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Global nonexistence of solution for coupled
nonlinear Klein-Gordon with degenerate
damping and source terms
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Abstract. In this article we consider a coupled system of nonlinear Klein-Gordon
equations with degenerate damping and source terms. We prove, with positive
initial energy, the global nonexistence of solutions by concavity method.
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1. Introduction
We consider the following system

Uy — Auy — div <|Vu|o‘72 Vu) — div (|Vut|ﬁ172 Vut>

+aq \ut\m_Q up +miu = f1 (u,v),

(1.1)
vy — Avg — div (|V1}|a—2 Vv) —div <|Vvt|52_2 Vvt)

+as \vt|“2 v +m3v = fo (u,v),

where v = u(t,z), v = v(t,z), * € Q, a bounded domain of RY (N > 1) with a
smooth boundary 99, ¢ > 0 and ay, ag, b1, by, my, ms > 0 and Sy, B2, m, r > 2,
a > 2, and the two functions fi (u,v) and fa (u,v) given by

fi(u,v) = by|u + 02D (u 4 v) + by|ulPulv|PF2)
fo(u,v) = by|u + v]2PHD (u 4 v) + by|u| P2 |v|Pv.

(1.2)
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The system (1.1) is supplemented by the following initial and boundary conditions

u(0),v(0)) = (ug, vo), (us(0),v¢(0)) = (u1,v1), z € Q
{7(1(57))=§1()w)) :(00 ;)e(ag.) ( v (1.3)

Originally the interaction between the source term and the damping term in the wave
equation is given by

U — A+ a|ug]" P up = bluf’ " u, in Qx (0,7T), (1.4)

where € is a bounded domain of RV, N > 1 with a smooth boundary 02, has an
exciting history. It has been shown that the existence and the asymptotic behavior of
solutions depend on a crucial way on the parameters m, p and on the nature of the
initial data. More precisely, it is well known that in the absence of the source term
|u|”~? u then a uniform estimate of the form

lur (@®)]ly + IV (D), < C, (1.5)

holds for any initial data (ug,u1) = (u(0),u¢(0)) in the energy space H} (Q) x L? (Q2),
where C' is a positive constant independent of t. The estimate (1.5) shows that any
local solution u of problem (1.4) can be continued in time as long as (1.5) is verified.
This result has been proved by several authors. See for example [2, 5, 7, 15, 20, 3]. On
the other hand in the absence of the damping term |u|”™ ™ u, the solution of (1.4)
ceases to exist and there exists a finite value 7 such that

lim
t—T*

u (), = +oo, (1.6)

the reader is refereed to Ball [1] and Kalantarov & Ladyzhenskaya [6] for more details.
When both terms are present in equation (1.4), the situation is more delicate. This
case has been considered by Levine in [8, 9], where he investigated problem (1.4) in
the linear damping case (m = 2) and showed that any local solution u of (1.4) cannot
be continued in (0, 00) X 2 whenever the initial data are large enough (negative initial
energy). The main tool used in [8] and [9] is the ”concavity method”. This method
has been a widely applicable tool to prove the blow up of solutions in finite time of
some evolution equations. The basic idea of this method is to construct a positive
functional 0 (t) depending on certain norms of the solution and show that for some
~ > 0, the function 67 (¢) is a positive concave function of ¢. Thus there exists T*
such that tlir%l*ﬁ’V (t) = 0. Since then, the concavity method became a powerful and

simple tool to prove blow up in finite time for other related problems. Unfortunately,
this method is limited to the case of a linear damping. Georgiev and Todorova [4]
extended Levine’s result to the nonlinear damping case (m > 2). In their work, the
authors considered the problem (1.4) and introduced a method different from the one
known as the concavity method. They showed that solutions with negative energy
continue to exist globally ’in time’ if the damping term dominates the source term
(i.e.m > p) and blow up in finite time in the other case (i.e.p > m) if the initial energy
is sufficiently negative. Their method is based on the construction of an auxiliary
function L which is a perturbation of the total energy of the system and satisfies the
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differential inequality

dL (t)

dt

In [0,00), where v > 0. Inequality (1.7) leads to a blow up of the solutions in finite
tim ¢t > L(0)"" & 1w~ provided that L (0) > 0. However the blow up result in
[4] was not optimal in terms of the initial data causing the finite time blow up of
solutions. Thus several improvement have been made to the result in [4] (see for
example [10, 11, 12, 18]. In particular, Vitillaro in [18] combined the arguments in [4]
and [11] to extend the result in [4] to situations where the damping is nonlinear and
the solution has positive initial energy.
In [19], Yang, studied the problem

