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Global smoothness preservation and
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multivariate discrete operators

George A. Anastassiou and Merve Kester

Dedicated to Professor Gheorghe Coman on the occasion of his 80th anniversary

Abstract. In this article we study the multivariate generalized discrete singular
operators defined on RY, N > 1, regarding their simultaneus global smooth-
ness preservation property with respect to L, norm for 1 < p < oo, by using
higher order moduli of smoothness. Furthermore, we study their simultaneous
approximation properties.
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1. Background
In [1], Chapter 3, the author defined

. (—1)"~7 ( " )jm, ifj=1,2,..r

J
g r s (1.1)
L= =) )i, ifj=0,
j=1 J
forre N, m € Z, and
o= "alMik, k=12,.,meN. (1.2)
j=1
See that B
doan =1 (1.3)
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Additionally,in [1], the author used

Definition 1.1. Let f € C (RN), N > 1, m € N, the mth modulus of smoothness for
1 <p< oo, is given by

m (5 = AP , .
wm (f;h),, utsi\lzug)h AT (Ol (1.4)
h > 0, where
Arf =3 0 () flati). (1)
=0
Denote
Wi (Fih) o = Wi (f1 ). (1.6)

Above, z,t € RV,

Additionally, in [4], the authors defined the following operators:
Let e, be a Borel measure on RN N > 1,0 < &, <1, n € N. Assume that

vi= (vi,..,un), = (1_xn) € RV and f : RN — R is a Borel measurable
function.
i) When
ig:1|U1|
e én
pe, (v) = — (1.7)
oo oo i§1‘ui‘
Z Z e &n
VvV =—0oQ VN=—0OC

they defined generalized multiple discrete Picard operators as:

N
0 0 T [ ] ig]"’”
oo > > ;. flxy+jvi, ey +jun) | e &
V] =—00 vy=—0o0 \ j=0
= N
o0 o0 7§1|V1|
DD SR
vi=—00 UN=—00
ii) When
S 2
_i=1
e &n
pe, (V) = —, (1.9)
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they defined generalized multiple discrete Gauss-Weierstrass operators as:

N .
00 00 T (m] ) ) _igl vi
o> Zoajxrf(xl + V1, TN +JuN) | € En
V1=—00 VUN=—00 \j=
= N [
S} S} igl vt
Z Z e &n
V1 =—0o VUN=—0OC

pe,, (v) = ' ; (1.11)

o0

S oS )’

v1=—00 vN=—001=1

they defined the generalized multiple discrete Poisson-Cauchy operators as:

QM (fizy, o) (1.12)
[e%) [e%) r [m] N N B
o X | X @t g ey 4 gvw) | TT (02 +629)

V] =—00 vy=—0o0 \ j=0 =1

DDy (]FV[ (v?%f?ﬁ)_ﬁ)

V1 =—00 VN =—00 =1
iv) When

N
3 vl
_i=1

e, )= — (1.13)

N7
(1 + ane*a%)

they defined the generalized multiple discrete non-unitary Picard operators as:

N
o> > ozji:f(xl + v, enxn HiuN) | e &
V1=—00 vny=—00 \j=0
(1 +2§n6_57)
v) When
N
e &n

(1.15)
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they defined the generalized multiple discrete non-unitary Gauss-Weierstrass opera-
tors as:

Wr,[;n] (f;xlw“axN) (116)
£z
00 00 r " ) . _i=1 "
Z Z (Zag',r]f(xl +JV1u~'~axN +JVN))6 tn
V1 =—00 vy=—0o0 \ j=0

(vt (1wt () )"

where erf(x) = % fe‘tzdt with erf(co) = 1.
0

Additionally, in [4], article they assumed that 0° = 1.
In [4], for o; € N, the authors defined the sums

%) %) N iglh’i\
o> (H Vzo“) e &
2

V1=—00 VN=—00

anj = §\u| : (1.17)
0 0 K
Z Z e &n
Vp=—00 VUN=—00
S S ig:l 72
Z (H yf”) e~ &n
f— = i—=1
pOéJLJ = V1 0o VN oo \1i — , (1.18)
=S x 7’;1 v
oo > e T
v1=—00 UN=—00

and for & € N and g > %{ZH, they introduced

V1=—00 UN=—00 \i=

£ o & (Mo omren ™)

