let Q C R™ be an open and bounded set. Let F' C LP(Q), B) for a
Banach space B and p € [1,00). Then F is relatively compact in LP(Q, B) iff

(i) for every measurable set C C 2 the sequence {fc fdx: f € F} is relatively com-
pact in B,
(i) for all 6 > 0 it holds that supscp |T.f — fllLe(oz,3) =0 for z—0,
(iii) for & > 0 it holds that supscp [oq, 1f(@)Pdz — 0 ford — 0.

Proof. For F relatively compact in LP(Q2, B) the statements (i) - (ii¢) can be estab-
lished in a similar way as in Theorem 2.2.

Now assume, that (i) - (444) hold. Since  is bounded, there exists a rectan-
gle W C R™ with Q CcC W. Extend every function f € F' by zero to a function
f € LP(W, B) and obtain a set ' C LP(W, B). Using the same arguments as in [,
U2.21], we can show that the assumptions of Theorem 2.2 are fulfilled and the claim
follows. O

3. Application

We consider an application of the compactness criterion derived din Section 2 to
the homogenization of a nonlinear reaction-diffusion-problem on a rapidly oscillating
periodic surface. Such problems arise in the mathematical modelling of processes in
porous catalysts, see e.g. [7, 9], in biological structures, like e.g. biochemical processes
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in cells and tissue, see e.g. [6, 8, 11]. The periodically oscillating surface and the so
called microscopic or e-problem are given in the following.

Let Y = (0,1)" with n € N, n > 3, and Q = (a,b) C R with a,b € Z" and
a; < b; for i = 1,...,n. We assume that the sequence e fulfills e~* € N. Further, let
I' C Y be a C''-submanifold, such that

Io:={zeQ:x=¢lk+y) forsome k € Z", y € T'}

is connected and of class C''!. Especially, we have L. C 9. On I'. we consider the
following problem:

Opue — Ar ue = f(ue) in (0,7) x T,
—Vr.ue-vp, =0 on (0,T) x 9T, (3.1)
uc(0) = u® inI.

Here, Ar, denotes the Laplace-Beltrami-operator, f € C%1(R), i.e., f is globally
Lipschitz-continuous, and u® € C? (ﬁ) For the sake of simplicity the diffusion-
coefficient is equal to 1, the nonlinearity f does not depend on a macroscopic or
oscillating variable, and on the boundary 0T'¢, we consider a Neumann-zero condition.
However, the following method can easily be generalized to more general problems,
e.g., systems of equations and general diffusion-tensors. We are looking for a weak
solution of Problem (3.1), i.e., uec € L*((0,T), H'(T.))NH*((0,T), L?(T.)), such that
for all ¢ € H*(T'.) we have

/Fe Orucpdo + /Fe Vr, ue - Vi ¢pdo = /1“6 f(ue)pdo (3.2)

almost everywhere in (0, 7). With the Galerkin-method we obtain:
Proposition 3.1. There exists a unique weak solution ue of Problem (3.1), such that
_1
el o.1).2200) + 1Vrettell oo 1y, 12,y + 102ttell 20,1y %) < Ce72

This (microscopic) model describes the processes and the medium in a very
detailed way. However, due to its high complexity it is not appropriate for practical
applications, especially it is not amenable to numerical computations. Therefore, an
effective (macroscopic, homogenized) model is needed, which is an approximation of
the microscopic one, and consists of equations formulated on a macroscopic scale. The
effective model is derived by using methods of periodic homogenization. This consists
in showing that for ¢ — 0, the sequence of solutions (u.) converges to a limit function
ug, and in the derivation of the limit problem satisfied by wy.

The appropriate techniques to be used for the derivation of the effective model
in our application are the method of two-scale convergence for functions on periodic
surfaces introduced in [9], and its equivalent characterisation with the help of the
unfolding operator, see e.g. [3, 6]. Based on the estimates (3.1), passing to the limit
in the linear terms in the equation (3.2) can be performed like in [5], where a linear
problem was considered. Taking the limit in the nonlinear term is however more
challenging. To achieve this, we make use of the unfolding operator

T2 L2((0,T) x T'.) — L*((0,T) x Q x I),
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see [3, 6], defined via
b — z
72 (ﬁ(t,l‘,y) T (b <t7€ |:E:| +€y> .
Here [-] denotes the Gauf-bracket. Thus, from the theory developed in [5], we obtain
the existence of a limit function ug € L2((0,7T), HY(Q)) N H((0,T),L?(2)) with
uo(0) = u?, such that for all ¢ € C5°((0,T) x Q) it holds that

