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Applications of the deferred generalized
de la Vallée Poussin means in approximation
of continuous functions

Xhevat Z. Krasniqi

Abstract. In this paper we have proved a theorem which show the degree of
approximation of periodic functions by some generalized means of their Fourier
series. In addition, our result is extended to two-dimensional setting as well.
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1. Introduction
Let f be a 2w-periodic function, f € L0, 27], and
(oo}
% —l—Z(ak cos kx + by sin kx), (1.1)

k=1
its Fourier series at the point x, where

1 (" 1 ("
ar = — f(z)coskxdr, (k=0,1,...); bk:; f(z)sinkxdx, (k=1,2,...).
By

Il = sup |f(z)]
0<z<2m

x
we denote the sup-norm of f over [0,27], and by C[0, 27| the class of all 2r-periodic
continuous functions defined in [0, 27].
In 1928, was G. Alexits [4] who studied the degree of approximation of function
a f € Lipa by Cesaro means (C, d) of its Fourier series. This study may be considered
as a starting point for other studies of this nature, and another type of similar studies
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can be found in [6]-[9]. Recent studies of other researchers can be found in [1], [5],
and [7].

For our purpose, we are going to recall a result proved in [6]. To do this we need
first to present the generalized Vallée Poussin mean given in [10].

Let Y >, w, be a given infinite series and let s,, be its n-th partial sum. Let
A := (\,) be a monotone non-decreasing sequence of integers such that \; = 1 and
)\n+1 - >\n S 1.

The mean
n—1
1
V(A = v > sm, (n>1), (1.2)
m=n—Ap

is called the n-th generalized de la Vallée Poussin mean of the sequence (s,,) generated
by sequence ().
For n-th partial sum

ao

5 + Z(ak cos kx + by, sin kx)

k=1

sn(fiz) =

of the series (1.1), its n-th generalized de la Vallée Poussin mean is defined by

n—1
Ve =5 S salfin) (n21) (13)
nm:nf)\"

and the modulus of continuity of f(z), for a given real number § > 0, is defined as
follows

w(f;0) = sup |f(z) = fy)l,

le—y|<d
where z,y € [0, 27].
Throughout this paper we write u = O(v) if there exists a positive constant K,
such that u < Kv. Now, we are ready to recall the result mentioned above.

Theorem 1.1 ([6]). Let f € C|[0,2n] and w(f;t) be its modulus of continuity satisfying
the following conditions as t — +0:

/f w2 fru)du = O(F (L)), (1.4)

where F(t) > 0, and
t

F(u)du = O(F(t)). (1.5)

If = Vas Pl = O (;F (27;)) | (16)

For our further investigation let a := (a,) and b := (b,) be sequences of non-
negative integers with condition

1<by—an+re, (n=1,2,...). (1.7)

Then

Whence, we are in able to generalize the mean V,,(A) defined in (1.2) as follows.
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The mean

b, —1
1

- >1 1.
e Sme (12 1), (13)

M=0n—An,

Va(A,a,b) =

is called the n-th deferred generalized de la Vallée Poussin mean of the sequence (s,,)
generated by sequences A\, a, and b.

It is the purpose of this paper to estimate the deviation f — V,,(A,a,b) in the
sup-norm, which in fact generalize Theorem 1.1 (as well as we extend it in the two-
dimensional setting, see subsec. 3.2). To do this we need some helpful lemmas given
in next section.

2. Auxiliary lemma
Next lemma has been proved implicitly in [6].
Lemma 2.1. Let (1.4) hold. Then, w(f;t) = O(tF(t)).
Now, we prove next helpful lemma.

