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Unsteady flow of Bingham fluid in a thin layer
with mixed boundary conditions
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Abstract. In this paper we consider the dynamic system for Bingham fluid in a
three-dimensional thin domain with Fourier and Tresca boundary condition. We
study the existence and uniqueness results for the weak solution, then we establish
its asymptotic behavior, when the depth of the thin domain tends to zero. This
study yields a mechanical laws that give a new description of the behavior this
system.
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1. Introduction

This work gives an extension to describe the flow of fluids in a dynamic system
to some of the results obtained in a series of papers [1,2,4,5,9], in which the authors
considered a stationary case only of the general equations describing the motion of
some fluid flows in bounded thin domain, with slip and mixed boundary conditions.
The aim of this paper is to study the asymptotic analysis of an incompressible Bing-
ham fluid in a dynamic regime in a three dimensional thin domain mixed boundary
and subject to slip phenomenon on a part of the boundary. We are interested here in
the existence and uniqueness for this problem and also its behavior when the thickness
of the thin domain tends to zero.

This fluid enters the category of non-Newtonian fluids, and there are many mi-
lieus in nature and industry exhibiting the behavior of the Bingham fluid. For exam-
ple, heavy crude oils, colloid solutions...See also historical ref [3]. More specifically, the
model under study is mainly related for lubrication problems in a lot of mechanical
papers [10, 11, 13] when the gap between the solid surfaces is very weak. In this dy-
namic system, the non-slip condition is caused by the chemical structure between the
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lubricants and the surrounding surfaces. On the contrary, tangential stresses, when
they reach a certain threshold, destroy the chemical structure and induce a slip phe-
nomena. This phenomenon is implicitly expressed by the Reynolds equation, which
was mathematically posed during 1985 in [12].

Thus, following the same ideas as in [5]. The departure point is the laws of con-
servation, which includes here the effect of the acceleration-dependent inertia forces.
A friction law of Tresca and the Fourier boundary condition are assumed on the
boundary, so fall into the scope of the work of [8]. Then we will compare our results
to stationary problem in [1,2,4,5].

This work is also devoted to prove our results, with suitable conditions on the
initial data, contrary to what was assumed in [7, p. 289-290] where the initial con-
ditions for the data were null. The main difficulty here is to estimate the solutions
of the problem, due to the fractional term for the Bingham constitutive law and the
assumption coming from the initial velocity. The proofs presented in this paper are
based on regularization methods and classical results for elliptic variational derived
from [6,7]. The plan of this paper is as follow, we present in section 2, some notation
and the weak formulation of problem. In section 3, we give the main results on ex-
istence results by the regularization methods. In section 4, we introduce a scaling as
in [5, 8], we give some needed estimates on the velocity and pressure, also the conver-
gence results. In sections 5 we present the limit problem and we give the mechanical
interpretation of the results.

2. Preliminaries and variational formulation

Let w be fixed region in the surface 2’ = (21, 22) € R? and let h € C? (w) be a
smooth positive function such that 0 < h < h(2’) < h for all (2/,0) € w. Consider an
incompressible Bingham fluid occupying the domain

QO ={z=(a,23) eR®: (2/,0) €w, 0<a3<eh(a))},
QF = OF x 10, T].

where ¢ € ]0,1[ and T > 0. Noting I'* the boundary of Qf, we have I'* = oUT;UT5,
and I'§ the upper boundary of equation 3 = eh(a’), I'S is the lateral boundary. We
denote by S,, (n = 2,3) the space of symmetric tensors, while ’.” and |.| will represent
the inner product and the Euclidean norm on S, or R"™. We consider the rate of

1
deformation operator defined for every u® € H*(Q°)3 by D(uf) = i(VuE + (Vus)").

Let v denote the unit outer normal on I', and we write u® for its trace on I'¢, also

£

u, =uty, ul=u®—u,.v, o,

c = s = = (o°w).vand 0t =0 — (0%) .V
be, respectively, the components of the normal, the tangential of u® on I'®; the normal

and the tangential of ¢ on I'®.