Uy — Auy — div (\Vu|°‘72 Vu) — div (|Vut\’872 Vut)

afug "% wp = blufP

> ELMTY (t) (1.7)

(1.8)

in (0,7) x  with initial conditions and boundary condition of Dirichlet type. He
showed that solutions blow up in finite time 7* under the condition p > max{«a,m},
a > (3, and the initial energy is sufficiently negative (see condition (#¢) in [19][Theorem
2.1]). In fact this condition made it clear that there exists a certain relation between
the blow-up time and |Q|. ([19], [Remark 2]).

Messaoudi and Said-Houari [13] improved the result in [19] and showed that the blow
up of solutions of problem (1.8) takes place for negative initial data only regardless
of the size of €.

The absence of the terms mju? and mov?, equations (1.1) take the form:

Uy — Auy — div <|Vu|’k2 Vu) — div (|Vu,5|ﬁl*2 Vut>

+aq \ut\m_Q ur = f1 (u,v),

vy — Avy — div (|Vv|o‘_2 Vv) — div (|Vvt|’62_2 Vvt)
+az o] v = f2 (u,v),

In [16] Rahmoun. A and Ouchenane. D proved the global nonexistence result, Under
an appropriate assumptions on the initial data and under some restrictions on the
parameter ; (31;82; m; r and on the nonlinear functions f; and fs.

2. Preliminaries

In this section, we introduce some notations and some technical lemmas to be
used throughout this paper. By ||.||4, we denote the usual L?({2)-norm. The constants
C,c,c1,ca,. .., used throughout this paper are positive generic constants, which may
be different in various occurrences. We define

1 2(p+2) 12
— by Ju+ v 4 2bs |uw|? }
2(p+2)[1| | 2 [uv)

Then, it is clear that, from (1.2), we have

uf1 (u,v) +vfa (u,v) =2(p+2) F (u,v). (2.1)

F (u,v) =
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The following lemma was introduced and proved in [14]

Lemma 2.1. There exist two positive constants cq and ¢y such that

sz (™ + D) < F o) < s () + 17010 22)

2(p+2 2(p+2
The energy functional is given by
1 1 o o
E®) = 5 (luell3 + Nloell3) + = IVullg +1Volly)
2 2
il +m ol = [ F(u,0)do. (23)
Let us define the constant 7, as follows
Na ) . .
Ta =5 , if N>a, ro>aif N=a, andr, =0 if N < a. (2.4)
-«

The inequality below is the key to prove the global nonexistence of solution. A similar
version of this lemma was first introduced in [17]

Lemma 2.2. Suppose that o > 2, and 2 < 2(p+2) < ro. Then there exists n > 0 such
that the inequality

2(p+2)

2(p+2 2 « e
i+ 0I282) + 222 < (17uls + 9012 5, (25)

holds.
Proof. 1t is clear that by using the Minkowski’s inequality, we get
lu+vl3 a2y < 2([ull3pr) + 101342))

the embedding Wy < L2(°+2) (Q) gives

[ull312) < CIVulls < CUIVulg)™ < C(IVulg +[1V0]3),
and similary, we have

[0ll3p2) < CIVullg + [90l13)=
Thus, we deduce from the above estimates that
[+ vll3s2) < CUVullE + [ Vol2)?, (2.6)

also, Holder and Young’s inequalities give

luvllpr2y < llullagor2)llvll2(p+2)
< C(IVull3,p2) + VUll512)
(a3 (% 2
< C(|IVullg + IVulig)=. (2.7)

Collecting the estimates (2.6) and (2.7), then (2.5) holds. This completes the proof of
Lemma 2.2 0
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Lemma 2.3. Let v > 0 be a real positive number and L be a solution of the ordinary
differential inequality
dL (t)
dt

> L (1), (2.8)

defined in [0, 00) .
If L(0) > 0, then the solution ceacesto exist for t > L (0)”" ¢ tv~L.

