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Hybrid conjugate gradient-BFGS methods based
on Wolfe line search

Khelladi Samia and Benterki Djamel

Abstract. In this paper, we present some hybrid methods for solving uncon-
strained optimization problems. These methods are defined using proper com-
binations of the search directions and included parameters in conjugate gradient
and quasi-Newton method of Broyden—Fletcher-Goldfarb-Shanno (CG-BFGS).
Their global convergence under the Wolfe line search is analyzed for general ob-
jective functions. Numerical experiments show the superiority of the modified
hybrid (CG-BFGS) method with respect to some existing methods.
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1. Introduction

Conjugate gradient methods are very important ones for solving unconstrained
optimization problems, especially for large scale problems. It is well known that
Fletcher-Reeves (FR) [7], Conjugate Descent (CD) [6] and Dai-Yuan (DY) [4] conju-
gate gradient methods have strong convergence properties, but they may not perform
well in practice. On the other hand, Hestnes-Stiefel (HS) [9], Polak-Ribiere-Polyak
(PRP) [13, 14] and Liu-Storey (LS) [12] conjugate gradient methods may not con-
verge in general, but they often perform better than FR, CD and DY. To combine the
best numerical performances of the LS method and the global convergence properties
of the CD method, Yang et al. [17] proposed a hybrid LS-CD method. Dai and Liao
[3] proposed an efficient conjugate gradient method (Dai-Liao type method). Later,
some more efficient Dai-Liao type conjugate gradient method, known as DHSDL and
DLSDL were proposed in [21].

The rest of this paper is organized as follows. In Section 2, we give various
possibilities to determine the step size and the search direction. A hybridization of
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the conjugate gradient method (CG) and the BFGS method will also be presented.
In Section 3, we consider the modification of LSCD method, termed as MLSCD and
the modification of (DHSDL and DLSDL) termed as MMDL [15] and we prove the
global convergence using the Wolfe line search instead of backtracking line search
used by the authors in [15]. In Section 4, we consider the hybrid method BFGS-CG
termed as H-BFGS-CG1 in [15] and we prove the global convergence with the Wolfe
line search termed WH-BFGS-CG. In section 5, we report some numerical results and
compare the performance of the different considered methods. Finally, we give some
conclusions to end this paper.

2. Preliminaries
Consider the following unconstrained optimization problem
min f(x), xR, (2.1)

where f: R" — R is a continuously differentiable function. Let g, be the gradient of
f(x) at the current iterative point xj, then the classical conjugate gradient method
for (2.1) is given by

Th+1 = Tk + apdy, (22)

in which ay > 0 is the step size found by one of the line search methods, and d is
the search direction defined by

—4go; k= 07
i = { i+ Brdir, k> 1, (2:3)
where [y is an appropriately defined real scalar, known as the conjugate gradient
parameter.
Since Fletcher and Reeves introduced the nonlinear conjugate gradient method in
1964, many formulae have been proposed using various modifications of the conjugate
gradient direction di and the parameter Si. The most popular parameters 5y are:

FR_ | gk II? oD _ gk 11 DY _ I gx |I?
| gk—1 [ g_1dr—a Yi_1dx—1
Hs _ 9kYsl gpRp _ kYl gis _ _ GkYko1
F yl o dy— F I gr— 127 F giydr—1’
2 gl T
gPHSDL gk |l 7“91951” | 9k k1 | ¢ 9i Sk—1 1L t>0
k - T T T , m> 1 > U,
ol g, de—1 | +di_ ye—1 dy_1Yk—1
2 _ Mgkl | T
BPLSDL  _ | gk |l " Tgk—1]l | 95 g1 | B gF sk—1 L +>0
k T T T , > 1, 1>0,
wl gl de—1| —dj_19x—1 dy_1Yr—1

where
Ye—1 = Gk — Gk—1, Sk—1 = Tk — Tk—1

and || - | denotes the Euclidean vector norm.
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In this paper, the step size oy, is determined using the following Wolfe line search
conditions

fzr + ardy) < f(xx) + pargt d, (2.4)
gEidy = ogide, 0<p<o<l. '

