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Inner amenable hypergroups, invariant
projections and Hahn-Banach extension
theorem related to hypergroups
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Abstract. Let K be a hypergroup with a Haar measure. In the present paper
we initiate the study of inner amenable hypergroups extending amenable hy-
pergroups and inner amenable locally compact groups. We also provide charac-
terizations of amenable hypergroups by hypergroups having the Hahn-Banach
extension or monotone projection property. Finally we focus on weak*-invariant
complemented subspaces of Lo (K).
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1. Introduction

The classified theory of topological hypergroups have been well established in
the 1970’s by the works of Dunkl [6], Jewett [12] and Spector [29] independently. The
history then observed a good interest in the study of this object in diverse areas of
mathematics such as compact quantum hypergroups [2] weighted hypergroups [8, 9],
amenable [13, 15, 31, 32] and commutative hypergroups [14, 24, 25]. A complete
history of hypergroups can be found in [26].

Inner amenable locally compact groups GG are ones possessing a mean m on
Lo (G) such that m(RyLgy-1 f) = m(f), for all f € Loo(G) and g € G. This concept
was introduced by Effros in 1975 for discrete groups and was studied by several authors
[3,4, 7,17, 19, 21, 22]. It has been shown by Losert and Rindler that the existence of
an inner invariant mean on L., (G) is equivalent to the existence of an asymptotically
central net in L;(G) which is in the case of groups equivalent to the existence of a
quasi central net in Lq(G).
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In section 3 we define the notion of inner amenable hypergroups extending
amenable hypergroups and inner amenable locally compact groups. We say that a
hypergroup K is inner amenable and m is an inner invariant mean if m is a mean on
Loo(K) and m(Lyf) = m(Ryf) for all f € Loo(K) and all g € K. An inner invariant
mean m on a discrete hypergroup K is nontrivial if m(f) # f(e) for f € loo(K). In the
process of constructing a discrete hypergroup with no nontrivial inner invariant mean
we also define the concept of strong ergodicity of an action of a locally compact group
on a hypergroup. Then we prove a relation between nontrivial inner invariant means
on bounded functions of the semidirect product K x., G of a discrete hypergroup K
and a discrete group G and strong ergodicity of the action 7. If K is commutative
and 7 is not strongly ergodic, then [ (K X4 S) possesses a nontrivial inner invariant
mean for each subgroup S of G, however, if 7 is strongly ergodic and /. (G) has no
nontrivial inner invariant mean, then I, (K X, G) has no nontrivial inner invariant
mean (Theorem 3.5).

Then we prove that inner amenability is an asymptotic property; there is a
positive norm one net {¢,} in Li(K) such that ||[Lyda — A(g)Rydallr — 0, for all
g € K if and only if K is inner amenable (Lemma 3.2), while the existence of a positive
norm one net {¢o} in Ly(K) such that ||Lypa — AZ(g)Rydalla — 0, for all g € K
only implies the inner amenability of K (Lemma 3.6) and implies the existence of a
state m on B(Ly(K)) such that m(L,) = m(A%(g)Rg), for all g € K (Theorem 3.8).
Furthermore, in Corollary 3.14 we characterize inner amenability of a hypergroup K
in terms of compact operators; K is inner amenable if and only if there is a non-zero
positive compact operator T in B(Ls(K)) such that TL, = TRy, for all g € K.

Classical Hahn-Banach extension theorem and monotone extension property are
well known and are widely used in several areas of mathematics. As one deals with
(positive normalized) anti-actions of a semigroup on a real (partially ordered) topo-
logical vector space (with a topological vector unit), it is also interesting to know the
condition under which the extension of an invariant (monotonic) linear functional is
also invariant (and monotonic). In 1974 Lau characterized left amenable semigroups
with these properties ([16], Theorems 1 and 2).

In section 4 we shall be concerned about hypergroup version of Hahn-Banach
extension and monotone extension properties and we prove in Theorem 4.1 that
RUC(K) has a right invariant mean if and only if whenever {T, € B(E) | g € K} is a
separately continuous representation of K on a Banach space E and F'is a closed Tk-
invariant subspace of E. If p is a continuous seminorm on E such that p(T,z) < p(z)
for all z € F and g € K and @ is a continuous Tk-invariant linear functional on F
such that |®(x)| < p(x), then there is a continuous Tx-invariant linear functional ®
on E extending ® such that |®(z)| < p(x), for all z € E, if and only if for any positive
normalized separately continuous linear representation 7 of K on a partially ordered
real Banach space F with a topological order unit 1, if F' is a closed 7 -invariant
subspace of E containing 1, and ® is a Z-invariant monotonic linear functional on
F, then there exists a .7-invariant monotonic linear functional ® on E extending ®.

The three statements above are also equivalent to an algebraic property: for any
positive normalized separately continuous linear representation .7 of K on a partially
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ordered real Banach space E with a topological order unit 1, E contains a maximal
proper 7 -invariant ideal. As an application of these important geometric properties
we provide a new proof of the known result; if K is a commutative hypergroup, then
UC(K) has an invariant mean (Corollary 4.4).

Let X be a weak™-closed left translation invariant subspace of Lo, (K). The con-
centration of section 5 is mainly on weak*-weak*-continuous projection from L., (K)
onto X commuting with left translations. It turns out that similar to the locally com-
pact groups ([18], Lemma 5.2), if X is an invariant complemented subspace of L (K),
then there is a weak*-weak*-continuous projection from Lo (K) onto X commuting
with left translations if and only if X N Cy(K) is weak*-dense in X (Theorem 5.1).
This theorem has two major consequences; if K is compact, then X is invariantly
complemented in L. (K) if and only if there is a weak*-weak*-continuous projection
from Lo (K) onto X commuting with left translations (Corollary 5.2) and if K is com-
mutative with connected dual, then there is no non-trivial weak*-weak*-continuous
projections on Ly, (K) commuting with left translations (Corollary 5.6). Furthermore,
we also characterize compact hypergroups; K is compact if and only if K is amenable
and for every weak*-closed left translation invariant, invariant complemented sub-
space X of Lo (K), there exists a weak*-weak*-continuous projection from L., (K)
onto X commuting with left translations (Corollary 5.4).

Finally, in section 6 we provide some remarks and related open problems.

2. Preliminaries and some notations

Throughout this manuscript, K denotes a hypergroup with a left Haar measure
A. For basic notations we refer to [12, 1]. The involution on K is denoted by x — Z.
Let L, and R, denote the left and right translation operators for z,y € K given
by R, f(z) = L «f(y ff )doy * 0y (u), for any Borel function f on K if this
integral exists. Let d)*u ka(b(g)d (k) and ¢ ® u(g) = [ A(k)Rp¢(g)du(k), for
uwe M(K)and ¢ € Ll(K). Then (¢ ® p)A = pAx p. We note that ¢ ® p is denoted by
¢ x p in the group setting. A closed subhypergroup N of K is a Weil subhypergroup
if the mapping f — T f, where (T f)(g * N) = [ R, f(9)dAn(n) and Ay is a left
Haar measure on N is a well defined map from C.(K) onto C.(K/N) [11]. It is well
known that any subgroup and any compact subhypergroup is a Weil subhypergroup
([11], p 250). If N is a closed normal subhypergroup, then K/N is a hypergroup if the
convolution dg.n * dpun (f) = [ f(ux N)ddy 6 (u) (f € Co.(K/N)) is independent
of the choice of the representatives g * N and k * N [33]. The locally compact space
K/N is a hypergroup if and only if N is a closed normal Weil subhypergroup of K
([33], Theorems 2.3 and 2.6). Let (K, *) and (J,.) be hypergroups. Then a continuous
mapping p : K — J is said to be a hypergroup homomorphism if d,).0p)- =
p(0g * 0;), for all g,k € K. The modular function A is defined by A % §5 = A(g)A,
where A is a left Haar measure on K and g € K.