Lemma 2.2. Denote by

b,—1 b,—1 .
abio B sin (2m + 1)t
Kb = Y Dan= y SR
m=an—An m=an—An

the deferred de la Vallée Poussin kernel, where Dy, (t) := W
Then,

(i) Kob(t) = sin(by, — apn, + A\p)tsin(b, + an — Ap)t

—an + ™
i) [ Keb@t)| =0 —"—-T"), 0<t<
(i) iy o) = 0 (2= ) <
1 T m
i) Kot =0 (=), — <t <—.
(ZZZ) ‘ n ( )| <t2) Q(bn _an+)\n) =9
Proof. (i) We have
bn—1
< sin (2m + 1)t
Kbt = —_—
w () Z sint
M=a,—An
b,—1 . . Ap—Ap—1 . .
_ Z 2sin (2m + 1) tsint 2sin (2m + 1) tsint
- 2 o 2
= 2sin”t = 2sin” ¢
1 —cos(2b,t) 1 —cos(an, —Ap)t
a 2sin’ ¢ 2sin® ¢
_ sin?(but) — sin®(a, — Ao )t
B sin?t

sin(by, — apn, + Ap)tsin(b, + an — Ap)t
sin? ¢ '
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(ii) Using the inequalities |sin 8] < 1, |sin 8] < 8, and sin 8 > %5 for0 < g <

we have:
" 72 (by, — @p + At b — apn + Ay,

jus
2

(iii) Similarly, using the inequalities |sin 8| < 1 and sin 8 > %ﬂ for 0 < 8 <
we also have:

5
a 2 1
IK&P(t)] < i @ <t2> .

The proof is completed. O

In the sequel we pass to the main result.

3. Main result

3.1. Approximation by deferred generalized de la Vallée Poussin mean of single
Fourier series
Here, we prove the following.

Theorem 3.1. Let f € C[0,2n] and w(f;t) be its modulus of continuity satisfying

conditions (1.4) and (1.5) as t — +0, where F(t) > 0.
Then

1 ™

Proof. After some calculation we have:

™

sn(fia) = = [ 11w+ 20+ @ = 200D 00

where Dy, (t) = W

Denoting by V,, (A, a,b; f;z) the deferred generalized de la Vallée Poussin mean of
sm(f32), ie.,

bp—1
1

Zm Z Sm(f;x)v

m=an—An

V(X a,b; fi2) :

we get:
1

H a,b
(bp, — ap + )T /0 e (0K (t)dt,

where

Go(t) == fla +26) + fla—26) — f(a),
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Whence,

Vahabi ) — £l < * ()[R (1)t

1
(b — ap + Ap)m /0

4 2 —an o) 3 b
< (bn —an + o) /0 ‘|'/ w(f;t)|K5"(t)|dt

bl
2(bn—an+in)

= Pl —‘r]P)Q (32)

Using Lemma 2.2, part (ii), we obtain:

Wn—antin)
IPy| = 0(1)/ t w(f;t)dt,
0

and applying Lemma 2.1, (1.4) and (1.5), we get:

Wn—an ) [ 2

(9(1)/ / u”%w( f;u)dudt
0 ¢

(’)(1)/ F(t)dt
0

O(bn—a1n+>\nF<2(bn—;+>\n)>)' (3:3)

To estimate Py, we use Lemma 2.2, part (iii). Namely, based on (1.4), we have

Py |

™

“P)2| = 0 <(bn—anl+)\n)ﬂ'> /5 t72w(f;t)dt

pis
2(bn—an+An)

O<bnai+)\nF(2(bn;Jr)\n)))' (3.4)

Finally, inserting (3.2) and (3.3) into (3.4), we immediately obtain (3.1) as required.
The proof is completed. O

Remark 3.2. Since, in general, \,, < b, —a, + A, then we observe that the degree of
approximation obtained in Theorem 3.1 is not worse than that appears in Theorem
1.1.

Remark 3.3. For b,, = a,, = n, we immediately obtain the result given in [6].

Further, let the sequences a := (a,) and b := (b,) be of non-negative integers
with conditions

ap <bp, n=1,2,..., (3.5)
and
lim b, = +oco. (3.6)
n—oo

If A\, =1 for all n > 1, then the deferred de la Vallée Poussin mean

Va(l,a+2,b+1; f;x)
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reduces to
b
1 n
D (f;x) = > smlfia),

b, —a
n n m=an,-+1

which is the deferred Cesaro mean of the sum s, (f; ) introduced in [2]. In the same
paper, it was shown that (3.5) and (3.6) are conditions of regularity for D%. Conse-
quently, if conditions (3.5) and (3.6) are satisfied, then from Theorem 3.1 we deduce
the following.