To combine the best numerical performances of the PRP method and the global
convergence properties of the FR method, Touati-Ahmed and Storey [16] proposed
a hybrid PRP-FR method which is called the H1 method in [19], with the gradient
parameter is defined as

H1 = max{0, min{BL *F pFHY}. (2.5)
Gilbert and Nocedal in [8] modified (2.5) to
Br, = max{—B; ", min{8{ ", BT}

A hybrid HS-DY conjugate gradient method was proposed by Dai and Yuan in [5],
termed as the H2 method in [19] where the gradient parameter is defined as

M2 = max{0, min{ 8%, BPY }}. (2.6)

We consider hybrid CG methods where the search direction dy, k > 1, from (2.3) is
modified using one of the following tow rules [15]

T
di = D(Br, gk dj—1) = — (1 + ﬁkgﬁ k”21) 9k + Brdr—1 (2.7)
9k
di = D1(Bk, gk> dk—1) = —Brgr + DBk, gk, di—1) (2.8)

and the conjugate gradient parameter Jj is defined using some proper combinations of
the parameters 8 given above and already defined hybridizations of these parameters.

Zhang et al. in [20, 18] proposed a modification to the FR method, termed as
the MFR method, using the search direction

dy = D(Bng Gk dk—l) (29)

Zhang in [18] also proposed a modified DY method, which is known as the MDY
method, using the search direction

d, = DB, gk, di—1) (2.10)
The MFR and MDY methods posses very useful property

grdy, = —||gnl? (2.11)

If the exact line search is used, then MFR and the MDY methods reduce to the FR
and the DY methods, respectively.

The MFR method has proven to be globally convergent for non convex functions
with the Wolfe line search or the Armijo line search, and it is very efficient in real
computations [20].

However, it is not known whether the MDY method converges globally. So, in
[19], the authors replaced B in (2.9) and BPY in (2.10) by Bf! and B2, respec-
tively. Then, they defined new hybrid PRP-FR and HS-DY methods, which they call
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the NH1 method and the NH2 method, respectively. These methods are based on the
search directions

NHI1 : dy, = DB, gr, di_1) (2.12)

NH2 : dy, = D(B2, gr, dr_1). (2.13)

It is clear that NH1 and NH2 are descent methods, they satisfy (2.11).
On the other hand, the search direction dj in quasi-Newton methods is obtained as
a solution of the linear algebraic system

Bkdk = —0k, (214)

where By, is an approximation of the Hessian. The initial approximation is the iden-
tity matrix (Bg = I) and the subsequent updates By are defined by an appropriate
formula.
Here, we are interested in the BFGS update formula, defined by

ykyt  Brsksi By

Bpi1=Br+ — s 2.15
" SEUk st Bisy (2.15)

where s = Tk41 — Tk, Yk = grk+1 — gk- Lhe next secant equation must hold

Bri15k = Yk, (2.16)
which is possible only if the curvature condition
yrs, >0 (2.17)

is satisfied.

The three-term hybrid BFGS conjugate gradient method was proposed in [10].
That method uses best properties of both BFGS and CG methods and defines a hybrid
BFGS-CG method for solving some selected unconstrained optimization problems,
resulting in improvement in the total number of iterations and the CPU time.

3. Modification of LSCD, DHSDL and DLSDL methods

3.1. A modified LSCD conjugate gradient method
We consider the modification of LSCD method, defined in [17] by

ﬂ,fSCD = max {O,Inin {B,CLS,B,?D}} , (3.1)
d _ —gQ k = 0
P de = —gr + BESPdiy k> 1,

and define the MLSCD method [15] with the search direction
dy, = D(BEP, gr, di ). (3:2)

Now, we give the algorithm of this method using the Wolfe line search.
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3.1.1. Algorithm WMLSCD.

e Step0: Given a starting point xy and a parameter 0 < € < 1.
e Stepl: Set k£ =0 and compute dy = —gp.
e Step2: If ||gx|| < e, STOP; else go to Step3.
e Step3: Find the step size ay €]0, 1] using the Wolfe line search.
o Stepd: Compute xx11 = Tk + apdy.
e Stepd: Compute yr = gr+1 — gr and go to Stepb.
e Step6: Compute
- y;ngkH - HngrlH 2
ﬂk—i—l - Td ) ﬂk+1 Tdk )
ﬁ;ff?D = max{O min {5k+17 k+1}}

e Step7: Compute the search direction dg41 = (ﬂk_H s Ok+1, Ak
e Step8: Let k:= k + 1 and go to Step2.