Proof. Direct integration of (2.8) gives
L77(0) — L7 (t) > &wt.

Thus we obtain the following estimate

LU (t) > [L7(0) — &vt] . (2.9)
It is clear that the right-hand side of (2.9) is unbounded when
Evt = L7Y(0).
This completes the proof. O

In the following lemma, we show that the total energy of our system is a nonin-
creasing function of t.

Lemma 2.4. Let (u,v) be the solution of system (1.1)-(1.3), then the energy functional
s a non-increasing function for allt >0

dE (t)
dt

= —[IVuels = IVoell3 = IVudll) — Vo5
2 2
—anfuelly = azllvelly: = m3 [Jully —m3 |[vll3- (2.10)

Proof. We multiply the first equation in (1.1) by u; and second equation by v; and
integrate over , using integration by parts, we obtain (2.10). O

3. Global nonexistence result

In this section, we prove that, under some restrictions on the initial data and
under som restrictions on the parameter «, 81, 82, m,r, then the lifespan of solution
of problem (1.1)- (1.3) is finite

Theorem 3.1. Suppose that 51, P2, m, > 2, a > 2, p > —1 such that 51, P2 < a, and
max {m, r} < 2(p +2) < ro, where 1o is the Sobolev critical exponent of Wy'® (Q).
defined in (2.4). Assume further that

1
E(0) < B,  ([Vuoll +[Veoll2)® +m? [Juoll +m3 ||voll3 > G-

Then, any weak solutions of (1.1)-(1.3) cannot exist for all time. Here the constants
Ey and ¢ are defined in (3.1).
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In order to prove our result and for the sake of simplicity, we take by = by = 1
and introduce the following

1 —2(p+2) 1 1
B = n2(p+2) | ¢ = B2(p+2)—a b = (a - 2(P+2)> ¢ (3.1)

where 7 is the optimal constant in (2.5).
The following lemma allows us to prove a blow up result for a large class of initial
data. This lemma is similar to the one in [17] and has its origin in [18]

Lemma 3.2. Let (u,v) be a solution of (1.1)-(1.3). Assume that o > 2,
p > —1. Assume further that E (0) < Ey and

1
(IVuollg + [IVwol|2)™ +m3 [luolls + m3 Jeolly > G- (3-2)

Then there exists a constant (s > (1 such that

« a2 2 2
(IVullg + [Voll2)® +m2 ful3 +m|lo]3 > ¢, (33)
and
2 2 +2
lut vl3013) + 2luvlf13] " 2 BG, ez 0. (34)

Proof. We first note, by (2.3) and the definition of B, that

1 a o 2 2
E@) = E(HVUIlaJrIIWIIaHm? [ully + m3 [|vll;
1 2(p+2) p+2
———|lu+v + 2 |uv ]
s e+ fuo
1 a o 2 2
2~ (IVulls +IVella) + m3 |Jull +m3 [[ol;
n o (p+)
—— ([[Vul||s + ||Vv
55 g (17l + 1Vel)
1 n
> e T 20042) 3.5

1
where ¢ = [||[Vu[l2 + [[Vo]|% + m? ||lulls + m3 [[v]|%] = . It is not hard to verify that g
is increasing for 0 < ¢ < ¢, decreasing for ¢ > (1, g (¢) — —o0 as { — +o0, and

- B2(p+2) 2(p+2) _ 5

2(p+2)"" ’
where (3 is given in (3.1). Therefore, since E (0) < E7, there exists ¢ > (7 such that

9(¢2) =E(0).
o al 2 2
If we set Co = [[|Vu (0) & + [V (0) [|a]= + m7 [[u (0)[|; +m3 [[v (0)[|5, then by (3.5)
we have g ((o) < E(0) = g (¢2), which implies that ¢y > (.
Now, establish (3.3), we suppose by contradiction that

g(Q) = *Cl

1 2 2
(IVuollg + Vwollg) ™ +mi fluolly +m3 [lvolly < G2
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for some to > 0; by the continuity of || Vau (.)||2 + || Vo () | +m3 [lu ()]|2+m3 v ()]
we can choose tg such that
a ay 2 2