Let CB(K') denote the space of all bounded continuous complex-valued functions
on K and C.(K) the space of all continuous bounded functions on K with compact
support. Let LUC(K) (RUC(K)) be the space of all bounded left (right) uniformly
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continuous functions on K, ie. all f € CB(K) such that the map g — Lyf (g —
R, f) from K into CB(K) is continuous when C'B(K) has the norm topology. Then
LUC(K) (RUC(K)) is a norm closed, conjugate closed, translation invariant subspace
of CB(K) containing constant functions.

Let X be a closed translation invariant subspace of Lo, (K) containing constants.
Then a left invariant mean on X is a positive norm one linear functional, which is
invariant under left translations and a hypergroup K is said to be amenable if there
is a left invariant mean on L. (K). It is known that all compact and commuta-
tive hypergroups are amenable [28]. Furthermore, a closed left translation invariant
complemented subspace Y of L. (K) is called invariant subspace, if there is a con-
tinuous projection P from L., (K) onto Y commuting with left translations. If Y is
weak*-closed and P is weak*-weak*-continuous, then we say that Y is weak*-invariant
complemented subspace of Lo, (K).

The representation .7 = {T, | g € K} is said to be a separately continuous
representation of K on a Banach space X if T, : X — X, T. = I, ||T,]| < 1, for
each g € K, the mapping (g,z) — T,z from K x X to X is separately continuous,
and Ty, Ty,x = [T,addy, * dg,(u), for z € X and g1,92 € K. If 7 is a continuous
representation of K on X, then for g € K, p € M(K), f € X* and ¢ € X define
f.g=Myfby<f.g¢>=<fTyp>and f.u=M,fby<f.peop>=/[<
fiTed > du(g). Then f.pe X* f . d,=f.gand (f . p).v=f.(u*v), for
p,v € M(K). Moreover, let < Nym, f >=<m,Myf >, < Nym, f >=<m,f . pu>
and Ny = Ny, for p € M(K), ¢ € L1(K), m € X**, f € X* and g € K. Then
N,N, = N, and NyN,, = Nyg,, for each p,v € M(K). In addition, ||M,|| < 1,
N[ < 1, (1M, < 1l and [[N, ][ < 1], for all 1 € M(K) and g € K.

3. Inner amenable hypergroups

Let G be a locally compact group. A mean m on L. (G) is called inner invariant
and G is called inner amenable if m(LyRy-1f) = m(f), forall g € G and f € Loo(G)
(see [7] for discrete case) which is equivalent to saying that Lym = Rym, forall g € G.
However, this equivalence relation breaks down when one deals with hypergroups.

We say that a hypergroup K is inner amenable if there exists a mean m on
Lo (K) such that m(R,f) = m(Lyf) for all g € K and f € Lo (K). Of course
amenable hypergroups are inner amenable since each invariant mean is also an inner
invariant mean. An inner invariant mean m on a non-trivial discrete hypergroup is
called non-trivial if m # d., the point evaluation function on I, (K). If this is the

case, then m; = %&?ﬁf” is an inner invariant mean on Il (K) and my({e}) = 0.

Any invariant mean on [, (K) is a non-trivial inner invariant mean and hence any
non-trivial discrete amenable hypergroup possesses a non-trivial inner invariant mean.

Example 3.1. Let H be a nontrivial discrete amenable hypergroup and J be a discrete
non-amenable hypergroup. Then K = H x J is a non-amenable hypergroup and I (K)
has a non-trivial inner invariant mean.

Proof. Let H be a discrete nontrivial amenable hypergroup and J be a discrete non-
amenable hypergroup. Let K = H x J with the identity (e1,ez). If m is an invariant
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mean on o (H) and f € l(K), then for each k& € J define a function f € l(H)
via frx(g9) = f(g,k). Furthermore, define a mean mj on I (K) by m1(f) = m(fe,).
Then my(f) = m(fe,) # feo(€1) = f(e1,e2). In addition, for (g1,92) € K and k € H
we have
(L(g1,g2)f)62 (k) = L(gl,QQ)f(k7 62)
= 2i(uw)eK J(u,0)8(g,,g2) * Ok,en) (us )
ZuEH ZvEJ f(u, U)591 * 6k(u)592 * e, (V)
= ZuEH fa (U)591 * Ox(u)
= L!h f92 (k)
Hence, (L(g, ,g2).f)es = Lg, fg,- Similarly, (Rg, g,)f)e, = Rg, fg,- Thus,

mi(Lig, g.)f) =

(R(Ql’gz)f)@)

O

The following result shows that similar to the locally compact groups (]22],
Proposition 1), inner amenability of a hypergroup is also an asymptotic property.

Lemma 3.2. The following are equivalent:

1. K is inner amenable.
2. There is a net {¢po} in L1(K) with ¢po > 0 and ||da||1 =1 such that

||Lg¢a - A(g)quéaHl — 07

forallge K.
3. There is a net {¢g} in L1(K) with g > 0 such that

1
WHLg% — A(g)Ryvsllr — 0,

forallge K.

Proof. For 3 = 2 put ¢, = m We will prove the equivalence of 1 and 2. Let m
be a mean on L. (K) such that m(Lyf) = m(R,f), for f € Loo(K) and g € K.
Then there is a net of positive norm one elements {g,} in L (K) such that < Lgyg, —
A(g)Ryqy, [ >— 0, for each f € Loo(K). Let T be a map from Li(K) into L (K)X
defined by T¢(g) = A(g)Rgp — Lygo, for f € Loo(K), ¢ € L1(K) and g € K. Thus,
0 € T(Pi(K)), where Py(K) ={¢ € L1(K) | ¢ > 0, ||¢|| = 1}. Therefore, there is a
net of positive norm one elements {¢, } in L1 (K') such that ||Ly¢q —A(g)Rgda|| — 0.
Conversely, let m be any weak*-cluster point of {¢4} in Loo (K)*. Then m is a mean
on Lo (K) such that m(Ryf) = m(Lgyf) for all g € K and f € Loo(K). O

Corollary 3.3. Let K be a discrete hypergroup. Then the following are equivalent:

1. There is an inner invariant mean m on lo(K) such that m({e}) = 0.
2. There is a net {¢o} in l1(K) with ¢o > 0 and ||pall1 = 1 such that ¢(e) =0
and that ||Lgpa — A(g)Rgdallt — 0, for all g € K.
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Let G be a locally compact group and let 7 be a continuous group homomorphism
from G into the topological group Aut(K) of all hypergroup homomorphisms on K.
The semidirect product K x, G of K and G is the locally compact space K x G
equipped with the product topology, the convolution 6k, g,)*0(ky,g0) = Ok, *5T91 (ko) @
dg,9. and a natural embedding of the tensor product M(K)® M(G) into M(K x G)
[34]. In this case, there is a natural action 7 of G on L,(K) (1 < p < c0) defined by
Tef (k) = f(r4k) for f € L,(K), g € G and k € K. If G and K are discrete, then we
say that 7 is strongly ergodic if the condition ||74¢q — ¢all2 — 0, for some positive
norm one net {¢q} in lo(K) and all ¢ € G implies that ¢.(e1) — 1, where e is
the identity of K. In addition, a mean m on [ (K) is 7-invariant if m(r, f) = m(f),
for all g € G and f € l(K). The trivial 7-invariant mean on I, (K) is given by
de, (f) = fler), for f € lo(K) ( for the corresponding definitions in the countable
group setting see [4]).

The following three results are inspired by [4].

Lemma 3.4. Let G be a discrete group and let T be a continuous group homomorphism
from G into the topological group Aut(K) of all hypergroup homomorphisms on a
discrete hypergroup K. Then there is a non-trivial T-invariant mean m on lo(K) if
and only if T is not strongly ergodic.

