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Explicit limit cycles of a cubic polynomial
differential systems

Ahmed Bendjeddou and Rachid Boukoucha

Abstract. In this paper, we determine sufficient conditions for a cubic polynomial
differential systems of the form

' =z + ax® + bz’y + cxy® + ny®

y =y+ sz + ux2y + va:y2 + wy3
where a, b, ¢, n, s, u, v, w are real constants, to possess an algebraic, non-algebraic
limit cycles, explicitly given. Concrete examples exhibiting the applicability of
our result is introduced.
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1. Introduction

An important problem of the qualitative theory of differential equations is to
determine the limit cycles of a system of the form

{ z' =9 = P(z,y)
Y =% =Q(z,y)

where P(z,y) and Q(z,y) are coprime polynomials and we denote by n =
max {deg P,deg @} and we say that n is the degree of system (1.1). A limit cycle
of system (1.1) is an isolated periodic solution in the set of all periodic solution of
system (1.1) see [4,6,10], and it is said to be algebraic if it is contained in the zero
level set of a polynomial function, see for example [1, 2, 8]. We usually only ask for the
number of such limit cycles, but their location as orbits of the system is also an inter-
esting problem. And an even more difficult problem is to give an explicit expression
of them. We are able to solve this last problem for a given system of the form (1.1).
Until recently, the only limit cycles known in an explicit way were algebraic. In [3, 5, 7]

(1.1)
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examples of explicit limit cycles which are not algebraic are given. For instance, the
limit cycle appearing in van der Pol’s system is not algebraic as it is proved in [9].
In this paper, we determine sufficient conditions for a planar systems of the form

' =z + ax® + b’y + cxy® + ny? (1.2)
Y =y + sxd +uxy + vary? + wyd '

where a,b,c,n, s, u,v and w are real constants, to possess an explicit algebraic, non-
algebraic limit cycles. Concrete examples exhibiting the applicability of our result is
introduced.

We define the trigonometric functions

(@) = 3a+c+u+3w+4(a—w)(cos20)+2(b+n+ s+ wv)(sin26)
+(a—c—u+w)(cosdf) + (b —n+ s —v) (sin4h)

g(@) = 3s—=3n—-b+v+4(n+s)(cos20)+2(u—c—a+w)(sin26)
+(c—a+u—w)(sindd) + (b—n+s—v) (cos46)

2. Main result
Our main result is contained in the following theorem.

Theorem 2.1. Consider a multi-parameter cubic polynomial differential system (1.2),
then the following statements hold.

Hi) if
3at+tctu+3dwtdla—w +2b+n+s+v|+la—c—utw/ +b—n+s—v <0,
3s—=3n—-b+v+4n+s/+2ju—c—atwl+lc—atu—w+b—n+s—v|<0,

then system (1.2) has limit cycle explicitly given in polar coordinates (r,0), by

_ [T W
T(G,T*)—exp</00f((u)du> rf+16/00 exp( /;(wf)’(’g du) dw

g(p)

where a,b,c,n,s,u,v ,w are real constants, and

(1)

oo jmdu)) pE g /()fg;) d
[ ;

re =4

W

(2 [ LW
! p(20 Q(H)dM

H2) if f(0), and g (0) are not constant functions for all § € R, then this limit
cycle is non algebraic limit cycle.

Moreover, this limit cycle is a stable hyperbolic limit cycle.

H3)if f(0) = X, g(0) = are constant functions for all € R where \, f € R* |
then this limit cycle is algebraic limit cycle given by r? = _78 ierx?+y?= —Ts 18 the
circle.
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In short, since it is well known that the polynomial differential systems of degree
1 have no limit cycles, it remains the following open question:
Open question. Are there or not polynomial differential systems of degree 2 exhibiting
explicit non-algebraic limit cycles.

Proof. In order to prove our results we write the polynomial differential system (1.2) in
polar coordinates (r,0), defined by = rcos 6, and y = rsin 6, then system becomes

{ v =r+f(0)r3

o —g(0)r° >y

/. dO .1 __ dr
where 0" = 5, " = 9.

According to
3s—=3n—b+v+dn+s|+2ju—c—atwl+lc—atu—w+b—n+s—v<0

hence g () < 0 for all § € R, then ¢ is negative for all ¢, which means that the
orbits (r (t),0 (¢)) of system (2.1) have the opposite orientation with respect to those
(z (t),y (t)) of system (1.2).