The unstable flow of Bingham fluid that will be studied in this paper is given by the
following mechanical problem.
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Problem P. Find the velocity fields u® = (u§, u5,u§) and the scalar pressure p° such
that

5% div (o) = =Vp*+ ¢ in Q° x [0,7T], (2.1)
div(u) =0 im0 x[0,7], (2.2
Di;(uf) .
e _ 1, ij e R

O =€ & |D(ug)| + 2#D'LJ(U ) if ‘D(U )| 7é 0 in QF x [O,T], (23)

lof| < e ta if [D(uf)| =0
u®=0onTIg x ]O,T[, (2.4)
u®-v=0 on (wUIF)x]0,T],
or(u®) = =1*u® on '] x 0,77,

loS| < etk =us (t) =0
{ 05| = k= AN > 0us (t) = —hot Y [0, 17, (2.7)
u® (CL’,O) = Ug (.T) Vo € Q°. (28)

Here, the flow is given by equation (2.1), where f¢ = (ff, f5, f5) denote the volume
force of density. The equation (2.2) represent the incompressibility condition. Relation
(2.3) represents the constitutive law of Bingham fluid of viscosity p and plasticity
threshold «, where p, o > 0 are constants independent of €. The condition (2.4) is
the Dirichlet boundary. (2.5) give the non-slip condition of velocity on I'{ and w. (2.4)
represent the Fourier condition on I'f, where [ > 0 is a given constant. Condition
(2.7) represents a Tresca’s friction law on w, where k is a coefficient independent of
g, finally, the initial velocity is a given by (2.8), with u§ # 0 is a given function.
Now, we us consider the following function spaces

K — {¢€H1(QE)3:¢:OOHF‘2’ ¢.VZOOHOJU I“i}’
K5, = {¢6€K°:div(¢p) =0in Q° },

LA(QF) = {q € L*(9¢) : / qdz = O} .
Let us introduce the bilinear forms a, a@ and functional J¢ defined by

w6 =) =2 | Diy () Dy (6~ u) dn,
Qe
a(u®, ¢ —u®) = a(u®, ¢ —us) + ls/ u®. (¢ — u®)dr,
I

5@ = [ Klor| do'+ Vst [ D(9)]do.

€

J¢ is convex and continuous but non differentiable in K¢.
Following [5, 8], the variational inequality of the problem (2.1)-(2.8) is given by
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Problem Pv. Find {u®, p°} where u®(t) € K§;,, aau: (t) € K¢ and p*(t) € L3(92°) such
that

aus g ~ g € (> -

G (06 = (0) do -+ alut(0),0 - ue (1) ~ [ 97 div (9) do+

o o (2.9)
J@) = ) = [ 6= w(®)do e €0.T] Vo€ K0
Qe

with

u®(0) = ug (#£0). (2.10)
Notation. To simplify the writing, we will denote the norm in L2 (Q¢)* by|l-[[g.q- and
the norm in H* (Q¢)° by [-[I5.q-» the inner products on the space L2 (9¢)? designed
by (.,.) and le (.,.) denote the duality pairing between (K35, )" and K5, .

3. Existence and uniqueness results

We establish here a theorem of existence of weak solutions for Puv.
Theorem 3.1. We make the following assumptions :

e % 2 .72 (0¢e)\3 € 2 (0e)3
g e (0.2 (@), 17 (0) € 12 (@) (31)
k€ C3°(w), k > 0 does not depend on t, (3.2)
us € H*(Q°)3 N Hy (9°)3, (D (ug)), =0 on wUTIY, (3.3)
In>0 |D5)| >ty ae in Q. (3.4)
Under these assumptions, there exist a function u® unique solution of (2.9)-(2.10)
with
ouf
e Yo o .72 /08)\3 2 gl (0e)3
w, S el (o,T,L (Q))mL (o,T,H (Q)). (3.5)

Remark 3.1. The hypothesis (u§ # 0) leads us to make additional techniques in the
resolution of (2.9)-(2.10). First, we introduce two technical lemmas in the following
paragraph, which will be used to obtain the needed estimates, then we will give the
demonstration of theorem 3.1.
3.1. Regularization
For ¢ > 0, we consider the operator ¢ and W defined by
Yo L2 (W) = L (W), v— (o) =[o] o
e HY ()Y = HU Q) 0= Ue(o) =0 "o
From [7], we approach J¢ by differentiable family;
(1+¢)
Uy _ D (v
JE(v) = 5’1/ k(:r/)i' 1|+C dz’ +V2ae 1/ DI

dx,
5 1+C

we have

(70 (0),9) =e‘lLkwc(vT).¢de'+ﬁae—l/ Ue(D (0).D () dz.  (3.6)

e
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Then, we can approach the inequality (2.9) by the following equation, for all ¢ € K§;,:
ous
(5 0:0) +a 0.0+ () @0y =) 6D
with
ug(0) = ug (3-8)
Lemma 3.1. Let G : S5 — Sg be defined by G(7) = |7|°~' 7 such that ¢ € ]0, 1. Let

o€ H! (Q€)3X3, we suppose that there exist a strictly positive constant § such that
lo| > B a. e in 0, then

: 0 oG 0oi;
1 (0e)3%3 v _ ij .
Goo € H' (2°)""" and o, (Goo) (87’@' 00) R Vi, g,k € {1,2,3}.