Proof. Let m be a non-trivial 7-invariant mean on [, (K). Without loss of generality

assume m(Jd.) = 0, where e is the identity of K. By a standard argument (see the

proof of Lemma 3.2 for example) find a positive norm one net {14} in I3 (K) such
1

that ||7g1)a —1a|| — 0 for all g € G and lim, ¢4 (e) = 0. Then {¢, = ¥ } is a positive
norm one net in l3(K), lim, ¢o(e) =0 and for g € G

1 1 1 1
Hng)a - QS(XH% = ||Tg(¢02t) - wéHg - ‘|(Tg¢u)2 - ¢§||§ < ||Tgwu - 1/)01”1 — 0.
Therefore, 7 is not strongly ergodic. Conversely, let {¢q}acr be a positive norm
one net in l5(K) such that ||[7y¢0 — ¢ul|3 — 0 and that lim, ¢n(e) # 1. Choose
ag € I such that ¢,(e) # 1 for all @« > ap and put I1 = {a € I | @ > ap}. Then

{tho = %}QEH is a positive norm one net in ls(K) such that ||7,94—%a||3 — 0

and 1), (€) = 0 for all a € I1. Let m be a weak*-cluster point of {¢2}aer, in loo(K)*
and by passing possibly to a subnet assume m(f) = lim < %2, f >. Then m is a
nontrivial 7-invariant mean on I (K). O

Theorem 3.5. Let K x.G be the semidirect product hypergroup of a discrete hypergroup
K and a discrete group G.

1. If K is commutative and T is not strongly ergodic, then for each subgroup S of
G, loo (K %74 S) possesses a non-trivial inner invariant mean.

2. If 7 is strongly ergodic and lo(G) has no non-trivial inner invariant mean, then
loo (K %7 G) has no non-trivial inner invariant mean.

Proof. 1. Assume that there exists a subgroup S of G such that loo(K x4 S)
has no non-trivial inner invariant mean. Let m be a mean on [ (K) such that
m(7gf) =m(f), forall g € S and f € I (K). We will show that m is trivial. For
f €loo(K %7, S) and g € S define a function f; € lo(K) by f,(k) = f(k,g),
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(k € K). Let M(f) = m(fe,), for f € loo(K x4 S). Then M is a mean on
ZOO(K Hrls S) For f € loo(K Hr|s S), (k:l,gl) eK Arls Sand ke K

(L(kl,gl)f)@ (k) kl g1) (k 62)

= E(u,v) f(u U)(S(kl q1) * 9 (k,e2) (uvv)
f(u v)§k1 * 57’ k( )59162 (U)

f( » g1 )6k1*67—g1 ( )

Jor (W)Opy % 07, 1 (u)

L

u

I
S MMM

k1 fgl (Tgl k)

91( klfgl)(k)'

I
\‘

Moreover,

(Rky,g0) f)ea (k) = Rk, g0) f (K, €2)
= Z(u,y) f(u, v)(s(k,ez) * 5(k1,91)(ua v)
= Zu Zv f(u7 U)(Sk * 6Te2 k1 (u)68291 (U)
=22 fou (W) O, (u)
= Lk1 f91 (k)v

since K is commutative. Hence,

M(L(klagl)f) =m L(klgl)f)ez)
Lk1f<]1)

M(R(kl,gnf)-

Therefore, M is inner invariant. Then M is trivial, i.e, M (f) = f(e1,e2). For f €
loo(K) let fi(k,g) = f(k) if g = e2 and zero otherwise, ((k,g) € K x|, S). Then
(f1)es (k) = fi(k,e2) = f(k). Thus, f(e1) = fi(e1,e2) = M(f1) = m((f1)e,) =
m(f) which means that m is trivial. Consequently, 7 is strongly ergodic by
Lemma 3.4.

. Suppose m is a non-trivial inner invariant mean on l.(K X, G) and assume
without loss of generality that m(d(, e,)) = 0, where (e1,ez) is the identity
of K x; G. Then m(R(el,gfl)L(el,g)h) = m(h), for all h € ZOO(K X G) and
(e1,9) € K%, G. For f € loo(K) let fi(k,g) = f(k) if g = e2 and zero otherwise,
((k,g9) € K % Q). Then f1 € loo(K %, G). We will show that m(xxx. e,) = 0.
If not, then m, with

m(f1)
) (f € lss(K))

is a mean on l(K) and mq(d.,) = 0. For (k1,91),(e1,9) € K x; G and f €
loo (K)

R(el,g) (Tgf)l(kla gl) = Z(um)(Tgf)l(ua U)(S(kl,gl) * 5(61,9) (’LL, ’U)
= w2 (T )1 (1, 0) 0k, * Oey (u)dg, g(v)
= (19f)1(k1, 919)

mi(f) =
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Hence,

T4 f (k1) 74 (k if = ey,
R(el’g)(qu k17gl :{ gf 1 g( 1)) if 'Ziz#ez (1)

In addition,
L(el,g)fl(kl, 91)

2 (up) T1(u, ”")5<e1 9) * Ok g1) (U, )
du D J)ﬁ(u V)8e, * Or (1y) (W) dgg, (v)

Ji(rg(k1), 991)

Thus,

L(ehg)(f)l(klagl) = { g(Tg(kl)) g ggi ; Zf

Therefore, R, ¢)(7gf)1 = Lie,,q)f1. In other words
(Tgf)1 = R(el,gfl)L(el,g)fl-

Now observe that

m1(7y f) :%

MR g=1)L(er.0)f1)

m(X Xre )
mify

T m(XKxres)

=m(f).
A contradiction with the strong ergodicity of 7 (Lemma 3.4). Consequently,
M(XKx.e;) = 0. For a subset C of G let ma(xc) = m(xkx,c) and let mg be
an extension of mg to a mean on l.(G). Then m3 is a mean on [ (G) and
m3(0ey) = M(XKx,ey) = 0. Furthermore, mg is also inner invariant since ms is
an extension of my and

(K x gCg~") = (e1,9)(K x C)(e1,97")
for each g € G and each subset C of G.

Lemma 3.6. The following conditions hold:

1.

If there is a net {¢q} in Lo(K) with ¢o > 0 and ||¢a|l2 = 1 such that ||Lgpa —

A%(g)Rg(baHg — 0, for all g € K, then K is inner amenable.

2. If K is unimodular and there is a net {V,} of Borel subsets of K with 0 <

A(Vy) < oo such that || )\g(igv‘)’ - )\g(‘)i.vf)* [l1 = 0 for all g € K, then there is a net

{¥a} in Lo(K) with ¥e > 0 and |[¢a]l2 = 1 such that ||Lgtba — Rgtall2 — 0,
forallge K.

Proof. (1): For each o put ¢, = ¢2. Then for g,k € K

J J(Ga(u) — A% (g)da(v))2dd * 0. (u)dog * dg (v)

= Ly (k) + (g/) Ry¢2 (k) — 287 (9) Ly¢a (k) Ryda (k)

= (Lg¢a(k) - 5( ) g¢a(k))2 + Lg¢i(k)
A(g) Ry (k) — (Lgda)?(k) — Ag)(Rg¢a)? (k)
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Hence,
[ ] J (ba(u) = A% (9)6a(v)) ddy * 31 (w)dd * 5y (v)AA(K)]
=—[J(L g%(k) Az(g)Rypa(k ))zd/\(k)
+ng¢2 )dA(k +fA(9 Rg (k)dA(k)
f g¢a ) kl)_f ) g(ba) ( ) (k)]
< —[|Lgpa(k) — AZ(9)Ryda(k)[3 — lI¢all3
~|¢all3 + ll6al3 + [gall3 — 0,
because

JA(9)(Rypa)*(k)dA(k) =< A(9)Rg¢as Rypa >
=< ¢a7RgRg¢a >
< l|¢all3

and each ¢, is positive. In addition,
A% (g)Lgda(k)Ryda(k) — Alg)Ryd? ()
< A% (g) Ly (k) Ryda(k) — Alg)(Ryda)(K)
= [Lg(ba(k) - AE(Q)Rgd)a(k)] AE(Q)Rgd)a(k)a
by Holder’s inequality. Thus,

J18%(9) Ly (k) Rgda (k) — Alg) Ry?, (K)|dA(K)
< A2 (9)l|RyBallz [1Lgdalk) — A2 (g) Rya (k)||2 — 0.