QOm’nJ = [e'e) (%) N s (119)
o> (V2% +£29)
V1=—00 vNy=—0013=1
Furthermore, they proved that
C‘Ln,;’ pa,’ﬂ,;’ qa,n,j < 00, an € (07 ]-] 9 (120)
and for a; € N, as &, — 0 when n — oo, the authors showed that
Canj Panj 80 4o 5 = 0. (1.21)
In [4], they also proved
s 121
N Z 6_ En
me,.p = H = | »las &, —0F, (1.22)
=1 | 1+ 28ne &
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and

me,w = ]| — —lasé&, =0T, (1.23)

=1 | 1+ \/ﬁ(l —erf (%))

Moreover, in [4], the authors defined the following error quantities:

B (fi2) = PR f2) = f(a), (1.24)

EPV(fi2) = W 9(fi2) - f(a).

Furthermore, they introduced the errors (n € N):

BN (f;) (1.25)

)

_ P [m] ( zm: Z Ea,n]\,l‘:;foé (‘T) ’

ai,...,on >0: H ai!

la|=j
and
By (f:x) (1.26)
m ~
[m [m] p, n, f (1‘)
— Wl (fi) - f ) - Yool | YD Peed el
3:1 QL yenny 04_1\120 H azl
lol=7 i=1
where
N
o] o) N igl‘yi‘
Z Z <H Vf”’) e &n
~a’n5 — V1 =—00 VN =—00 7.:11 z (127)
(1 + 2§ne_§)
and
N
00 00 N .gl "z‘2
Yoo (I &
ﬁ o V1=—00 vy=—0o0 \i=1 . (128)

an,j (\/E (1—erf<\/157>> )N

In [4], the authors proved
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N
Proposition 1.2. Let o := (aq,...,an), €ZT,i=1,..,NeN, |a| = > a,=m €

=1
N. Then, there exist K1, Ko, K3 > 0 such that

upe, (1.29)
00 00 N r ig1|”i\
> oy (le ai) S
o V] =—00 vN=—00 \i=1 "
- N
0o 0o gl‘%‘
E E e &n
Vv1=—00 VN =—00
< Ki <oo,
(. (1.30)
00 0 N ] Il \" igl”?
> oy (le “l) (14 1) e
_ V1 =—00 vN=—00 \i=1 "
2
S} S} i=1 "
E E e_ &n
V1=—00 VN =—00
< Ky < oo,
and
uhe, (1.31)
S & (B e 1w\ (1] (v26 4 20y ~7
> oY (HVZ- ) (14 L) (H(Vﬂ—i—&f‘) )
_ V1 =—00 vN=—00 \i=1 i=1
- e 00 N N -8
£ 8 (e
V1=—00 VN=—00 \i=

< Kj < 00,
for all &, € (0,1] where &, n € N, § > max{%, %} foralli=1,....N, and
v=(v1,..,UN)-

Additionally, in [4], the authors defined

N
> > ( i) -2
1+ z) e " én
« V1 =—00 UN=—00 &n
P, ‘= N ) (1.32)
S} x «i§1‘ul‘
oo > e &
V) =—0oQ VN=—0OC
N
& & R
1+ 2) e~ &n
e, = o , (1.33)
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and .
> o 3 (141 1 (2o +¢28) 7"
= . (1.34)

UN=—00

Phe, =
Sn o0 N _ﬂ
DD H (v7> +€29)
v1=—00 vN=—001=1
They also showed ®% . , ®jy . , and OF, . are uniformly bounded for all &, € (0,1],

where & € N, g > %
On the other hand, in [5], the authors proved

Proposition 1.3. Let v := (v1,...,vn), a:= (a1, an) ERYN, o, € ZT,i=1,..,N €
N
N, lal:=Y ai=meZ", and p > 1. Then,
sum (1.35)
5 5 <ﬁ| a)p (1+ ||uu2)“’ -
vi| " —_= e én
V1 =—00 vN=—00 \i=1 ’ &n
= N )
[e’) 0o i§1|’/b|
Z . Z e  ¢&n
VvV =—00 VN =—0C
Sw e, (1.36)
N
S8 () (1)
v, e &
V] =—00 vN=—00 \i=1 ’ &n
= ~N 2 5
e 0o Vi
)RR SR
V1 =—o VUN=—0OC
and
(1.37)

p,m
S 7£7L

£S5 (fr) () (e e )