Proof. We have |G(7)| = |7|° V7 € S%. Since |o| > 8, and therefore

|Goo| = o] = |o]|o]* ™" < 8 o],
3x3

as a consequence Goo € L? (Q)F)
Similarly,by a standard calculation of differentiation of a composition, we have

oG &rij ¢—1 2 —2
<6Tijoa) G| =97 (€= 1o o 4 1)

802']'

80}‘]‘

afbk

Joij < g¢-1

<ol

8mk al‘k

0G 0o
and thus (oa) i e g2 (Q25)**®. 1t remains to verify that
87’,']' 6$k

0P oG 80’1']' 1 3%x3
——dr = .® d Q° .
/E (Goo) . dx /QE (37}7’ oa> . dx Yo € Cy ()

By Friedrich Theorem (see [6, p. 265]), there exists a sequence o, in C§° (R?’)BXS such

that o, — o in L2 (Q5)**® and Vo, — Vo in L2 (We)****®for all open W< with
We C Qf. Then, we can follow the proof with an argument similar to that used in
proof of [6, Proposition 9.5]. O

/
Lemma 3.2. Let ¢, ¢ € |0, 1[. If u verifies the assumptions (3.3), (3.4). Then (Jg) (ug)

belong to L? (QE)B, moreover, there exist a constant v > 0 does not depend on Q°,
such that

H(Jf)' W), o <& Y lubllsqe - (3.11)
Proof. Using Green’s formula in (3.6) and using the assumption (3.3), we get
((7e) (W5),0) = ~v3ae™" | {Div(e(D (u§)))} do (3.12)

Qe
Applying lemma 3.1 for o = D (u§) and 8 = e, clearly ¥ (D (uf)) € H*(25)3%3.
By [7] we can write the Gelfand triple

K&, C LX(Q°)° € (K&y)
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and it follows the following relation :
((78) i), 0) = ((J8) (i), 0) voe L2Q)"
By comparison with (3.12), we find
(78)" (ug) = —V2ae ' Div (U¢(D (uf)) -

But, due to fact that (3.9) we have|¥¢ (D (u§))|l, - <7D (u)[l1 - - Then, using
Sobolev injection related to Div and D, the relation (3.11) can be easily deduced with
v = \/604774_1. O

3.2. Demonstration of Theorem 3.1

First, we seek to estimate the solution independently of ¢. Let ¢ € [0,T]. As

((70) (wg) ug) > 0,

the equation (3.7) for ¢ = ug(t) becomes

1d

5 37 D6 g + a (ugO.uE ) + 1 [ue0)]ly . < (FFOEE). (313)

By [5] there exist a constant Cj > 0 such that

a (uZ (), uE (1) + 1 o @)l ps = 20Cx v (D] g Vo (1) € K-

Then, by the integral of (3.13) relative to t, and using a Gronwall-type argument we
obtain

¢

g 2 g 2
[t g+ [ 10 ()] g dor < (314

0
) dug
Now, we derive (3.7) in ¢ and taking ¢ = W(t)’
0?us ous oug ous ous 2
¢ ¢ ¢ ¢ ¢
t), —(1 — (1), == (¢ || —==(t

(atm, at()>+a<6t()’ )+ 5] -

(i () () ko) - (0. 5.

Taking into account K5, C L*(Q°)3 C (Kgiv)/and by [12], the following inequality
holds: there exists a positives constants p and A, such that

2 2
a(v,0) + plol2ge = Alol2 g Vo € K,
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!/
We know that the operator ( Jé ) is monotonous, we have

(5 (78 @0).00)
L[ by PO ) )= 0100,

5—0 S
LG - v
Bt [y B ) B0 000 =000
Oe s—0 S S
> 0.
So, the formula (3.15) becomes
t
oug oug 2 ous 2
‘ —S(t /’ —<( ds+2lE/HC(s)
0,0° 9
(3.16)
ou aff
¢
< 1) d
\at ol oo [[50[ o f[%
oug
But, 5t (0) is defined by, for all ¢ € K5,
Out e e
(00,0 ) = (f7(0),8) = a(u§,0) — ((J6)' (w5) . @)
Consequently, we deduce that
dug = e e\ (.Y €
- (0) = S2(0) = A(ug) = (J)' (u§) in L ()] (317)
where A(u§) € L ( Givi K j;v> is given by Riesz’s representation theorem,
(A(u5), ¢) = alug; ¢).
According to lemma 3.2 and the assumptions (3.1), we have
dug )
(0) < cte (independent of ().
ot 0.00
This, joined to (3.16) and using a Gronwall lemma, shows that
8u< 8u§
/ ds +1° 5t ( ds < c. (3.18)