Corollary 3.4. Let f € CI[0,2n] and w(f;t) be its modulus of continuilty satisfying
conditions (1.4) and (1.5) as t — +0, where F(t) > 0.

Then
=0 (r ()

Also, if we take \,, = n, a, =n, b, = n+1,¥n > 1, then the deferred generalized
de la Vallée Poussin mean reduces to ordinary Cesaro mean of the sum s, (f;x),

n

1
oalf52) i= =g Y smlfi).

m=0

Therefore, Theorem 3.1 also implies:

Corollary 3.5. Let f € C[0,27] and w(f;t) be its modulus of continuity satisfying
conditions (1.4) and (1.5) as t — +0, where F(t) > 0.

Then
17 =0l =0 (357 (5075 )

Let us specify the function F(¢) as follows:

_{ﬂl, 0<y<1;

log (%)7 v =1.

Using this function the following estimations from Theorem 3.1, Corollary 3.4,
and Corollary 3.5 can be deduced (of course all other conditions are maintaining):

(a) From Theorem 3.1:

log(2(bn—an+An))

% (%) , 0<y <,
|U—VMMmhfW:{ s (e )
bp—an+An ) v =1

(b) From Corollary 3.4:

IU—Dmﬁuz{O&wsz) D<qot

log(2(bn,—an)) _
s bp—an ’ v= L.

(c¢) From Corollary 3.5 (this is a particular case of a result given in [4]):

1 .
nf—%wmz{a&w“ﬁy Osys<h

log(2(n+1)) —
%a V= 1.
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3.2. Approximation by deferred generalized de la Vallée Poussin mean of double
Fourier series
Let C([—m,7]?) be the class of real-valued functions of two variables that are
continuous on [—, 7| x [—m, 7] := [~ 7]? and 27 periodic with respect to x and
y. We recall that the double Fourier series of the function f(z,y) € C([—m,7]?) is
defined by

oo oo
flz,y) ~ Z Z Amn [amn cos mx cos nY + by Sin ma cos ny

m=1n=1

+ Cmn COSMT SINNY + dipyy Sinma sinny |,

where
1/4, ifm=n=0,
Amn=41/2, ifm>0n=0Vm=0,n>0,
1, if m>0,n>0,
and
1 ™ ™
A, = —2/ f(u, v) cos mu cos nvdudv,
m —nJ -7
1 U ™ .
bnn = — f (u,v) sin mu cos nvdudv,
™ —nJ -7

1 s ™
Cmn = —3 f (u,v) cos mu sin nvdudv,
—T —T

1 s s . )
Apmn, = = f (u,v) sin mu sin nududv,
—1Tr —T

are the Fourier coefficients of the function f(x,y).
The sequence {sm, »(f;,y)} represents the sequence of partial sums of the dou-
ble Fourier series which can be rewritten in integral form by

1 ™ ™
Smn@9) = s fiz)i= = [ [ o+ g+ o) D)D) dud.

To my best knowledge the double de la Vallée Poussin mean of s, »(z,y) is
defined by (see [3])

n+p m—+
1 P q

VPD(fx,y) = CESVeEE) SN skelzy), p=0,¢>0. (3.7

k=nfl=m

The mean V;{¥;2 (f;2,y) is generalized in [11] as follows (for our purposes we
modify it "a little bit”). Let A := (A;,) and p := (uy,) be two monotone non-decreasing
sequences of integers such that A\ = p1 =1, A1 — Ay < 1, and prpqq1 — i < 1.

The mean

m—1 n—1

Z Sk,é(w7 y)7 (m7 n > 1)7 (38)

m k=n—pn

1

Vo (Fie.y) = 5 P
mET e —m—x
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is called the (mn)-th deferred generalized de la Vallée-Poussin mean of the sequence
(Sk,e(z,y)) generated by sequences (A\p,) and ().