VUN=—00 VN =—00

9

V1=—00

i £ 5 (fter e

V] =—00 vny=—00 \i=1

are uniformly bounded for all &, € (0, 1] where &, n € N,
1 ; 2
3 Lo £ 2+ D
24 2t

-8

foralli=1,..,N, and v = (v1,...,UN).
Finally, in [5], when p > 1, they obtained the following inequalities for the error
)

quantities Er[g]P(f;x), ELO’]P(f;x), and the errors Er[:"}],(f;x) ELmI])(f, )

D=1+ 151, Ime,.p - (1.38)

< mg,.p ‘
P

|ES ()
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0 *
|Ew ) < mew [[WeBD) = 7| 171, Ime, e

HELmI]D(f,x)Hp < mg L || P [m] ( Z stml
F=1

Can 5o
| X
Otl,‘..,ot]iZO: H al!
lee|=3 i=1

+IIf1, Ime,.p — 1],

and

|2 o) me,w || W, (F) = f =D o

IN

P

% Z pa’ngfa
N

al,“.7a1120: H ai!
la|=j i=1

+ £l [me,.w = 1]

2. Main Results

(1.39)

(1.40)

(1.41)

We start with the general global smoothness preservation results for the opera-

tors P;,,[m], Wﬂi,gmk and Q:J[Lm], defined as in (1.8), (1.10), and (1.12).

Theorem 2.1. Let h >0, f € C (]RN), N >1.
i) Assume wy, (f,h) < co. Then

wa (P, R) < (Z! Ih),
wm (W™ f,0) < (Z ol (f,h),
j=0
wa (Qr i f.0) < (Z ol | wa (£,1)
§=0
i1) Assume f € (C’ (RN) nL, (RN)), p > 1. Then
wm (PLI™L D) < T [l | wm (£,),, .
p
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wn (Wi fn) <\ 30 [l | wm (£.1),. (2.5)
=0
w,( « m] 1 h) < Y|l ) wn (£.1) (2.6)
m n ) p f— — 2,7 m ) P' .
=
Proof. By [1], Chapter 3. 0

Next, we give

Remark 2.2. Let r = 1, then we calculate that a[ml’} =0, ol = 1. Now, denote

b ] _
Py (frw) = P (fra), (2.7)
Wy (fra) = Wi ) (fra) (2.8)
Qi () = Q1 (fr0). (2.9)

By Theorem 2.1 and Remark 2.2, we obtain

Theorem 2.3. Let h >0, fe€C (RN), N >1.
i) Assume wy, (f,h) < co. Then

i (P 1) < o (1,1), (2.10)
wm (Wi 1R < wi (£,8), (2.11)
wom (@0 f, 1) < o (1:1). (2.12)
i) Assume f € (C (RN)NL, (RY)), p>1. Then
Wi (p;; ml f, h)p < wn (f,1), (2.13)
Wi (W;; [ml £, h)p < wn (f,1), (2.14)
wn (@) < (1), (2.15)

We present the our general global smoothness preservation results for the non-
; [m] [m]
unitary operators P,  and Wy, as follows

Theorem 2.4. Let h >0, f € C (RN), N >1.
i) Assume wy, (f,h) < co. Then

Wi (P,Ej",j f, h) (2.16)

_1/£n N r _
- <1+2e (£n+1)> Za[m]

—1/&n J,r
14 26,e1/¢ =

wm(fah)v
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oo (w5311

2e~1/én
F e ()] }(Z‘

i) Assume f € (C (RN)NL, (RY)), p>1. Then

wom (WILf, h)p
2¢~1/&n N -
V€, [1 —erf (f%)} +1 } (jo Qi ) win, (f h)p.