Taking as new independent variable the coordinate 6, this differential system
writes

dr  f(0) 8 1
ar r _Z 2.2
TONMFIOF: 22
which is a Bernoulli equation.
By introducing the standard change of variables p = r

equation

2 we obtain the linear

dp 16 2f(0)
090 " 90" 23)

The general solution of linear equation (2.3) is

exp | — “2f W
p(e)zexp</092;(%)du> /-c+16/06 p< /;(aj(“) dﬂ) dw | (24)

where £ € R
Then the general solution of Bernoulli equation (2.2) is

“2f ()
B O f (1) o (/0 g (1) du)
7 (0) = exp (/0 700 d,u) k+ 16/0 7@ dw (2.5)
where k € R

Notice that system (1.2) has a periodic orbit if and only if equation (2.5) has a
strictly positive 27 periodic solution.
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It is easy to check that the solution r (6;r9) of the differential equation (2.2)
such that r (0,79) = 70 is

“2f (w)
oy " o (_/0 9 (1) dﬂ)
r(6;7r0) = exp </0 700 du) T3+ 16/0 7 (@) dw (2.6)

where 79 = (0).
A periodic solution of system (2.1) must satisfy the condition r (27,79) = 7 (0,r9),
which leads to a unique value rg = r, , given by

oo (5 S [ L)),
) 0

7 @) (2.7)

Since
3a+ctu+3w+4dla—w/ +2b+n+s+v|+la—c—u+tw/+|b—n+s—v/ <0
and
3s—3n—b+v+dn+s|+2ju—c—at+wl+lc—atu—w+b—n+s—v<0

we have f(u) <0, g(p) <0 for all u € [0,2x] hence r, > 0.
Injecting this value of r, in (2.6), we get the candidate solution

ol “2f(u)d)
(%))/ ep( L S "
0

( / /() ) rexe (U5 5 e 9(w)

r(0,r.) =4ex —2d w

US| O,
0 g\w

So, if 7 (0;r.) > 0 for all # € R, we shall have r (0;r,) > 0 would be periodic
orbit, and consequently a limit cycle. In what follows it is proved that r (6;r,) > 0
for all # € R. Indeed

o “’Zf(u)d)
exp(.fﬁ"%ﬁ)du))/% ep( /0 9w ™ o
0

A0 1-exp (5T G du 7
r(0,7.) = 4exp (/0 mdu) /9 exp <_ /“ 2;(%)@)
N 0 dw

g(w)
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o (CLE),
0

“2f ()
:4exp</09fg'u)d,u> /:ﬂ exp(_/o g(:)du) do > 0

g(p) -9 (w)

because f (1) < 0,9 (p) <0 for all 4 € R, hence % >0 forall p€R
Consequently, this is a limit cycle for the differential system (1.2).
This completes the proof of statement H1 of Theorem 2.1.

If f(0) and g¢g(f) are not constant functions for all § € R, the curve
(r(0) cosf,r(0)sin(0)) in the (z,y) plane with

e ([ 203) [ [ UL ),

g (1) g(w)

is not algebraic. More precisely, in Cartesian coordinates r(9;r*)2 = 22 4+ 9% and
0 = arctan (y) , the curve defined by this limit cycle is

x
arctan(%)
flay) =2 +y° —exp /
0

2f ()
9 (1) du)

x | r2 416 /Oamtan(g) o (_ /;u;jf)f(%) du) dw| =0.
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(n) P
But there is no integer n for which both a f and 2 oy L vanish identically.

To be convinced by this fact, one has to compute for example 3 f , that is

. arctan(¥) o
o Y exp (W) exp (/0 f())du> r2

et —9
E (z,y) = 2x + 22+ 42

N M . arctan(%) 2f ('u)
y p( (amm(g))) p(/o 9 (1) du)

x2+y2

arctan L 3::1: ( / )
X /
0

Since f (z,y) appears again, it will remains in any order of derivation, therefore the
curve f (x,y) = 0 is non-algebraic and the limit cycle will also be non-algebraic.

In order to prove the hyperbolicity of the limit cycle notice that the Poincaré
return map is IT (pg) = p (27, po), for more details see [5, section 1.6].