3.1.2. Convergence of the WMLSCD conjugate gradient method. It is easy to prove
the next theorem.

Theorem 3.1. Let By be any CG parameter. Then, the search direction
di, = D(Br; gk> dx—1)
satisfies

grdi = — llgell®. (3.3)

To prove the global convergence of the WMLSCD method, we need the following
assumptions.
Assumption 3.1 The level set £ = {x € R"/f(z) < f(x0)} is bounded.
Assumption 3.2 The function f is continuously differentiable in some neighbourhood
N of £ and its gradient is Lipschitz continuous. Namely, there exists a constant L > 0
such that
lg(2) — g()ll < Lz — yll, for all 2,y € . (3.4)
It is well known that if Assumption 3.2 holds, then there exists a positive constant -,
such that
gkl < v, VE (3.5)
The next lemma, often called the Zoutendijk condition [22], is used to prove the global
convergence of nonlinear CG method.

Lemma 3.2. [15] Let the Assumption 3.1 and Assumption 3.2 be satisfied. Let the
sequence {xy} be generated by the MLSCD method with the Wolfe line search. Then

it holds that
— || di||®

Theorem 3.3. Let the Assumption 3.1 and Assumption 3.2 hold. Then, the sequence
{z1} generated by the WMLSCD method with the Wolfe line search satisfies

liminf ||gx|| =0 (3.7)
k— o0
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Proof. In order to gain the contradiction, let us suppose that (3.7) does not hold.
Then, there exists a constant ¢ > 0 such that

lgx|l > ¢, for all k (3.8)

Clearly, (3.2) can be rewritten into the form

T
di = —lg + BEZPdy—q, L =1+ 5153013%- (3.9)
9k

Now from (3.9), it follows that
di, + gy = B Py

which further implies

2
(di + lugr)® = (BESPdy,_1)

2
= dill” + 20kd{ gi + G lgnll” = (B5°) lldia |,
and subsequently
2 2 2 2
ldil® = (B5°P)" Ndr—rll® — 2ldi g — 1 llow]l” - (3.10)

Notice that
,fSCD = max {O,min {B,fs, gD}} < ‘ﬁgD’ (3.11)

Dividing both sides of (3.10) by (g dy)?, we get from (3.11), (3.3), (3.8) and the
definition of B¢P that

ldel®  _ szwmymw{mmhimw
lgwl* (g8 di)? (9Fde)®  (g¥dr)® " (g%dr)?
(pery? ldiil” 2o ol

(gTdr)?  gfdy " (gfdi)?

2
_ <nmw2>@1w_2m 2Ll

—ng,ldk—1

(gFdr)>  gFde " (gfdy)?

Finally

2
17 Y S e 7 (3.12)
loell* = \=9fsdir ) (o d)® ~ glde~ *(gfdi)?
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Now, applying (3.3), (3.12) becomes

ldell*  _ Igw II* “deal® 2 p lgell”
gl = Toe—t I* T ll*  Toel®> *lonl?

ldal® | 2 1

Fgr—1 1* " Tae 2 "1 gl

lde—al® (I —1)° 1

lge—11*  Noel?®  llgxl?

-1 |I” 1

| gr—1 1% 1l g II?

Zk: 1

26517

k41

<

The last inequalities imply

lgel® 2
2 -
Xl > e

which contradicts to (3.6). This completes the proof. O

3.2. A modified DHSDL and DLSDL conjugate gradient method

In this part, we have the hybrid MMDL method, proposed in [15], which is
defined by the search direction dj, as follows

]]€\/[]MDL max {O,min {ﬂ]?HSDL7ﬂkDLSDL}}

d = DB P gr, di—a).
We give the algorithm of this method where we have changed the backtracking line
search by the Wolfe line search.