< {1
Proof. We see that

and

where

and

W (Pm] f, h)p

1 + 2671/€n (fn + 1) N r [7]
< 1+ 2§n671/fn > : ‘aj,'r’ Wmn (fa h)p 5

+

P (fix) = M (&) PR (f )

Wil (fr2) = Ag (€2) Wi (f52)

>\1 (fn)

o0 o0

oo > e T

V1=—00 VUN=—00

(1+ 26, 1/6n) Y

)wm fih).

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Additionally, in [2], the author showed that

) [vi
e &n _
V,L:X_:oo _ 1+ 2T (E+1) (2.24)
1+ 26,6 Ve — 1+ 256—?1 ’
and
%) ”z‘2
T &n _
l,i:z;oo c 2671
<1+ (2.25)

VTn {1—erf( )}—1—1 VTE (1 erf(f))—l—ll
Thus, by (2.22), (2.23), (2.24), (2.25), and Theorem 2.1 the proof is complete. O
Now, we demonstrate the following optimality result

Proposition 2.5. Above inequalities (2.10)-(2.12) are sharp. The equalities are attained
by any
gj(x) =27, j=1,.,N, x=(21,...,75,...,2N) € RM.
3.

Proof. By [1], Chapter

In [6], the authors observed
Theorem 2.6. Let f € C' (RN), I,N € N. Here g, is a Borel probability mea-
sure on RN, &, > 0, (gn)neN a bounded sequence. Let B := (Bl,...,BN), B € 7T,
i= ‘5‘ Z Bi = 1. Here f(x+vj), © € RN, v € ZN, is g, -integrable

with respect to v, for j = 1,...,7. There exist ¢, -integrable functions h;, ;, h517i27j’

L o C_ N
hﬁl,/ﬂz,z‘su"'“’hﬁl,ﬁz,...,ﬂN,mN,j >0 (j=1,..,r) on RY such that
ouf(z+vj . -
’f(r;zl])‘ < hiy 2J ( )7 iv=1,..., 5, (2.26)
Ty

O f (x4 vj)

2 By
Oz 0y

< hBhi'z,j (y)’ ig=1,.. 7/323

851+52+"'+BN*1+'L'N‘]"( +V]) . B 5
<hz .5 (v), in=1,...,8n,
iN BN 1 52 1 1,82, ,BN—1,iN,]
0z Ox ...0xy 83:1

VxGRN,VeZN.
i) When

pe, (v) = ¥ (2.27)
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then both of the next exist and
(Prdm (£im) ;= P (f5i)

it) When
&2
e_i:EIn °
pe, (v) = I
oo oo i§1y"2
oo > e
V1 =—00 VN=—0OC

then both of the next exist and
(Wil (rm)) = Wik ().
iii) Let & € N and 8 > L. When

(7 + g7

=

i=1

pe, (V) = — = N -
¥ oo ITw+ee)

V1 =—00 vN=—00 i=1

then both of the next exist and
< rn (fa‘r))é - n (fgax) .
Corollary 2.7. When r =1, by the Theorem 2.6, we observe that
Py (1)) = B2 (1)
(P2 (i) | fa

)

(W?Z ] (f;w))B =Wy (fg;l“) ;
and

(@l (£im) = @u ™ (f5i0)

For the non-unitary operators Pi%] and Wimn] we have

Theorem 2.8. Let the assumption of Theorem 2.6 be true. Then we have

(Pl (7im) , = P (f5i)
and

(Wi (i), = Wi (i)
Proof. By (2.20), (2.21), and Theorem 2.6, we obtain

(P (i), = A& (P (f50)

B B

A (&) P:,[;zn} (fﬁ?x) = PJ-TZ] (fg§17> )