The (total) modulus of continuity of a continuous function f(z,y), 27-periodic
in each variable, in symbols f € C([—m,7]?), is defined by (see [12], page 283)

wi(f,01,02) =sup sup |f(z+w,y+v)— f(z,y)], 01,02 >0.
7Y |u|<o1,|v|<d2

To estimate the deviation

max |[VNE(fix,y) — f(z,y)],
dnax |[Vai(fiz,y) = fo.y)

which is the main result of this subsection, first we denote

(bzy(svt) = f(ac—l—s,y—i—t) + f(x—s,y—i—t)
+ flz+s,y—t)+ flx—s,y—1t)—4f(z,y).

Now, we are in able to prove the following.

Theorem 3.6. Let f € C([—m,7|?), wi(f,s,t) = O (wV(s)w@(2)), where w(s) and
w(2)(t) are two non-negative functions of modulus type satisfying conditions (1.4) and
(1.5) as s,t — 40, and Fy(s), Fa(t) > 0 two mediate functions. Then

1
e Vi) = S| =0 (U m (o) 2 (7))

Proof. After some transforms we get:

Vok(fizy) — flz,y) = = / / by (28, 26) K vl (s, t)dsdl, (3.9)
’ s
where
Kb e — 3 ’f sin (2k + 1) s sin (204 1) ¢
AT N i sin s sint '

k=m—Ap l=n—fiy
Without difficulty the quantity K/ (s,t) can be written as
sin(A, s) sin[(2m — A\p,) s] sin(p,t) sin[(2n — wy,) t]

A fbn sin? ssin® ¢

h(s,) =

mn

Therefore, we have:

VAL (Fia,y) - fa.y) |<( ) / / w1 (f, 5, DV KN (s, Dl dsdt
0

VA A Y A A N N

= O(Sl + So + S3 +S4 (310)




Deferred generalized de la Vallée Poussin means 837

Using Jordan’s inequality sinv > 71/ for 0 < v < 3, given assumptions, and Lemma
2.1, we obtain:

2>\,,L 2u"
S = / / s W (f, s, t)dsdt (3.11)

- oo () n()

Using the same arguments and Lemma 2.2, we also obtain:

S = o) [ [T s 2wy (S, s, t)dsdt (3.12)

T
22 m

1 ™ s
© (Am,unFl (2/\m> F2 <2U7z>) '

With very similar reasoning, we get:

Bm [T
Ss = / / s 2w, (f, s, t)dsdt (3.13)

™
2pun

ofen () n(5)

Finally, based on given assumptions, and Lemma 2.2 twice, we have:

Sy = O(l)/2 i 572t 2w (f, s, t)dsdt (3.14)

S
2xAm 2pn

1 T T
B O(wﬁ (m) o <2u>)

Subsequently, inserting (3.11), (3.12),(3.13), and (3.14) into (3.9), the requested esti-
mation follows.
The proof is completed. O

Specifying functions F;(z), (i = 1,2), by:

F(2) 2vi—1 0<vy <1
(5) —
' 1Og(g)7 72:1

then Theorem 3.6 implies:
Corollary 3.7. Let f € C([—m,7]?), wi(f,s,t) = O (w (s)w@(¢)), where wM (s) and

w@(t) are two non-negative functions of modulus type satisfying conditions (1.4) and
(1.5) as s,t — +0. Then

@ A;f“lz) , 0<7,72 <1
o 108:(2“—")) , O<m<Lime=1
max_|Voh(fiz,y) — f(z,y)| = Ao pin
(wy)e@’ o | o W) 7 =1,0 <7 <1
o) log(2)\m)log(2#n)> . M =72 = 1

mMn
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In particular case, it is clear that Vrznﬂ)nﬂ(f; Z,Y) = om.n(f;2,y), which is the
double Fejer mean of the sequence (sg ¢(x,y)). Thus, Theorem 3.6 also implies:

Corollary 3.8. Let f € C([—m,7]?), wi(f,s,t) = O (wV(s)w?(¢)), where wM (s) and
w@(t) are two non-negative functions of modulus type satisfying conditions (1.4) and
(1.5) as s,t — +0. Then

1 .
o m) 0<71,72 <1
log(2(n+1
s Jomn(fig) = fo)] = | O SRR 0<m<Lm=1
@weq T ’ O % ) Nn=1L0<1 <1
@

log(2(m+1)) log(2(n+1)) _ _
. (m+1)(ng-;i-1) > o m=r=1

Let a := (an), b := (bn), ¢ := (cn), and d := (d,) be sequences of non-negative
integers with conditions
1<by —am+Am, 1<dy—cn+pn, (mn=12..). (3.15)
The mean V,ﬁ:‘fl(f; x,y) can be generalized further by

-1 dp—1

b
1 m
Vﬁiﬁ(a,byc,d;f;x,y):,\ [ > X sy (mez1), (316)
mrMHn

k=am—Am k=cn—pin
is called the (mn)-th double deferred generalized de la Vallée Poussin mean of the
sequence (s ¢(x,y)) generated by sequences (A,,) and (u,).

Remark 3.9. Note that for a,, = b,, = m and ¢, = d,, = n, for all m,n > 1, we
obtain

Vak(a,b e, d; fro,y) = Vak(fia,y),
and
Virilh na(a,be,d; fi2,9) = omn(fi2,9).
The mean Vn/)%(m b,c,d; f;x,y) given by (3.16) can be used to prove the follow-
ing general theorem.
Theorem 3.10. Let f € C([-m,7)?), wi(f,s,t) = (’)(w(l)(s)w@)(t)), where w™M(s)

and WP (t) are two non-negative functions of modulus type satisfying conditions (1.4)
and (1.5) as s,t — 40, and Fi(s), Fo(t) > 0 two mediate functions. Then

max |Vt (a,b,c,d; f;2,y) — f(z,9)]
(z,y)€Q

1
=0
((bm — Gm + )\m)(dn —Cn+ ,un)

(i) P )

Proof. Because of the similarity with the proof of Theorem 3.6 we omit the proof of
this theorem. O
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Remark 3.11. One should note that Theorem 3.6 is a particular case of Theorem 3.10
(when a,, = by, and ¢, = d,; Ym,n > 1). Moreover, it covers Corollary 3.7 and
Corollary 3.8 as well (when a,, = by, ¢ = dp, A, = m, and p, = n; Ym,n > 1).

Further, let a := (am), b := (bm), ¢ :== (cn), and d := (d,) be sequences of
non-negative integers with conditions

U, < by € <dp, (myn=1,2...), (3.17)
and
lim b, =400, lim d, = +oo. (3.18)
m—r 00 n— o0

If A, =1 and p, = 1 for all m,n > 1, then the double deferred de la Vallée
Poussin mean Vn’\l%(a +2,b+1,¢+2,d+1; f;x,y) reduces to

bm dn
DZ:(é(f’ L y) = (bm - ami(dn - Cn) Z Z Sk)e(f; " y)7

k=am+14l=c,+1

which is the double deferred Cesaro mean of the sum sy ¢(f; z,y) introduced implicitly
in [13]. It was shown there, that (3.17) and (3.18) are conditions of regularity for D5:<.
Therefore, if conditions (3.17) and (3.18)) are satisfied, then Theorem 3.10 implies
the following.

Corollary 3.12. Let f € C([—m, %), wi(f,s,t) = O (wD(s)wP(t)), where wM(s)
and W (t) are two non-negative functions of modulus type satisfying conditions (1.4)
and (1.5) as s,t = +0, and Fy(s), F2(t) > 0 two mediate functions. Then

max |D2’,Ccl(f;ff7y) - f(x,y)|
WEQ

(2
B O((bm - am;un —en (Z(bmi am>>F2 (Z(df‘c)»
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