3.2.1. Algorithm WMMDL.

e Step0: Given a starting point xg, a parameter 0 < e < 1 and pu > 1.
e Stepl: Set k£ =0 and compute dy = —gp.
e Step2: If ||gk|| <&, STOP; else go to Step3.
e Step3: Find the step size ay €]0, 1] using the Wolfe line search.
e Stepd: Compute xg11 = ) + apdy.
e Stepd: Compute yx = gr+1 — gk, Sk = Tr+1 — T and go to Stepb.
e Step6: Compute
2 _lgrsill | T
BPHSDL _ Fgns 7 =5 | 9ka9n | _ kngHSk
" | gL di | +dTyr dF
2 _lgesall | ;7
BPLSDL _ Fgna 17 =57 | 9hga9n | _ Jk115k
+

k
| g di | —df gr Ay
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AL =m0, (PSP AP

e Step7: Compute the search direction di41 = (BkH L gry1,dr).
e Step8: Let k := k + 1 and go to Step2.

3.2.2. Convergence of the WMMDL conjugate gradient method. The following the-
orem prove the global convergence of the WMMDL method.

Theorem 3.4. Let the Assumption 3.1 and Assumption 3.2 be satisfied. Then the
sequence {x} generated by the WMMDL method with the Wolfe line search satisfies

liminf ||gx|| =0 (3.13)
k— o0

Proof. Assume, on the contrary, that (3.13) does not hold. Then, there exists a con-
stant ¢ > 0 such that

llgk|l > ¢, for all k (3.14)
Denote
I, = 1+ﬂMMDLgkdk 1

g ”

Then we can write
dk + lkgk BM]\/IDL

and further ,
(di + loge)® = (B MPEdy 1)

= |ldel® + 20l gi + 2 llgel” = (BYMPLY? i |
Thus,
ldill* = (BAMPE) dgo—a | — 2Ldf g — 1 N1gi|* (3.15)
Having in view, p > 1 as well as dk gr < 0 and applying the extended conjugacy
condition df yx—1 = —ag} sx—1, @ > 0, which was exploited in [3, 21], we get
2 | .7
BDHSDL I gr+1 117 — ﬁl;:ﬁ | 919 | a5k
k1 = -
* ] gt di | +dEys dlyk
_ Mo 1P 1l 1 600 |
- 1] gy di | +diy
g 12 el T gy |
| gy de | +di (grs1 — gr)
Y s el
1] gisdi | +df gier — di g
< Il gr+1 |17
ol g de | +df gr — di gk

| gr41 H2
—dfgk
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Further
[ I
BDLSDL  _ | gra [I* = Torl | Gy 195 | akngﬂsk
k+1 = -
" pl gfadi | =di g df
o Do 12 et 10Tk |
N i ng+1dk | —d{gk
R e
ol giade | —digr
| g1 |I?
—dfgk
Now, we conclude
2
ﬂ]]c\/[MDL — max {07min {5I€DHSDL’BIICDLSDL}} < Il g |l (3.16)

_d%ﬂflgk—l

Next, dividing both sides of (3.15) by (gf dk)?, we get from (3.3), (3.16) and (3.14)
that

2 2 2 2
ldell” _ - 1dell® _ gararpny? il T
lgell* (gFdr)? Y (gFdr)?  (gfdr)? " (gl di)?

= (ﬂl]c\/[MDL)z Hdk71”2 _ 2ly, g2 ||9k||2

(gidr)?  gldy k(ggdk)Q

2
( | i I ) ldiall® 2 o lonl”

= —gF d—1 ) (gFdp)?  gFdi " (gTdy)?
Lgr * ldal® 20 o llgel®
Toe—t ¥ Toel* T2 T gx Il
ldial® | 2%, 1
Ta 1 o2 "o I
ldeall® (-1 | 1
Toer T Toe P 1Tox |2
ldi—1]|* 1
Tar—t IF " Ton |2
zk: 1
= lg;lI?
k+1
<

These inequalities imply

4
1

locl’ o5~ L

kz1HdkH k>1
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Therefore, ||gx|| > ¢ causes a contradiction to (3.6). Consequently, (3.13) is verified.
This completes the proof. O

4. Hybrid BFGS-CG methods

It is known that conjugate gradient method are better compared to the quasi-
Newton method in terms of the CPU time. In addition, BFGS is more costly in terms
of the memory storage requirements than CG. On the other hand, the quasi-Newton
methods are better in terms of the number of iterations and the number of function
evaluations. For this purpose, various hybridizations of quasi-Newton methods and
CG methods have been proposed by various researchers.