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)
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and
(Wr,n (f, x))ﬁ A2 (gn) (Wr,n (fﬂ z))[} (239)
= (&)W (fw) = Wi (f5:2)
O
Next, we get
Theorem 2.9. Let h > 0, v = O,B, and the assumptions of the Theorem 2.6 be true.
i) Assume wy, (fy,h) < co. Then
o ((p;,gml 7). ,h) < (Sl o (2.40)
an ((Wekr) o) o (1), (2.41)
j= ()
W (( ey ( afy )wm (fh). (2.42)
it) Assume f, € (C (RN L, (RN ,p>1. Then
oo (Pramig) ) < (S0 [alll] ) won (o, (2.4
v p =0
M(WMMLw>s( M}»%mmw (240
p 7=0

Wi ((Q;J;”] )vh),, < (j oy ) win (fr: 1), (2.45)

Proof. By Theorem 2.1 and Theorem 2.6. O
Additionally, as a quick result of Theorem 2.3 and Theorem 2.6, we have

Corollary 2.10. Let h >0, v = 0,57 and the assumptions of the Theorem 2.6 be true.
i) Assume wq (f,h) < oo. Then

oo (P2 715) 1) <em (1,1, (2.46)
o (W2 17) 1) < om (110, (2.47)
o (@217 1) < on (o). (2.19)
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i1) Assume f € (C’ (RN) NLy, (RN)), p>1. Then

wn ((p; [m}f)y,h> < wm (fyh),, (2.49)

Wi, ((W; [m]f) h) < win (fy,h),, s (2.50)
v p

W ((Q; [mbc)7 ,h) <wm (fy.h), - (2.51)

Additionally for the non-unitary operators, Pry[;n I and WA’Z], we obtain

Theorem 2.11. Let h > 0, v =0, B, and the assumptions of the Theorem 2.6 be true.
i) Assume wy, (fy,h) < co. Then

—((pim]
wn ((P2211), ) o)
14 2e /e (£, +1) N [ -
wm ((Wr{ﬁ]f ) h) (2.53)
Y
¢ o
2e” /e |
T+ j,r m(f 7h)
U ) Bk

i) Assume f € (C(RN)N L, (RY)), p>1. Then

((P,[’;“;l f)7 : h) (2.54)

P
14 2e e (€, +1)
= < 1+ 26,0 1/% ) Z) wa (Fr: 1)y
win <(W,£j;}1 f) ,h> (2.55)
v P
N
26_1/577, r [m]
1+ S la | wa (£, 1), -
Vr€y [1 —erf (é)} +1 =0
Proof. By Theorem 2.4 and Theorem 2.8. 0

Now we show our simultaneous approximation results.
We start with



Global smoothness preservation and simultaneous approximation

271

Theorem 2.12. Let f € C™ ! (RN), m,l €N, N > 1, z € RN. Let the assumptions
of Theorem 2.6 is true and v = 0, 3. Assume | fry+ally, < oo. Then for all z € RY,

we have

i

(), -S| 3 i

ai,..., oy >0: H ai!

jol=7 N
Wr (fy+arén *
< 3 W;))u%ﬂ
(1)
[Oél,...,O(N>O) =1
|a]=m
for &, € (0,1].
i)
* [m i [m] pa,n77f7+04
(W’“’ ) 26 Z N
3: al,...,ajiZO: H ai!
jal=7 N
Wr (fy+arén *
Ly Gl
()
(al,...,aNZOJ i=1
lal=m
for &, € (0,1].
i)
(] ¢ [m] Qo 5 v+
(@rs) - 25 > el
ai,...,an >0: H ;!

jol=7 .

for &, €(0,1], and a e N, 8 > max{l%;f“, rt2

24

ag,...,an >0
|al=m

Proof. By [4] and Theorem 2.6.

Next, when m = 0, we obtain

(2.56)

(2.57)

(2.58)

Theorem 2.13. Let f € Cl (RN), leN, N > 1. Let the assumptions of Theorem 2.6

18 true and v = 0, B Then for all z € RN, we have
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‘(P:,JO] ),Y —fy Lo < ®he wrlfyén), (2.59)
for &, € (0,1].
ii)
‘ (Wf,nmf)7 — Iy ’m < By, wr(fys6n),s (2.60)
for &, € (0,1].
i)
(@:00) -] = woeeninie (2.61)
for & € (0,1, anda €N, B> %2, N
Proof. By [4] and Theorem 2.6. O

For the non-unitary cases we have

Theorem 2.14. Let f € C™ (RN), m,l € N, N > 1. Let the assumptions of Theorem
2.6 is true and v = 0, 5. Assume | fy+all,, < oo. Then for all x € RN, we have

i)

|(5b), (2:62)
< me, p Z Wy (J;;H-'y:fn) x};’én
i
151l Ime,,.p =11,
and
(), (2:63)

< mew Z Wy (J;\?M,én) .