Therefore,

||Lg
:f g¢2 (9)1R9¢i(k)|d>‘(k)

SL{ ff d)(, — A2(g)pa(v))?dd, * 65 (u)ddy, x 54 (v)|dA(k)
+

gcba( JRy¢a(k) — 2A(g) Ry@7, (k) |dA(k) — 0

1|ba— () Rgtall1
|

since,

J J(Sa(u) = A% (g)da (0))dd, * 01 (u)dd * 5y (v)

=/ JI ¢2 + A(9)85(v) — 247 (g)da(u)Pa (v)]ddy * 01 (u)ddk * 5, (v)

= Ly¢2 (k ) (9) Ry7, (k) + 28(9) Ry 7 (k) — 287 (9) Ry (k) Ly 67 (k).
By Lemma 3.2 then K is inner amenable. The rest follows by a similar argument as
in ([28], Theorem 4.3) if K is unimodular. O

Remark 3.7. Let K be a discrete hypergroup. If there is a positive norm one net {¢q}
in lo(K) with ¢a(e) = 0 such that ||Lyda — A2 (9)Rydallz = 0, for all g € K, 1o (K)
has a non-trivial inner invariant mean.

Theorem 3.8. The following are equivalent:

1. There is a net {¢o} in La(K) with ¢po > 0 and ||da|l2 = 1 such that

|Lgda — AZ(g)Rydallz — 0, for allg € K.
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2. There is a net {¢a} in L2(K) with ¢po > 0 and ||¢a|l2 = 1 such that for each
ge K

[ 12gBal 5 — A%(9) Loda * Lydale)| = 0
and
| 1182 (9) Ryal 5 — A (9) Loda * Lydale)| 0.
In this case K is inner amenable and there is a state m on B(L2(K)) such that

m(Ly) = m(A2(9)R,), for all g € K, where L, (Ry) is the left (right) translation
operator on La(K).

Proof. If (1) holds, then for g € K

| [|Lg¢all3 — AZ(g) Ly * Lyoale) |

=| < Lg¢a, Ly > —1< Ly, A2(g)Rgda > |
= | < Lyda, Lydo — A () Ryt > |

< HLgd)a - Ai(g)Rg(ba” — 0.

Similarly, | HA%(g)R9¢>a||g = A%(g)LQQSa * Lydale) | — 0, for g € K. Conversely, for
each g € K we have

||L9¢a - A%(QI)R9¢04||% .

=< Lg¢a - AE(Q)RQQSCH Lg¢a - AE(Q)R9¢a >

= |[Ly¢all5 + ||A%(9)Rg¢a||% -2 <1Lg¢ow A%(Q)RLQQSQ >
= ||Lg¢)a||§ + ||A§1(9)Rg¢a||% - ?AE(Q)L9¢04 * Lioa(e)
<| HL{J@JH% - AE(Q)Lq(ba * L9¢a(e) l

+[ [1A2(9)Rypall3 — A2(9) Ly * Lgdale) | — 0.

For each T' € B(L3(K)) let moT =< T¢q, o > and let m be a weak™-cluster
point of the net {m,} in B(L2(K))*. Without loss of generality assume that mT =
limy, mq(T). Then m is a state on B(Lo(K)) and for g € K

Im(Lg) — m(A%(g)Ry)| )

= |lim, < Lyda, $a > —limy < AZ(g)Ryda, do > |
= [limg < Lya — A2(9)Ryda; $a > |

<limg [|Lgpa — AZ(g)Rydall = 0.

In addition, K is inner amenable by Lemma 3.6. O

It is known that the amenability of a locally compact group G can be charac-
terized by the existence of a state m on B(L2(K)) with m(Ly) = 1, for all ¢ € G
([3], Theorem 2). By a similar method as in the proof of Theorem 3.8 we have the
following:

Remark 3.9. If K satisfies Reiter’s condition Pa, then there is a state m on B(La(K))
such that m(Lg) =1, for all g € K.
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Let G be a locally compact group. Then G is an [IN]-group if and only if G
possesses a compact neighborhood V' of e with Lyxy = Ryxv, for all g € G. However,
one may not expect this equivalence relation to hold in the hypergroup setting. A
hypergroup K is called [IN]-hypergroup if there is a compact neighborhood V' of
e such that gV =V x g, for all g € K. It is easy to see that each of compact or
commutative hypergroups are [I N]-hypergroups and possess a compact neighborhood
V of e with Lyxv = Rgxv, for all g € K. For a discrete hypergroup K the situation
is quite different: although K is an [IN]-hypergroup, we have that L,d. = Ry0., for
all g € K if and only if 0, * d5(e) = 05 * dq4(e), for all g € K.

Corollary 3.10. Let K be a hypergroup possessing a compact neighborhood V' of e
with Lgxv = Rgxv, for all g € K. Let Qv be the operator on Ls(K) given by
Qvf=</f,xv>.xv for f € Ly(K). Then the following are equivalent:

1. There is a net {¢a} in Lo(K) with ¢o >0, < da, xv >= 0 and ||¢a|l2 =1 such
that

ILga = A% (9)Rydall2 = 0,
forallg e K.
2. There is a net {¢q} in Lo(K) with ¢po > 0, < ¢o, xv >=0 and ||¢all2 = 1 such
that for g € K
| [1Zg6al[3 = A% (9)Lgda * Lgda(e)| — 0,
and
1A% (9)Rgall3 — A2 (9)Lgda * Lydale)] — 0.
In this case

a. There is an inner invariant mean m on Lo (K) with

m(xv) = 0.
b. There is a state m on B(Lq(K)) such that m(Qv) =0 and

m(Lg) = m(A%(g)R,),

forallg e K.
c. The operators id — Qv and id + Qv are not in the C*-algebra generated by
1
{Ly—Az(9)Ry | g € K}

Proof. We will show b = ¢, for all other parts we refer to the proof of Theorem 3.8.
Let

n

T = N(Lg, — A2 (gi)Ry,).

i=1
Then m(T) = 0 and hence

1T — (id — Qu)|| = Im(T) — m(id - Qv)| = 1.

Similarly, ||T — (id4+ Qv )|| > 1. Thus, id — Qv and id+ Qv are not in the C*-algebra
generated by {L, — A%(Q)Rg | g€ K}. O
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Remark 3.11. Let K be a unimodular hypergroup possessing a compact neighborhood
V of e with Lyxv = Rgxv, for allg € K and let 1 < p < co. Then there is a compact
operator T in B(Ly(K)) such that L,T = R,T, LiyTLy = R;TR, and TLy; = TRy,
forall g,k € K.

Proof. Let Tf :=< xv, f > xv. Then for f € L,(K) and g,k € K,

LkTLgf =< XV, Lgf > LkXV
=<Lgxv,f > Lixv
=< Rgxv, f > Rpxv
=<xv,Ryf > Rpxv
= R;TR,/.

Hence, L;TL, = R;TR,, for all g,k € K. Similarly we can prove other parts. g

Example 3.12. 1. Let K = HV J be the hypergroup join of a compact group H and
a discrete commutative hypergroup J. Then there is a compact neighborhood V
of e with Lgxv = Rgxv, for all g € K.
2. Let K = H V J be the hypergroup join of a finite commutative hypergroup H
and a discrete group J. Then 04 % d5(e) = 05 * d4(€), for all g € K and hence
Lybe = Ryde, for all g € K. since

1
0z x0,(e) = —§, = 0, * 0:(e),
7 J() g;I(Sg*ég(e) g J _]()

forjeJ.

Lau and Paterson in ([19], Theorem 2) proved that a locally compact group G is
inner amenable if and only if there exists a non-zero compact operator in ,gafo/o, where

oy ={T € B(Loo(G)) | Ly 1R,T =TL, 1Ry, Vg € G}.
We note that
oo ={T € B(Loo(G)) | Ry;TR,+ = L,TL, 1, ¥g € G}

which is not the case as we step beyond the groundwork of locally compact groups.
The following is an extension of ([19], Theorem 2):

Remark 3.13. The following conditions hold:

1. If K is inner amenable, then there is a compact operator T in B(Ls(K)) such
that T'(h) = 1, for some h € Lo (K),

LyTL, = R;zTR,, TL, =TR,,

forall g,n,m € K and T(f) >0, for f > 0.
2. If there is a non-zero operator T in B(Loo(K)) such that

TL, = TR,,

forallg € K and T(f) >0, for f >0, then K is inner amenable and T(f) > 0,
for f > 0.