An easy computation shows that

dr (2m;10) =ew (/0% ng(%)d@ > 1.

d?"o
because f (u)g(p) > 0 for all 4 € R
Therefore the limit cycle of the differential equation (2.2) is unstable and hy-
perbolic. Consequently, this is a stable and hyperbolic limit cycle for the differential
system (1.2). This completes the proof of statement H2 of Theorem 2.1.
Suppose now that f (6) = A, g (§) = 8 are constant functions for all € R.
According to

3a+c+u+3w+4dla—w/ +2b+n+s+v|+la—c—u+tw/ +|b—n+s—v/ <0
3s—=3n—-b+v+dn+s|+2u—c—atwl+lc—atu—w+b—n+s—v<0
hence f(0) =X <0, g(0) =5 <0 for all # € R. then

2 A

exp <2 d”) 2 CIDY

Ty = % A Qf/\ </0 <exp<—2/0 ﬂdu)>dw):\/—i>0,
1—exp (2/0 ﬁd,u>

Injecting this value of r, in (2.6), we get the solution

(0. = ¢ 201 o (2 2 )
(Hr*)Z\/:>O

*

+16

16y

dw + (z2+y?)yg (arctan (y))
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for all 6 € R
In Cartesian coordinates
r(0;m)? =2 +y° = 72
this limit cycle is algebraic (is the circle).
This completes the proof of statement H3 of Theorem 2.1. d

The following examples are given to illustrate our result.

Example 2.2. If we takea =s=w=-1,0=2,¢=-2,n=1, and u = v = 0 then
system (1.2) reads

' =a — a2 + 2232y — 2z + ¢
y/ =y— $3 _ y3
equivalent to

{ ¢ =z+ (y—x) (2 —zy+y?)

y =y - (y+a)(2® —zy+y?)

has a non-algebraic limit cycle whose expression in polar coordinates (r, 6) is,

r(fr.) = \/ / 81n2w>d

where 6 € R, with f(0) = ¢g(0) = —8 + 4 (sin20), and the intersection of the limit
cycle with the OX, axis is the point having 7.

PIS L 2
Y i f e ) dw~1.1912
" \/64“1/0 <QSin2we ) n

dr (27;19)
d?‘o

Moreover

=t > 1.

ToO=Tx
This limit cycle is a stable hyperbolic limit cycle.
Is the results presented by Jaume Llibre and Benterki Rebiha in [3].

Example 2.3. If we takea =s=w=-2b=5,¢=—-5,n=2, and u = v =1 then
system (1.2) reads

y'zy—2$3+x2y+$y2—2y3
has a non-algebraic limit cycle whose expression in polar coordinates (r, 6) is,

exp (—2w)
= 244
r(f,r.) =exp (9 \/T + / —4 + 3 (sin 2w)> du

where 6 € R, with f(0) = —16 + 12(sin20),g(0) = —16 + 12(sin20), and the
intersection of the limit cycle with the OX axis is the point having r,

re = 4\/16’2(% (/0277 (1ﬁejp1(;(2222w)> dw) ~1.0010

{ 2 = x — 223 + 5%y — Sxy? + 293
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Moreover
dr (2m;m9)

4
=e" > 1.
d7’0

TO=Tx
This limit cycle is a stable hyperbolic limit cycle.

Example 2.4. If wetakea=c=u=s=v=w = —1 and b = n = 1, the system
(1.2) reads

—a?y —ay’ —y
in polar coordinates (r,6) we obtained f () = A = =8, g(0) = f = —8, and 7, =

-8 _
= 1 hence

x’:m—x3+x2y—xy2+y3
y/:y_xB 2 3

0 o [ exp </ 2du>
r(&m)zr(@,l)zexp(/ d,u) 1+16/ 0 dw =1
0 0

-8

for all 6 € R.
The system has a algebraic limit cycle whose expression in Cartesian coordinates
(z,y) becomes

rO;r) =22 +y2 =1
this limit cycle is the circle.

Example 2.5. If we takea =c=u=w = —%,b =n =
system (1.2) reads

£ 3 1o £ 7 17

{ x’:x—lx3+ix2y—lxy2+%y3
Y =y— 30— 37y — g

i
in polar coordinates (r,0) we obtained f(f) = A = —4,9(0) = 8 = =2 and r, =

\/¥:\/§hence
r(@,r*)zr(é,\/ﬁ):exp</092ds> 2+16/09 eXp(_/O 4d$) dw =2

for all 8 € R.

The system has a algebraic limit cycle whose expression in Cartesian coordinates
(z,y) becomes

rO;r) =22 +y2 =2

this limit cycle is the circle.
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