(i)

oo Imen,w =11

ii) Let f € CY (RN), l €N, N >1. Let the assumptions of Theorem 2.6 is true
and v =0, BN Then for all z € RN, we have

()

< me, p®pe wr(fys &) 115l Ime, P — 1,

at,...,an >0
la|=m

(2.64)




Global smoothness preservation and simultaneous approximation 273

and
(B0 0) | 2:69)
< me,w Py, wr(fy,6n) + 15l Ime,w =11
Proof. By [4], (1.38) — (1.41), and by the equalities (ET[:n]]D(f,a:)) = E L(fy.x) and
(E’r[LmIJV( ,m))v = Ellm‘/]v(f,y,x) for m € Z*. O
Now, we give our L, results. We begin with

Theorem 2.15. Let f € O (RN), m,l € N, N > 1, v = 0,5, fy1a € L, (RY),
o] =m, p,g>1: %+% =1, and 0 <&, <1, n € N. Let the assumptions of Theorem
2.6 be true. Then

i)
* (m m [m] Ca,n,}f’Y"rOt
<P’"’”[ ]f)7 — 5 Zé&ir P (2.66)
3:1 al""’o”\L_ZO: H all
la|=3 i=1 »
m :
< P |
) << ( —1>+1>5> = ﬁ (S57%.) " wr (Fraa),
i=1 Z-
i)
* [m m [m] pa,njfwa
(Wr,n[ ]f)7 —fy - Zéh dooo e e (2.67)
Jj=1 ~~,O¢1120: H a;!
la|=3 i=1 »
m :
< P |
- (( ( - 1) + 1)(11> Z IJE[ (SW*agw) Wr (f7+a7§n)p
1=1 Z
iii)
m . m qa,nﬁfﬁ’*ﬂx
(@1 ]f>v —h=2 X (2.68)
3:1 (11,...,(11!'20; H a’L'
la|=3 i=1 »
! :
= (nll) Z N (Sg’:’én) Wr (f'y+o¢, gn)p y
(¢(m=1)+1)7) {120 [ !
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(o3

where & €N | B > max{lﬂo‘ié’lﬂrm, 22@;”1 } foralli=1,...,N.
Proof. By [5] and Theorem 2.6. O

Next, we present our results for the case of m = 0 and p > 1.

Theorem 2.16. Let f € C'(RN), 1 e N, N > 1,v=0,5, f, € L, (R"),z € RV,
p,qg>1: % + % =1, and 0 < &, <1, n € N. Let the assumptions of Theorem 2.6 be
true. Then

i)
‘(P:n[‘”f)v — || < (B0,)" wr () (2.69)
p
i)
’ (W;nmf)7 £l < (sgv;i’gn) " wr (fy26n), - (2.70)
p
i)
(@7) ~ £ < (88°%,)" wr (F60), (271)
p
where @ € N | 8 > 2+er}
Proof. By [5] and Theorem 2.6. O

For the case of m =0 and p = 1, we have

Theorem 2.17. Let f € C" (]RN), leN, N>1,~v= 0,3, fy € Ly (]RN) .z € RN, and
0<&, <1,neN. Let the assumptions of Theorem 2.6 be true.

i)

(P7) -1, < SH () (2.72)
i)
‘ (Wiiolf)v b S S g (Fuy (2.73)
iid)
(Q:71) = 5| = 85", (o (2.74)
where & €N , B> 2L,
Proof. By [5] and Theorem 2.6. O

Next, we give the case of m € Nand p=1 as

Theorem 2.18. Let f € C™ M (RY), m,l e N, N > 1, v = 0,8, fyia € L1 (RN,
o] =m, z € R, and 0 < &, <1, n € N. Let the assumptions of Theorem 2.6 be true.
Then
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(), 5540 | &

at,y...,an>0:
la|=3

P* .5 Wr (fv-&-oufn) .