Proof. 1. If m is an inner invariant mean on L. (K), then the operator T in
B(Loo(K)) defined by T'(f) = m(f)1, for f € Loo(K) is the desired operator.
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2. Let m be a mean on Ly, (K). Then m o T is an inner invariant positive linear
functional on Lo (K). Let fo € Loo(K) such that T'(fo) > 0. Then fp can be
decomposed into positive elements and if f > 0, then T(f) < ||f||T(1). Hence,
moT(1) # 0 and

moT(l) is an inner invariant mean on L (K).

O

Corollary 3.14. K is inner amenable if and only if there is a non-zero compact operator
T in B(Loo(K)) such that TLy = TRy, for all g € K and T(f) > 0, for f > 0.

Corollary 3.15. Let G be a locally compact group. Then G is inner amenable if and
only if there is a non-zero operator T in o, such that TLy, = TR, for all g € G and
T(f) =0, for f 0.

We say that K satisfies central Reiter’s condition Py, if there is a net {¢,} in
Ly (K) with ¢ > 0 and ||¢«||1 = 1 such that

ILg¢a — A(g)Rydallt — 0

uniformly on compact subsets of K. By Lemma 3.2 if K satisfies central Reiter’s
condition P, then K is inner amenable. Sinclair ([27], page 47) in particular called a
net {¢n} in L1 (G) quasi central if || * ¢po, — dq * p|| — 0, for all p € M(G), where G
is a locally compact group. We say that the net {¢,} in L1 (K) is quasi central if

‘|M*¢a _¢a ®MH —>O’
for all u € M(K).
One note the distinction between the condition ||Ly¢a — A(g)Rg¢Pall1 — 0 uni-
formly on compacta and the (equivalent for groups, but not for hypergroups) condition

[|¢a —A(9)LiRy0all1 — 0 uniformly on compacta. For the group case please see ([30],
Theorem 4.2).

Remark 3.16. If the net {¢q} in L1(K) satisfies central Reiter’s condition Py, then
1. For given {;}7, C L1(K) and € > 0, there is an element ¢ € L1(K) such that
le *¢7¢*w2” <eg fOT"i = 1723"'377'
2. The net {¢q} is a quasi central net in L1 (K).
Proof. (1): Let ¢ > 0 be given and let C; be compact subsets of K such that
Jievo, Wil (9)dA(g) < e. Let C' = U, C; and let o € I be such that ||Ly¢a (k) —
A(G)Rz0a(k)|| <€, for all g € C. Then

||¢i*¢o¢ _¢a *7/}Z||1
= f‘fz/’z g¢a *f i(9)

< [ 1¥i(9)] f|Lg¢oz A(g)Ry¢a ( )IdA( ) dA(g)

= [i\c 1%i(9)] fIquba — A(9)Ry¢a(k)|dA(K) dA(g)
o W)l [ 1Eadalh) — 50 Rybu (RIAAE) dA(o)
<€ +eMaxi=,. ,nH%Hl

) BP0 (k)dA(g)[dA(K)

(2): Without loss of generality assume that 4 € M(K) has a compact support
C. Let € > 0 be given and let o € I be such that ||Lzpq — A(§)Rz¢a|| < €, for all
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g € C. Then
||/u'*¢o¢ - ¢a ®N’||
= [ | [(Lgda(k) — A(g)Ry0a)dp(g)|dA(k)
< f fC |L§¢a<k) - A(Q)Rg¢a|dﬂ(g)d)\(k’)
+ ffK\c |L§¢a(kj) - A(Q)R§¢a|du(g)d/\(k)
< ellpl]-
O

Losert and Rindler called a net {¢,} in L1(G), G is a locally compact group,
asymptotically central if HTlaH(A(g)Rng—l o — da) — 0 weakly for all g € G [21].
We say that the net {¢,} in Li(K) is asymptotically central if

1
W(A(g)Rng% — ¢a) = 0
weakly for all g € K. In addition, we say that the net {¢,} in Li(K) is hypergroup
asymptotically central if
1
||¢all

weakly for all g € K. The reason for our definition is that
Z(L(K)) ={¢ € Li(K) | A(g)Ry¢ = Ly, Vg € K},

where Z(L1(K)) is the algebraic center of the hypergroup algebra L;(K). Then it is
easy to see that if K is discrete and unimodular or commutative, then any approximate
identity in L;(K) is hypergroup asymptotically central and hence L;(K) is Arens
semi-regular (see [10], page 45 for the definition).

(A(Q)Rg¢a - Lg¢a) —0

Remark 3.17. If L1(K) has an asymptotically central bounded approximate identity,
then K s an inner amenable locally compact group.

Proof. Let {¢,} be an asymptotically central bounded approximate identity for
Li(K) and m be a weak*-cluster point of {¢s} in Lo (K)*. Without loss of gen-
erality assume that ¢,’s are real-valued and lim, < ¢4, f >=< m,f > for each
f € Loo(K). Then m(LyR5f) = m(f), for each f € Loo(K) and g € K. In addition,

m(¢x f) =lim < ¢o,¢ * f >=1lim < A * ¢o, f >=< Ad, f >= ¢ f(e),
for ¢ € L1(K) and f € Loo(K). Thus, m(f) = f(e), for each f € Cy(K) ([28], Lemma
2.2). Therefore,
Og * 05(f) = Ry f(9) = LyRg f(e) = m(LyRyf) = m(f) = 6c(f),
for f € Co(K). i.e. §g % 65 = 0, for all g € K and hence G(K) = K. It follows then

by the proof of ([21], Theorem 2) that the locally compact group K is also inner
amenable. O

In 1991, Lau and Paterson characterized inner amenable locally compact groups
G in terms of a fixed point property of an action of G on a Banach space ([17],
Theorem 5.1). This characterization can be extended naturally to hypergroups and
we have:
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Remark 3.18. The following are equivalent:

1. K s inner amenable.
2. Whenever {T, € B(E) | g € K} is a separately continuous representation of K
on a Banach space E as contractions, there is some

TeN, | 6eLi(®), =1 605"

such that
N,T =TNy,

forallge K.

Remark 3.19. Let N be a closed normal Weil subhypergroup of K. If K is inner
amenable, then K/N is also inner amenable.

Proof. Define a linear isometry ¢ from L., (K/N) to the subspace
{feLOC(K) | Rgf:kaa gEk*Na kEK}
of Loo(K) by ¢(f) = f om, where 7 is the quotient map from K onto K/N. Then
f

)(k) = ¢(Lgsn [)(k)|dN(k)
J f(ux N)dog 6 (u) — (Lgsn f) © m(k)|dA(K)
f f(u * N)d5g*N * 5k*N(u * N) — Lg*Nf(k * N)‘d)\(k)

since N is a Weil subhypergroup. Thus, ¢(Lg«nf) = Lg(of) for f € Loo(K/N) and
g € K. Similarly, ¢(Rg«n f) = Rg(of) for f € Loo(K/N) and g € K. Let m be an
inner invariant mean on L (K) and define mi(f) = m(¢f), f € Loo(K/N). Then
mq is a mean on Lo, (K/N). In addition, for f € Lo(K/N) and g € K

ml(Lg*Nf) - m(¢(Lg*Nf))
m(Lgof)

= m(Rg(bf)

= m(¢(Rgun [f))
=m (Rg*Nf)

4. Hahn-Banach extension and monotone extension properties

It is the purpose of this section to provide a hypergroup version of Hahn-Banach
extension property and monotone extension property by which amenable hypergroups
can be characterized.

Let E be a partially ordered Banach space over R. An element 1 € F is called
a topological order unit if for each f € E there exists A > 0 such that —A1 < f < Al
and the set {f € E | 1 < f < 1} is a neighbourhood of E and a proper subspace I
of F is said to be a proper ideal if [0, f] C I, for each f € E. Moreover, a separately
continuous linear representation .7 = {T; | g € K} of K on E is positive if Ty f > 0
for all g € K and f > 0. .7 is normalized if T,1 =1 for all g € K.