IV (to) 15 + Vv (to) 12) = +m3 [lu (to) 15 + m3 [|v (to)llz > G-
Again, the use of (3.5) leads to
E (to) = g (|Vu (to) 1 + Vo (t0) 1) +m [[u (to) I3 +m3 v (to)l3 > g (¢2) = E(0).
This is impossible since F (t) < E (0), for all t € [0,T) . Hence, (3.3) is established.
To prove (3.4), we make use of (2.3) to get

1 2 2

= (IVuollg + [Vwol[3) +mi [Juolly + m3 [[voll;
1 2(p+2 2

SEm%+ﬂ;;5Dm+mQ;5+mmwg4_

Consequently, (3.3) yields

sy (e B +2Mwlfs] = S (9l + Vel - E(0)
> @ -E©0)
> S -g(c) (36
— Bt 2(p+2)
- 2(0+2)7?
Therefore, (3.6) and (3.1) yield the desired result. O
Proof. (of Theorem 3.1). We suppose that the solution exists for all time and set
H({t)=E,—-E(t). (3.7)
By using (2.3) and (3.7) we get
H (@) = IVuall3 + [ V0el3 + 1Vl 5+ 100133

2 2
+anfuelly; + azlloell; +md ully +m3 [Jv]l; -

From (2.10), It is clear that for all t > 0, H (t) > 0. Therefore, we have

0<HO) <H@) = B~ (Jul+ ol +m? lull3 +m3 o))
1
= (IVulS + Vo)
g [l vIB + 23] (3.5)
From (2.3) and (3.3), we obtain, for all ¢ > 0,
By = 5 (Nl + el + 3 2+ 3 o13) = = (Il + |V0ll2)
< Ey— éﬁa = —mﬁl <0.
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Hence,

2 2
0<H)<H(t) < Ju+ il + 2\\uv\|gi§] , V> 0.

( )
Ihen by (2.2), we ha\/e

2(p+2) 2(p+2)
0< H(0)< H(t)< 2( ) I35 + ell3e T3] ve > o. (3.9)
We then define
L(t)=H"°(t)+ 5/ (uue + voy))de, (3.10)
Q
for € small to be chosen later and
0 < < { 1 a—m oa—r
o < min
27 2(p+2)(m—-1)" 2(p+2)(r—1)
(a—2) a— B a— [y } (311)
2(p+2) 2(p+2) (B —1)" 2(p+2)(B2—1)

Our goal is to show that L (t) satisfies the differential inequality (1.7). Indeed, taking
the derivative of (3.10), using (1.1) and adding subtracting ek H (t), we obtain

L'(t) = (1—0)H " (t)H (t)+ekH (t)
k
e (145 ) (ho o ol ol + i o1
+e (1 - k)/ F (u,v) — ekEy (3.12)
Q
—E/ VuVutdx—s/ VoVude
Q Q
k (03 [0}
+e (= — 1) (IVulg + [Vvlg)

—5/ \Vut|6172 VuVudz —5/ \Vvdﬁrz Vv, Vodz
Q Q

—sal/ |ut|m*2 utudx—sag/ |vt\T72 vvde.
Q Q

We then exploit Young’s inequality to get for p;, A\;, 6; >0i=1,2

1
[ FuTuds < 2 0ul + o (9l
Q

VoVude < < ||Vv||2 + o ||Vvt||2 , (3.13)
Q
and
_ -1 _ _
/ |vut|ﬁ1 1 B1 + P A7 B1/(B1—1) ”vut”gi ,
Q /81
/ V|27 /\ /B2 |70, (3.14)
Q 5
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and also

_ om m—1 __ —1
[t e < 3 P

/er”www< % o+ a““1w ol (3.15)

A substitution of (3.13)-(3.15)) in (3.12) and using (2.2) yields

L'(t) > (1—0)H " (t)H (t)+ekH (t)

k 2 2
g@+z>@w%+mt%mﬁwm+mﬂﬂﬁ

0 ke ( (p+2) 2<p+z>) &
- — ckE
+5<2(p+2) 2(p+2)> e H“+2>+” lagp2)) — ek En

3 2 2 2
- ||V — \v4 - — |V — \V4
4/~L1 H uHQ K€ H utHQ 4 ) H U||2 EH2 H Ut||2

k « [0
4f(—1)mvmu+HVﬂJ

ABI
”vunﬁl . 6 )\ B1/(B1—1) [V ”51

B1
Ag By P2—1 _p/(s-1) 3
—& — 57)\ 2 2 VU !
% e IV 5!
e m m—1 _/(m— m
—ae - ully — are S A (T
6 r _1 —r/(r— m
—aze2 [0l — aze——=8,"" " o (3.16)