IN

HM

iii)

CEORTE L >
j=1
lod=

IA

& Wy (f’y+ou£n) s

ZN
e

where & € N | B> max{lJrgigr?‘, 22%} for all i.

Proof. By [5] and Theorem 2.6.

s at,y...,an>0:

Canlrta

H O[i!
i=1

qa)njfv-‘r(x

H Oéi!
i=1
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(2.75)

(2.76)

(2.77)

O

Finally, we glve our L, results for the error quantities E[O] p(fix), E[O] p(fi2),

and the errors E (f, x), n’P(f, x). We begin with

Theorem 2.19. Let f € C™ T (RY), m,l e N, N > 1, v = 0,8, fyia € Ly (RY),

laf =m,p,g>1:3

1 —|—é =1, and 0 < &, <1,n € N. Let the assumptions of Theorem



276 George A. Anastassiou and Merve Kester

2.6 be true. Then

(i) 2.73)
Ylip
- m (S%T)lfn) P Wy (fa+'ya gn)p Z 1
— &n, P 1
(@m=1+17 ] [y
i=1
£, Ime,.p =1,
and
(B ) (2.79)
Tlip
< m m (S%T,gn) " wr (fatnys fn)p Z 1
— En W 1
(@m=D+17 ] [T
i=1

A, e, w — 11
Proof. By [5], (1.40), (1.41), and by the equalities (ELmIL(f, x)) = ET[lmI]D(fv,x) and
; . :

n7

<E[m] (fs 96’))7 = E,[Zfbv]v(fv,x) forme Z™T. 0

Next, we present the following results for the case of m =0 and p > 1 as

Theorem 2.20. Let f € C! (RN), leN, N>1,v= 0, 3, fy € Ly (RN), p,qg>1:
]%Jr% =1,and 0 < &, <1, n € N. Let the assumptions of Theorem 2.6 be true. Then

[(B20) | <o (8526) w8, + 1Al e =11, (250)
and

p

1
0\
S Mg, w (SPW*,EH) wr (fy,6n), + 1551, Ime, . w —1]. (2.81)

(52 )

Proof. By [5], (1.38), (1.39), and by the equalities (Er[:nI]D(f7 x))v = Er[:’nI],(fv,sc) and

Tlip

(Ew[mm] (f, 53))7 = E,[T‘Jv(fy,x) for m € Z*. 0O
For the case of m = 0 and p = 1, we obtain

Theorem 2.21. Let f € C! (RN), leN,N2>1, v = 0, 3, fy € Ly (RN), and
0<&, <1,ne€N. Let the assumptions of Theorem 2.6 be true. Then

|(£2)

1,0
< mgn,pSP*,gan (f“/7§n)1 + HfVHl |m§mP - 1| ) (2'82)

RAlNt
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and

[(B20) || e 832 gr (o Ul b, =11 289

AL
Proof. By [5], (1.38), (1.39), and by the equalities (Egyg<f,x>) — EI")(f,,) and
’ v
(ET[LmIJV(ﬁ x)) = Er[LmV]V(fA,,x) for m e Z*. a
¥
Our final result is for the case of m € Nand p=1

Theorem 2.22. Let f € C™ ! (RN), m,leN, N>1,~v=0,8, fy+a € Ln (RN),
o] =m, and 0 < &, <1, n € N. Let the assumptions of Theorem 2.6 be true. Then

m 1
[(Em) | = mee | 5 [siee Gog 280
Tl lal=m ] !
=1
+ 51 Ime, P — 1],
and
[m] 1
(En,w(f)>’y < mg oy N W* gnwr (fa-i—v:fn) (2.85)
! lal=m T a;!
1=1

1551 Ime, w — 1]
Proof. By [5], (1.40), (1.41), and by the equalities (Er[lmf],(f, x)) = ELTI],(fW,x) and
v

(ELWJV(ﬁ x))"y = Eibmv]v(f»y,x) form € Z™T. 0

)
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