Theorem 4.1. The following are equivalent:
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1. RUC(K) has a right invariant mean.

2. Let {T, € B(E) | g € K} be a separately continuous representation of K on
a Banach space E and let F be a closed Tk -invariant subspace of E. Let p
be a continuous seminorm on E such that p(Tyx) < p(z) for all x € E and
g € K and ® be a continuous linear functional on F such that |®(x)| < p(z)
and ®(Tyx) = ®(z) for g € K and x € F. Then there is a continuous linear
Junctional ® on E such that

(a) ®|p = P.
(b) |®(z)| < p(z) for each z € E.
(¢c) ®(Tyx) = ®(z) for g € K and z € E.

3. For any positive normalized separately continuous linear representation I of K
on a partially ordered real Banach space E with a topological order unit 1, if
F is a closed T -invariant subspace of E containing 1, and ® is a T -invariant
monotonic linear functional on F, then there exists a J -invariant monotonic
linear functional ® on E extending ®.

4. For any positive normalized separately continuous linear representation J of K
on a partially ordered real Banach space E with a topological order unit 1, E
contains a mazimal proper J -invariant ideal.

Proof. 1 = 2: By Hahn-Banach extension theorem there is a continuous linear func-
tional ®; on E such that |®;(z)| < p(x) for each x € E and ®|p = ®. For each
f € E define a continuous bounded function he, r on K via he, ¢(g) = ®1(Tyf). Let
{9a} be a net in K converging to e. Then

||Rga h‘1>17f - h‘1>17f|| = SUPgek |R9ah‘1>17f(g) - h‘bl,f(g)'
= SUPyck | [ @1 (Tuf)ddg * b4, (u) — @1(Ty f)]
= SUDPgex |(I)1(T9Tgaf) + @1(_Tgf)|
< SUPyek p(TyTy [ —Tyf)
<p(Ty,.f—f)—0,

since ®; € E*. Hence, he, y € RUC(K) ([28], Remark 2.3). Let m be a right invari-
ant mean on RUC(K) and let ®(f) = m(ha,,r), for f € E. Then ®|p = ® since
ha, 1(g) = ©1(Tyf) = @(f), for f € F. Furthermore, |®(f)| < sup,cx [®1(Tgf)| <
p(f), for f € E and

ho, 1,5 (k) = 1(TiTyf)

[ ®1(T, f)ddy, * 64(w)
= [ hae,,f(u)ddy, * dg(u)
= Rgha, 1(k).

Thus,
(T, f) = m(ha, 1,7) = m(Rgha, f) = m(ha, ) = ().

2 = 1: Let E = RUC(K), F = C.1 and consider the continuous representation
{Ry | g € K} of K on RUC(K). Define a seminorm p on E by p(f) = ||f||. Then
p(Rgf) < p(f), for f € E and g € K. In addition, 4, is a left invariant mean on F'
for a given a € K with [0,(f)| < p(f). Therefore, there is some m € RUC(K)* such
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that m|p = 0., m(f) < ||f|| and m(R,f) = m(f), for f € E and g € K. Then m is a
right invariant mean on RUC(K) because m(1) = §,(1) =1 = ||m]|.

For all other parts we refer to ([16], Theorem 2) and a similar argument as
above. O

Let CBg(K) denote all bounded continuous real-valued functions on K and
UCr(K) (RUCR(K)) denote all functions in CBgr(K) which are (right) uniformly
continuous. It is easy to see that UCR(K) and RUCR(K) are norm-closed translation
invariant subspace of C'Bg(K) containing constants. However, in contrast to the group
case, RUCR(K) need not be a Banach lattice in general. The following result is a
consequence of Theorem 4.1 and the proof of ([16], Theorem 1).

Remark 4.2. Let K be a hypergroup such that RUCR(K) is a Banach lattice. Then
the following are equivalent:

1. RUC(K) has a right invariant mean.

2. For any linear action 7 of K on a Banach space E, if U is a 7 -invariant open
convex subset of E containing a 7 -invariant element, and M is a T -invariant
subspace of E which does not meet U, then there exists a closed T -invariant
hyperplane H of E such that H contains M and H does not meet U.

3. For any contractive action J = {Ty, € B(E) | g € K} of K on a Hausdorff
Banach space E, any two points in {f € E | T,f = f, Vg € K} can be separated
by a continuous T -invariant linear functional on E.

Example 4.3. 1. Let K be a hypergroup such that the mazimal subgroup G(K) is
open. Then RUCR(K) is a Banach lattice.
2. Let K = HV J be the hypergroup join of a compact hypergroup H and a discrete
hypergroup J. Then RUCr(K) = CBr(K) is a Banach lattice.

Proof. To see 1, let f,h € RUCR(K) and {g,} be a net in K converging to e. Then
ga € G(K), for some og and all o > aq since G(K) is open. Thus, R, (f V h) =
Ry, fV Ry h for a > ag. Therefore, the mapping

g (Rgf, Rgh) — Ryf V Ryh
from K to CBgr(K) is continuous at e and hence fV h € RUCR(K). O

Next we use Theorem 4.1 to prove that UC(K') has an invariant mean, for any
commutative hypergroup K.

Corollary 4.4. Let K be a commutative hypergroup. Then UC(K) has an invariant
mean.

Proof. Let = {T, € B(E) | g € K} be a separately continuous representation of
K on a real Banach space FE and let F' be a closed 7-invariant subspace of E. Let p
be a continuous sublinear map on E such that p(Tyz) < p(z) forallz € Eand g € K
and ¢ be a continuous 7 -invariant linear functional on F' such that ¢(z) < p(z) for
x € F. Define a representation {7, € B(E) | p € M{(K)} of M{(K), the probability
measures with compact support on K, on F via

T,z = /Tgxdu(g).
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Then T}, =T, T, for p,v € M{(K). In addition,

p(T0) = ol [ Tyadulg) < [ p(T,)dul0) < p(o).
Define a real valued function ¢ on E via
i 1
q(z) = lnf{ap(me + o+ Ty, @)}
where the inf is taken over all finite collection of probability measures with compact
support {gi1, ..., i } on K. Then ¢(x) < p(x) for « € E since for each m € N,
%p(Tulx +.. 4T,z < % [p(me) + .. +p(T#mm)] < p(x).
Moreover, ¢ is sublinear. In fact for m € N, « € Rt and z € E,
%p(TM1 (ax) + ...+ Ty, (ax)) = %ap(Tmz +..+T,, ).

Thus, g(az) = ag(z) for a € RT and x € E. To see that ¢(z +y) < q(x) + q(y), let
z,y € E and € > 0 be given. Choose probability measures pi1, ..., by, V1, ---, Vn o0 K
with compact support such that

1
Ep(me +..+T,,.x) <qglx)+e,
and

1
Tzt e+ T, 2) < qly) +e

Consider the set  ={v; *pu; | j=1,...,n, i=1,..,m}. Then
ﬁp Z?:l P Tw*uﬁ} = ﬁp[zjl:l Ty, ( i1 Tmm)]
< =1 [T, 01 T, )]
S %Z?ﬂp le T;Ufix
= %p[zgl Tmo:]
< q(x) +

+
and similarly, -Lp [ D1 i Tyj*“iy} q(y) + €. Hence,

P | Sy S T + )
- ﬁp Z?zl Zz”;l Ty + Z?:l Zgl ij*my]

< %p Z?:l Z:il Ty, *Mw} + %p [ Z?:l 221 TVj*uiy]
< q(z)+q(y) + 2e.

IA

Therefore,
a(z +y) < q(z) + q(y).
For p € M{(K), z € E and m € N,

Lp(T,, Tux + ...+ Ty, Tpw)
(LT + o+ 1,1, )

< %p(me + o+ Ty, ).
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Hence, ¢(T,,x) < ¢(x). Furthermore, for each m € N
wP(Tn 4 o+ D) < (1) + oo+ p(T,2)] < p(o).