T T
|F|/ /8tu0¢dmdt+/ /D*Vuo-ngd:cdt:
o Ja o Ja

- (3.3)
lim / / / f(TPue) T ¢dorydadt.
=0 /o oJr
The homogenized diffusion-coefficient D* € R™*" is given by
D;kj = / (pri + Vryi) . Vryjd()',
r
where w; for i € {1,...,n} are the solutions of the following so called cell problems:

—Vr- (VF’LUz + VFZ/Z) =0 inT,
—(Vrw; + Vry;) -v =0 on dT,

w; i8 Y-periodic and / w;do = 0.
r

To show the convergence of the nonlinear term we use the fact that
T2p — ¢ strongly in L2((0,T) x Q x T'),

due to the regularity of ¢. Hence, to go to the limit on the right-hand side in (3.3),
it remains to show the weak convergence of f(T uc) to f(ug) in L*((0,T) x Q x T').
Therefore, we show the strong convergence of T u. to ug in L2((0,7) x Q x I'). Then,
due to the Lipschitz-regularity of f, we actually obtain the strong convergence of
[ (T2ue) to f(uo) in L2((0,T) x Q x I'). In [11] such a result was proved by showing
that T u. is a Cauchy-sequence. However, this result strongly relied on the fact, that
the diffusion coefficient in the microscopic problem was of order €2, which led to an
equation for T.u. where all coefficients were of order one. In our paper this is not
the case, and the argument with the Cauchy-sequence cannot be applied. Instead, we
use the compactness criterion from Section 2. A similar approach was used in [10],
where the classical compactness criterion by Kolmogorov, see e. g., [13], for the space
L2((0,T)xQx Z), with Z = (0,1)" "1 x(—1, 1), was employed. This is not appropriate
for the situation in our application since shifts with respect to the surface-variable y
make no sense.
b—a

In the following, we use the same notations as in Section 2, especially § = >5%.

Lemma 3.2. Let | € Njj. Then, for all € > 0, such that |l;e] <
estimate holds for all o € ¥

bifai
2

the following

[ Tet, e = uell2 (0,1 % (r)e, ) < CllIVe.
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Proof. We test the variational equation for 7 ue — ue with n2 (Ter, e — ue), where
n € C§°(R™) is a cut-off function with 0 <7 <1, n =1 in Q¢_, and zero outside a
small neighbourhood of Q¢ . Then, Gronwall’s inequality and the Lipschitz-continuity
of u¥ give the desired result. O

Theorem 3.3. For e — 0, we have
TPu — ug strongly in L*((0,T) x Q x T).
Especially, we obtain
f(ﬁbue) — f(uo) strongly in L*((0,T) x Q x T).

Proof. We consider T u, as a function from L2?(Q, L?((0,T) x I')) and prove the
condition () in Theorem 2.2 and (i4)” in Proposition 2.4. Let A C Q measurable,
and define v§ = fA Touc(-¢, x, -y)dz. The a priori estimate in Proposition 3.1 imply
that v4 is bounded in L?((0,T), H (I')) N H'((0,T), L*(T)), and due to the Aubin-
Lions Lemma the sequence is relatively compact in L?((0,T), L?(T')). It remains to
check condition (ii)”. For z € R™ with z; > 0 small, we obtain as in the proof of [10,
Theorem 2.3, page 700] for (e, z,m) :==m + [f]

2
HTzU 7?“6 - 7?“6 HL2 (Q¢,,L2((0,T)xT))

2
<€ Z ([7ete,zm). e = UGHL?((O,T)X(FE)EU) < Cei(e, z,m)[%.
me{0,1}n
Since |i(€, z,m)|e — 0 for € — 0 and z — 0, condition (i7)" is valid. Hence, Theorem

2.2 and Proposition 2.4 imply the desired result. O

Altogether, we immediately obtain that wg fulfills the following variational equation:
11 [ Gngds+ [ DYy Voda =1 [ fuood.
Q Q Q

for all ¢ € H'(Q) and almost everywhere in (0,T). The corresponding inital and
boundary value problem is
IT|Osug — V - (D*Vug) = T|f(ug) in (0,T) x Q
—D*Vug-v=20 on (0,T) x 00
uo(0) = u° in Q.
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