Let us choose 91, 02, p1, 42, A1, and Ao such that
5™ = My H (1)
8 Y = MuH = ()
= MsH? (t)
(3.17)
=MH° (t)

)\1—/31/(131—1) = MsH° (t)

)\2—,32/(,32—1) = MgH=° (1),

for My, Ms, M3, My, M5 and Mg large constants to be fixed later. Thus, by using
(3.17), and for

M = M3+ My + (B1 — 1)Ms/B1 + (B2 — 1) Mg /B2 + (m — 1) My /m + (r — 1) My /7,
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then, inequality (3.16) takes the form
L'(t)y > (1—0)—eM)H°(t)H (t)+ ckH (t)

k 2 2
e (145 ) (ol ol + Bl + i o12)

o ke 2(p+2) 2(p+2)
e (2(p+2) - 2(p+2)> (Irallos 3 + Iol56713)

k o «
ek e ( - 1) (vl + 7o)

o € o
*7H (t) ||VU||§*74H (1) Vol
CL1€ —(m=1) rro(m— 1) m
—M,; H
e ()l

2 —(r—1 o(r— T
— 28 0 T D (1) (o

M;(ﬂlfl)
_EiHU(ﬁl—l) IV B1
3 () [[Vullg,
—(B2—-1)
M
—aﬁTH”(ﬁz_l) () IVl . (3.18)
2

We then use the two embedding
L2 (Q) — L™ (Q), Wy — LX) (),
and (3.9) to get

o(m— m 20 1 +2+
H D (@) [luln < ea(llulll 0y VO

ol5erey ) (g 2y)
< o |[Vuf e
+ Vo7 g . (3.19)
Similarly, the embedding L2(*+2) (Q) < L" (Q), W'® < L*?*2) (Q) and (3.9) give

o(r— T 20(r—1 2
HOCD @) [ofl7 < es((lollarlsy) O

20r 1 —+2 r
505 1ol 2y)

e3 (|| Vol 20T DR

IN

+ [V 27D g, (3.20)

Furthermore, the two embedding Wy ® < L2(°12) (), L*(Q) < L2(), yields

o 2 20(p+2 20 (p+2 2
HE @) [Vally < e (Jullg s 1Val + o303 19ul3)
< e (IValZr @ 4 o270 val2), (3.21)
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and

H (1) ||Vl

IN

o o 2 2
s (IVullr 2 9ol + Vo2 vell)  (3:22)

20 2 2 20 2)+2
s (IVallZ @ [Voll? + Vo] 270422,

Since max (81, B2) < « then we have

HO O @) Va3 < eo(IVullr V0w

20 —1 2 1
+ ([ Vo] 2@ ) gy 01
_ 06(”vu”iﬂ(ﬁl—l)(P+2)+ﬂ1

+ ([ Vo] 2O D@D | gy Oy (3.23)
and

a2 (1) | Vo 22

IN

er([Vull 377D o) 2
+ (| Vol 22 D) g 22
= cr(||Vul PO o 22
+ ||V 2P Doy, (3.24)

for some positive constants cs, ¢s, ¢4, ¢5, ¢g and ¢7. By using (3.11) and the algebraic
inequality

Z<(z+1)<(1+1)(z24a), V220,0<v<1,a>0. (3.25)
We have, for all t > 0,
[Vu|22 DO < a ([ Vull2 + H(0) < d ([ Vulg + H (1)
[Vell 70PN < d Vel + H (1)
[Vl 2722 < d(|Vuls + H (1)
(3.26)

Vo[22 DT < q (|| Vol| + H (¢))

[V 20 P00 < g (|| + H (1))

[Vl |20 P2 D240 < g (||| + H (1)),

where d =1+ 1/H (0).
Also keeping in mind the fact that maxz(m,r) < «, using Yong’s inequality, the
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inequality (3.25) togrther withe (3.11), we conclude
Vo) 270D | < O ([Vol|S + [Vl S)
[Vul 270D < O (Va2 + [ Vol|2)
Vo) 2742 Va2 < C (1Y)l + [Vul2)
(3.27)
[Vl 2742 | Vo) < C (| Vul® + [[Vo]2)

Vo] 27 D2 gy |50 < O (|Vo)|2 + [|Vull?)