Thus, g(z) < p(z). By Hahn-Banach extension theorem there is a continuous linear
functional ¢ on E such that ¢(z) < ¢g(z) for each x € E and ¢|p = ¢. For z € E,
n € Nand p € M{(K)
q(x — Tyx)
< n_1|_1p[<Te(fE - Tuz) + Tu(x - Tux)
FT, (@ = Tyw) + o+ Ty Ty T (0 = Tya) )|
———

1 n times
= r_"_lp(ﬂj + Y‘IMTM...TH(_JZ))
—_———
n+1 times

< oz lp(x) + p(=z)] — 0.

Therefore, (;;(:E —Tyx) < g(xz —T,x) <0. Since ¢ is linear By replacing z by —z, one
has ¢(T,x) = ¢(x). In particular, ¢(Tyx) = ¢(z) for ¢ € K and x € E. Therefore,
UC(K) has an invariant mean (Theorem 4.1). O

5. Weak*-invariant complemented subspaces of L. (K)

Let X be a weak*-closed left translation invariant, invariant complemented sub-
space of Lo, (K). Then this section provides a connection between X being invariantly

complemented in L. (K) by a weak*-weak*-continuous projection and the behavior
of XN C() (K)

Theorem 5.1. Let X be a weak®-closed, left translation invariant, invariant comple-
mented subspace of Loo(K). Then the following are equivalent:

1. There exists a weak*-weak*-continuous projection Q from Loo(K) onto X com-
muting with left translations.
2. X NCy(K) is weak* dense in X.

Proof. Let P be a continuous projection from L (K) onto X commuting with left
translations. We first observe that P(LUC(K)) C LUC(K). In fact if f € LUC(K)
and {g,} is a net in K such that g, — ¢g € K, then

|Lgo Pf = LgPfl| = [[P(Lgo f = Lg /)|l < |IP[| [|Lgo f = Lo || = 0.

Thus, Plc, k) is a bounded operator from Cy(K) into CB(K). Define a bounded
linear functional on Co(K) by ¢1(f) := (Pf)(e). Let u € M(K) be such that
(Pf)(e) = [ f(z)du(z), for each f € Co(K). Then for z € K and f € Co(K),

(Pf) (@) = Lo Pf(e) = PLy f(e) = [ Lo f(§)dp(y) = [+ p(w).

Hence, P(f) = f * p, for f € Cy(K). Define an operator T : Li(K) — Li(K) via
T(h) := h* fi.
Then Q = T* is weak*-weak*-continuous and < Qf, h >=< f,h* i >=< f* u, h >,
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for h € L1(K) and f € Cy(K). Thus, Q(f) = f * u for f € Cy(K). In addition, Q
commutes with left translations on Lo, (K), since for h € L1(K) and f € Loo(K)
<QLyf,h> =<Lgf hxp>
=< f,(Lzh) *x i >
=< Q(f), Lzh >
=< LmQ(f)’ h>.

We will show that @ is a projection. For f € Co(K)N X, and h € Ly (K),
< frph > =[(f*p)*h)(e)

I
=
*
—
>
*
=«
S~—"
© =
—
(4]
S~—"

Hence,
<Q(f),h> =<fhxp>=<[fxph>=<P(f),h>=<f,h>.

If X NCy(K) is weak™ dense in X, let {fo} be a net in X N Cy(K) such that f, — f
in the weak*-topology of Lo, (K). Then, Q(f) = f since @ is weak*-continuous.
Moreover, for f € Co(K) and h € X+,

<Q(f),h> =< fhxjp>=<f*ph>=<P(f),h>=0.

Thus, < Q(f),h >= 0, for each f € Lo (K) and h € X+, since Cy(K) is weak*-dense
in Loo(K). ie. Q(f) € X.

Conversely, if @ is a weak*-weak™-continuous projection from L..(K) onto
X commuting with left translations, then there exists some pu € M(K) such that
Q*|L,(xy(h) = h* p, for h € Ly(K) ([1], Theorem 1.6.24). Hence, for f € Co(K) we
have Q(f) = f * & which is in Co(K) N X ([1], Theorem 1.2.16, iv). Then Co(K)NX
is weak*-dense in X = {Q(f) | f € Loo(K)} since Cy(K) is weak*-dense in Lo (K)
and @ is weak*-weak*-continuous. O

As a direct consequence of Theorem 5.1 we have the following result:

Corollary 5.2. Let K be a compact hypergroup and let X be a weak*-closed left trans-
lation invariant subspace of Loo(K). Then X is invariantly complemented if and only
if there is a weak*-weak*-continuous projection from Lo, (K) onto X commuting with
left translations.

Corollary 5.3. Let K be a compact hypergroup and let X be a left translation invariant
w*-subalgebra of Loo(K) such that X NCB(K) has the local translation property T B.
Then X is the range of a weak*-weak*-continuous projection commuting with left
translations.

Proof. This follows from ([31], Corollary 3.13, Lemma 3.9) and Theorem 5.1. O

Corollary 5.4. The following are equivalent:

1. K is compact.
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2. K is amenable and for every weak*-closed left translation invariant, invariant
complemented subspace X of Lo (K), there exists a weak*-weak*-continuous pro-
jection from Lo (K) onto X commuting with left translations.

Proof. If K is compact, then item 2 follows from ([31], Lemma 3.9) and ([28], Example
3.3). Conversely, consider the one-dimensional subspace X = C.1. Then X is a weak™-
closed left translation invariant, invariant complemented subspace of Lo (K), since
K is amenable. If P is a weak*-weak*-continuous projection from L (K) onto C.1
commuting with left translations, then there is some ¢ € L;(K) such that P(f) =
ds(f) for f € Loo(K). Hence, d4(1) =1 and < 6y, Lyf >=< 6¢, f >. 1., Ly = &,
for g € K. In particular, Ly¢(e) = ¢(g) = ¢(e), for all g € K. Therefore, 1 = §4(1) =
S #(9)dA(g) = ¢(e)A(K) which means that K is compact. O

Commutative hypergroups with connected dual can be found in the study of
hypergroups constructed on R, . In fact any Sturm-Liouville hypergroup on R, asso-
ciated with a function A : Ry — R, satisfying certain conditions falls in this range
([36], Theorem 4.4). If K is a commutative hypergroup, then K carries a dual hy-
pergroup structure if K can be equipped Wlth a hypergroup structure such that the
functions 6, with 0,(§) = &(g), for & € K are characters of K for all g € K. In
addition, K is Asaid to be a Pontryagin hypergroup if K carries a dual hypergroup
structure and K can be identified with K. One knows that all Bessel-Kingman hy-
pergroups are Pontryagin hypergroup. ([35], p 483). Let My(K) denote the class of
all closed subsets of K which contain a support of a non-zero measure in M (K) with
the Fourier-Stieltjes transform vanishing at infinity and let A(X) = KnX.

Lemma 5.5. Let K be a commutative hypergroup such that the dual space K is con-
nected and let X be a weak*-closed translation invariant, invariant complemented
subspace of Loo(K). Then X = Loo(K) or Co(K) N X = {0}.

Proof. Let P be a continuous projection from L (K) onto X commuting with left
translations. Then it follows from the proof of Theorem 5.1 that P|c,x)(f) = f*p €
Co(K), for some p € M(K). Hence, i = (u* pu) = j.iu ([12], 7.3.E). Therefore,
(&) =0or 1, for £ € K. Then i =0 or o = 1, since £ — fi(€) is continuous on K
([12], 7.3.E) and K is connected. Consequently, X NCo(K) = {0} or X = Loo(K). O

Corollary 5.6. Let K be a commutative hypergroup such that K is connected. Then
there is no non-trivial weak*-weak*-continuous projection from Loo(K) into Lo (K)
commuting with translations.

Proof. This follows from Theorem 5.1 and Lemma 5.5. 0

Corollary 5.7. Let K be a commutative Pontryagin hypergroup such that K is con-
nected. Then there is no proper weak*-closed translation invariant, invariant comple-
mented subspace X of Loo(K) with A(X) € My(K).