In [10], the authors proposed a hybrid search direction that combines the quasi-
Newton and CG methods, where d, is defined by

dk _ { —Bkgk k‘ =0
—Brgr +n(=gr + Brdr—1) k>1,

gk Jk—1
gFdi_1
A hybrid direction search between BFGS update of the Hessian matrix and the
conjugate parameter S was proposed in [1, 11].

where n > 0 and i =

4.1. WH-BFGS-CG method

P. S. Stanimirovic et al. proposed in [15] a three-term hybrid BFGS-CG method,
called H-BFGS-CG, defined by the search direction

*Bkgk, k=0
di = 4.1
F {Dlwéffﬁgk,dkl), k>1 (4.1)

The following algorithm correspond to this method, where we have changed the
backtracking line search by the Wolfe line search.

4.1.1. Algorithm WH-BFGS-CG.

e Step0: Given a starting point xy and a parameter 0 < € < 1.
e Stepl: Set k£ =0 and compute gg, By = I, dy = —Bygo-
o Step2: If ||gx|| < e, STOP; else go to Step3.
e Step3: Find the step size ay €]0, 1] using the Wolfe line search.
e Stepd: Compute xg 11 = ) + apd.
e Stepd: Compute yx = gr+1 — Gk, Sk = Tr+1 — T and go to Stepb.
e Step6: Compute
2
5k+1 = yk nga 5k+1 = wv
k
Bt P = max {0, min {BF), BEA ) -

e Step7: Compute By using (2.15).
e Step8: Compute the search direction di11 = D; (B,f_fch, k41, dk).
e Step9: Let k:= k + 1 and go to Step2.
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4.2. Convergence analysis of WH-BFGS-CG method
Assumption 4.1:
H1: The objective function f is twice continuously differentiable.
H?2: The level set L is convex. Moreover, there exist positive constants ¢; and
co such that
e ||z < ZTH(x)z < co ||z, for all z € R" and = € L,

where H(x) is the Hessian of f.
H3: The gradient g is Lipschitz continuous at the point x*, that is, there exists
a positive constant cs satisfying
lg(z) = g(@")| < esllz — a7,

for all  in a neighbourhood of x*.

Theorem 4.1. [2] Let {By} be generated by the BFGS update formula (2.15), where
Sk = Thy1 — Tk, Yk = Gk+1 — Gk- Assume that the matriz By is symmetric positive
definite and satisfies (2.16) and (2.17) for all k. Furthermore, assume that {s;} and
{yr} satisfy the inequality
lye — Gsill
skl
for some symmetric positive definite matriz G and for some sequence {€} possessing

the property
o0
Zek < 00,
k=1

(B~ Gl _

> €k,

then

lim
k—> 00 ||Sk||

and the sequences {|| By}, {|| By, ||} are bounded.

Theorem 4.2. (Sufficient descent and global convergence) Consider Algorithm WH-
BFGS-CG. Assume that the conditions H1, H2 and HS3 in Assumption 4.1 are satisfied
as well as conditions of Theorem 4.1. Then

Jim gk |l* = 0.
Proof. From (4.1), we have
ghdi = —gi Begr — g g1 — BE°P gl diy + 8PP gl iy
< —cllgell® = llgell® = = (e + 1) |lgil®
< —lgl®, O<e+1<1,

then

gk die < = [lgell” . (4.2)
We conclude that the sufficient descent holds.
Further, from Wolfe line search conditions and (4.2), it holds

Flxy) — flag + ardy) > —paggldy, > pay ||lgk])* - (4.3)
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Since f(zy) is decreasing and the sequence f(zy) is bounded below and by the con-
dition H2, we have

kli—>Holo flzk) — flag + ardy) = 0. (4.4)
Hence (4.3) and (4.4) imply
. 2
lim pay gk~ = 0.
k—o0
Now, since p > 0 and «ay > 0, we have
lim ||gx]|* = 0.
k—o0

This completes the proof. O

5. Numerical results

In this section, some numerical results are reported to illustrate the behaviours
of WMLSCD, WMMDL and WH-BFGS-CG methods. The step size oy, is determined
using the Wolfe line search.