[V 2P0 g% < C (|[Vul|2 + [Vol|2)

where C'is a generic positive constant. Taking into account (3.19)- (3.27), then (3.18)
takes the form

/

L'(t) > (1—0)—eM)H™ (t)H (t)
k
e (145 (Il + 1o+ il + i o2
te([kfa—1— kB ] — ey ™ — oy 7Y
C c o
—= Mgt - =Mt - oMy Y
1 1
—CMg Y = 1) (| Vullg + [Vll)
) (k_ oMy Y - oMy Y - it - g

7CM5_('61_1) _ CM(;(Bz-U) H(t)

€0 — ke 2(p+2) 2(p+2)
e (2(p—|—2) 2(p+2)> (H ullagprz) + 015 M)) (3.28)

for some constant k. Using k = ¢g/c1, we arrive at

’

L) > (1—o)—eM)H (1) H ()

Co 2 2
te (1 + 2) (Ileli3 -+ ol + m ffull3 + m3 Jlo]3)

(m— ey C . O
+5<C—CM1( Y- omy 1)—4\431—*1\441

—oMz 7Y — oy Y 1) (vl + 1Vl
+e <c0/c1 — oMY a7 - %Mgl - %M;l

oMY C’MG_(’BZ_I)> H(t), (3.29)
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where ¢ = k/a — 1 — kE1(y 2 = co/ (c1a) — 1 — (co/c1) BE1¢y % > 0 since (o > ().
At this point, and for large values of M;, My, M3, My, Ms; and Mg, we can find
positive constants A; and Ay such that (3.29) becomes

L'(t) > (1—0)—Me)H(t)H (t)

Co
(1 52 ) (hul o+ e + a3 + ol
+eAq ([|Vulls 4+ [[Vo]|S) + eAaH (1) (3.30)
Once My, My, M3, My, Ms and Mg are fixed (hence, A; and Ay), we pick £ small
enough so that ((1 — o) — Me) > 0 and

L(0) = Hl-° (0) —|—/ [uo.ut + vo.ve] da > 0.
Q

From these and (3.30) becomes
' 2 2
L(t) > el(H )+ [luell3 + lvell3 +m3 lullz +m3 |[vll;
+Vullg + [IVoll2)- (3.31)

Thus, we have L(¢t) > L(0) > 0, for all ¢ > 0. Next, by Holder’s and Young’s
inequalities, we estimate

([ aetayios /Q oo ) =

< (||u|2 7+ Nl I, + ||vt||;-0)
< C (nwné—” a7+ IVl + ||vt§—”) : (3.32)
1 1 T 2
ffffl take s = 2 (1 — o), to get - _
or — + We take s (1-0), to ge -~ 1_95
By ublng (3 11) and (3.25) we get
2
1—20 o
vl it =2 < a(vale + 7)),
and
2
1—2
vl 29) <aqvole + B (1), v >o.

Therefore, (3.32) becomes

([ wtorins [ o) =

< C(IVull2 + |V & + [luel3 + Jvell3
+m? |[ul3 +m3 [[v]5 + H (t)),Vt > 0. (3.33)
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Also, since
1
1 . T
Li-e(t) = (H77@#)+¢e [ (wus+vo) (z,t)de
Q
( . )
1-0o
< C|H@®+ / (woug (z,t) + vy (z,t)) do
Q
< CMH @)+ [[Vullg + [Volla + lluell3 + [lve13

+m ull3 +m3 [Joll3), ¥t > 0. (3.34)

Combining withe (3.34) and (3.31), we arrive at
1

L' (t) > agLT=7 (1), Vt > 0. (3.35)
Finally, a simple integration of (3.35) gives the desired result.This completes the proof
of Theorem (3.1) O
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