Proof. This follows from Lemma 5.5. 0

Corollary 5.7 has the following immediate consequence:
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Corollary 5.8. Let K be a commutative Pontryagin hypergroup such that K is con-
nected. Then there is no non-trivial, invariant complemented ideal I of L1 (K) with
A(I+) € My(K).

6. Miscellaneous Remarks and Open Problems

Let A be a closed translation invariant subalgebra of L., (K) containing constant
functions. In what follows we provide an equivalent condition for A to possess a
multiplicative left invariant mean. This equivalence is given in terms of a fixed point
property which is a generalization of Mitchell fixed point theorem ([23], Theorem 1).

Definition 6.1. Let A be a closed translation-invariant subalgebra of Lo (K) containing
constant functions. Let E be a separated locally convex topological vector space and
Y be a compact subset of E. Let X be the space of all probability measures on Y .
Let {T, | g € K} be a continuous representation of K on X. Suppose that B :=
{yeY | TyyeY, Vg € K} # 0 and for each y € B, define hy 4(9) = ¢(Tyy), for
g€ K and ¢ € CB(Y). It is easy to see that hy ¢ is continuous and ||hy || < ||@]].
Therefore, hy : ¢ = hy 4 is a bounded linear operator from CB(Y') into CB(K). Let
Yi:={ye B | h (CB(Y)) C A}.

The family 7 is an E — E-representation of (K, A) on X if B# (0 and Y1 # 0,

Definition 6.2. The pair (K, A) has the common fized point property on compacta with
respect to B — E-representations if, for each compact subset Y of a separated locally
convez topological vector space E and for each E — E-representation of K, A on X,
there is in' Y a common fized point of the family 7 .

Remark 6.3. Let A be a closed translation-invariant subalgebra of Loo(K) containing
constant functions. Then the following are equivalent:

1. A has a multiplicative left invariant mean.
2. The pair (K, A) has the common fized point property on compacta with respect
to E — E-representations.

Proof. Let J be an E— E-representation of (K, A) on X. Then there exists an element
y € Y such that hy(CB(Y)) C Aand T,y € Y for all g € K. Let hj be the adjoint of
hy and let m be a multiplicative left invariant mean on A. Then < hym,1 >=1, where
1 is the constant 1 function on Y. Also hy(f1f2) = (hy, 1, )(hy,1.), for fi, fo € CB(Y)
and g € K. In addition, since m is multiplicative, hym is a nonzero multiplicative
linear functional on CB(Y') and < hy(m), h>=< h#(m), h >, Thus, there exists an
element z,, € Y such that f(z,) =< h;m, f >=<m,h, ; >, for all f € CB(Y).

For each g € K, define a map ¥, : E* — CB(Y) via (¥,f)(2) =< f,Tyz >, for
f €L, zeY. Then hyy,; = Lylhy ] since f € E*. Hence, Tyz, = z,, for each
g € K since m is left translation invariant and E* separates point of F.

Conversely, let £ = A* and Y be the set of all multiplicative means on A. Then
X = Mean(A). Define (g,m) — Lym from K x Mean(A) into Mean(A), where
Mean(A) has the weak*-topology of A*. Then 7 = {L} | g € K} is a separately
continuous representation of K on X. We note that each ¢ € CB(Y) corresponds
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to an element fy € A such that ¢(m) = m(fy), for m € Y. Let P(K) = {g €
K | 6k % d4 is a point mass measuse, Opg, Vk € K}, g € P(K) and k € K. Then

59LK¢(k) = ¢(Lydg) = ¢(0kg) = Okg(foe) = Ry fo(k).

Hence, 4, ¢ € A, since A is right translation invariant. i.e, 5, (CB(Y)) C A, for
g € P(K). Thus, .7 is an E — E-representation of K, A on X. Therefore, there is
some mg € Y such that Limg = my, for all g € K. O

Let T be a bounded linear operator from Lo (K) into Lo (K). Then T commutes
with convolution from the left if T(¢« f) = ¢+T(f), forall ¢ € L1(K) and f € Lo (K).
The following can be proved by a similar argument as in ([20], Theorem 2).

Remark 6.4. The following are equivalent:

1. K is compact.
2. Any bounded linear operator from Loo(K) into Loo(K) which commutes with
convolution from the left is weak™-weak™ continuous.

Using bounded approximate identity of L; (K), one can show that any bounded
linear operator from L, (K) into L (K) which commutes with convolution from the
left also commutes with left translations. However, the converse is not true in general.
For instance, if K is a direct product G x J of any locally compact non-discrete group
G which is amenable as a discrete group and a finite hypergroup J, then for any
left invariant mean m on L., (K) which is not topological left invariant, the operator
T(f) :== m(f).1 commutes with left translations but not with convolutions from the
left.

It is important to note that in contrast to the group case, there is a class of com-
pact commutative hypergroups for which any bounded linear operator from L, (K)
into Loo(K) commuting with convolution is weak*-weak™® continuous:

Example 6.5. Fiz 0 < a < % and let H, be the hypergroup on Z, U {oo} given

by Om * On = Omin(n,m), for m # n € Zy, 6o ¥ 0 = Om * 000 = Oy and Op *
On = 12226, + > 041 "0k [5]. Then any bounded linear operator from Log(H,) into
Lo (H,) commuting with translations is weak*-weak* continuous.

Proof. Let T be a bounded linear operator from L., (H,) into Lo (H,) commuting
with translations. For each ¢ € Ly (K) and n € Z4 define a function ¢,, on K which
coincide with ¢ on {0, 1,...,n} and zero otherwise. Then ||¢, — ¢||1 — 0. In addition,
for each f € Loo(K) we have ||T(¢nx f) =T (o f)|| = 0 and ||¢pp xTf —pxTf|| = 0
([12], 6.2 C). For each f € Loo(K)

T(dn*f) =T 5= d(k)(1—a)aLif)
= 2o 9(k)(1 — a)a" T (L f)
= o d(k)(1—a)d"L;Tf

we have that T'(¢ * f) = ¢ * T'f. Now the result follows from Remark 6.4. O

The following problems are still open:
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Question 6.6. Let K be a compact hypergroup such that Lo, (K) has a unique left
invariant mean. Let T be a bounded linear operator from Lo, (K) into Loo(K) which
commutes with left translations. Can we conclude that T commutes with convolution
from the left?

Question 6.7. Let G be a locally compact group. Then Li(G) is Arens semi-regular if
and only if G is abelian or discrete ([21], Theorem 1). Can we characterize hypergroups
for which L1(K) is Arens semi-reqular?

Question 6.8. Is there any non-inner amenable hypergroup K such that Z(L,(K)) is
non-trivial?

Question 6.9. Let K be a hypergroup such that L1(K) has a positive non-trivial center.
Is there a compact neighbourhood V' of the identity with A(g)Rgxv = Lgxv ?

Question 6.10. Let K be a connected, inner amenable hypergroup. Is K amenable?

We say that a hypergroup K is topologically inner amenable if there exists a
mean m on Lo, (K) such that m((A¢) * f) = m(f * ¢) for any positive norm one
element ¢ in L1(K) and any f € Lo (K). It is easy to see that any inner invariant
mean on UC(K) is topologically inner invariant since

m(f*¢) = [ <m,Ryfo(g) > dA(g)
= [ <m,Lyfo(g) > dA(g)
=<m, [ Lyfo(g)d\(g) >
=<m, [ Lyfo(g)A(9)dA(g) >
=m((Ag) *f).
. However, on the space Lo, (K) the relation between topological inner invariant means

and inner invariant means is not clear.

Question 6.11. Let m be a topological inner invariant mean on Lo (K). Is m also an
inner invariant mean?

Question 6.12. Let K be an inner amenable hypergroup. Is there any topological inner
invariant mean on Lo (K)?

Question 6.13. Let K be an inner amenable hypergroup. Does K satisfy central Reiter’s
condition Py ? (see ([22], Remark) for the group case).

Question 6.14. Let K be a compact hypergroup. Can we have an exact description of
weak*-closed left translation invariant complemented subspaces of Loo(K)?
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