We use the Matlab Langage with a precision e = 1076,

We designate by:

e k: The number of iterations required to obtain the solution.
e Time: The execution time in second.

Example 5.1. We take the function

We take as starting point zo = (1,1,...,1)7T.
The minimum of this function is reached at the point

z* =(0,0,...,0)7 and f(z*) = n.

The results obtained are summarised in the following tables:
For n = 3, we have

Methods k | Time Il gk |l
WMLSCD 19 | 0.149532 | 8.0732¢ — 07
WMMDL 19 | 0.161138 | 8.0732e — 07

WH-BFGS-GC | 5 | 0.073673 | 1.4372e — 08

For n = 100, we have

Methods k | Time Il g% ||
WMLSCD 22 | 3.883876 | 5.8263e — 07
WMMDL 22 | 3.803220 | 5.8263¢ — 07

WH-BFGS-GC | 5 | 1.622640 | 8.2976e — 08




Hybrid conjugate gradient-BFGS methods 867

For n = 500, we have

Methods k | Time Il gx |l

WMLSCD 24| 74.325460 | 6.4631e — 07
WMMDL 24 | 70.101070 | 6.4631e — 07
WH-BFGS-GC | 5 | 21.087659 | 1.8554e — 07

Example 5.2. We take the function
flz) = Zln(exp(xi) + exp(—x;)).
i=1

We take as starting point zo = (1.1,1.1,...,1.1)7
The minimum of this function is reached at the point

z* = (0,0,...,0)" and f(z*) = nIn(2).

The results obtained are summarised in the following tables:
For n = 3, we have

Methods k | Time Il gx |l

WMLSCD 96 | 0.348543 | 9.6801e — 07
WMMDL 95 | 0.443647 | 9.5309¢ — 07
WH-BFGS-GC | 47 | 0.375461 | 8.4400e — 08

For n = 100, we have

Methods k Time Il g ||

WMLSCD 104 | 40.083872 | 9.9132e¢ — 07
WMMDL 104 | 83.918822 | 9.9369¢ — 07
WH-BFGS-GC | 66 | 20.465962 | 8.4827e¢ — 07

For n = 200, we have

Methods k Time Il g |l

WMLSCD 107 | 83.209667 | 9.1391e — 07
WMMDL 108 | 80.273199 | 9.2334e — 07
WH-BFGS-GC | 69 | 52.410529 | 8.2027e — 07

For n = 300, we have

Methods k | Time Il gx |l

WMLSCD 109 | 171.535865 | 9.8675e — 07
WMMDL 111 | 205.430203 | 9.5399¢ — 07
WH-BFGS-GC | 70 | 110.807414 | 7.9846e — 07

Commentaries: The numerical tests show clearly that the proposed hybrid algorithm
WH-BFGS-GC Wolfe based on line search is more efficient in terms of number of
iterations and computation time than WMLSCD and WMMDL methods.
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6. Conclusion

We have considered the hybrid conjugate gradient methods, MLSCD, MMDL
and H-BFGS-CG, for solving unconstrained optimization problems where we have
changed the backtracking line search given in [15] by the Wolfe line search. Firstly, we
have shown that the obtained WMLSCD, WMMDL and WH-BFGS-CG algorithms
are globally convergent for general functions.

Secondly, the numerical simulations confirm the effectiveness of the approach
WH-BFGS-CG. In fact, the WH-BFGS-CG method is the most efficient in terms of
number of iterations and computation time compared to WMLSCD and WMMDL
methods which was not the case with backtracking line search, where the computation
time of H-BFGS-GC was greater than MLSCD and MMDL [15].
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