By (3.14) and (3.18), we can extract from ug a sequence denoted uj such that the
following convergences in L™ (O, T;L? (Qs)3> nL? (O, T;H! (95)3):

ouj ous

us — u®, —2 — .
o ot ot
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We deduce from equation (3.7) that

(8“5,¢—u5)+a<ug,¢—ug>+za/ W (6 — ) dr + JF (9)

+J5 (u5) = (F5.¢ = ug) = J5 (&) = J§ (u5) = ((J5)' (u5) . ¢ — u§) = 0

Finally, passing to the limit in § as in [12], and using the semi-continuous inferior
T T

of the function u — fa u,w)dt and v — fJE )dt for L? (0,T; K§;,) with the weak

topology, to obtain (2 9)-(2.10).
The proof of uniqueness is analogous to [8], and this concludes the proof of theorem
3.1. O

4. Some estimates and convergence

4.1. The rescaled problem

To estimate the solutions {u®, p®} we use the scaling z = z3/¢ and the following
fixed domains

Q = {(@,2)eR: (2/,0)ew, 0<z<h(z)},
Q = Qx]0,TJ.
We denote by I'y is the upper boundary of the equation z = h (x) and I'y, is the lateral

boundary. This rescaling maps the spaces K¢, K§;, and L3(9F) onto the spaces K,
Kaiv and LZ(Q) respectively, are defined by:

K = {¢€H1(Q)3:¢:OOnI‘L, ¢.v=0o0nwU I‘l},
Kagiw = {p€K:div(p)=0in Q },

Li(Q) = {qELQ(Q):/quxzo}.

We denote by u® = (u§,u5,u5) and p° the rescaling of the solution by {u®,p°} of
problem (2.9)-(2.10). For any (2, 2,t) € @, we set

s (o, z,t) = uf (2 ws,t) i=1,2, U5 (2, 2,t) = e g (2, 3, 1),
@), («',2) = (uf); (@ 23) i =1,2, (Ug),(a',2) =" (ug)s (', 23),
ﬁs(zlazvt) = 52p€ (x/7l'3,t),

and defining the rescaled force by
(@ wst) = 2 (@ 2 1).

To meet our needs in paragraph 4.2, according to [5] we must assume

uC(rs) < I°
where C(I'f) = 2”322 helle@) (1 + IIa%hEH%@) (41)

1¢ =¢~ 1] and ! be not dependent on €



Unsteady flow of Bingham fluid in a thin layer 781

One can check that {u®, p°} solves the rescaled problem

Y e (aaagﬁi —ﬂf) +e (%af,ag —ﬁ;) +a (@6 - )

i=1,2

¢Z ) 1Aea$ —ug
_‘Z /Qp (8ng da' d /Qgp ( 332, u?’)dm’dz
+Zz/ ag(q“sl )d7+l/r gQag(agfag)dT

11:1,2 I N R / (42)
- — uz)|)d E(|or| — |(u® d
+vaaet [ (|B(3)] = B @) o+ [k (fo| - (@) 1) ds
N (7 e ’
> 1_172/9 i (qb )dx dz+5/ f3 ((bg u3) da'dz
Vo € K, Vt €]0,T],
us(0) = ug,
where
e N g 0T\ 0 ~
a (u t),¢—u (t)) = i’;a/ﬂ@u (&Bj + 8952) oz — (¢ — U5 )da'dz
ou;  S0us\ 0 ,~ .
+i=zl;2/ (5‘ +e 8;) a(@—ui)daz’dz

au?) ( ) !

+ /Q 242 s 5% dx'dz
oug  0us
2 [ 20Uz J

3 [ (25 5)

Jj=1,2

2 2 2 2
~ o 1 2 a’l)i 811j 1 81% 2 81)3 2 8’03
’D(’U)’— |:4ZE <8$J+8$1> +2Z(8z te 8331' te E

7,7=1

4.2. Estimates of solutions

We have the following estimate theorem
Theorem 4.1. Assume that (4.1) hold, and let {u,p°} be a solution of problem (2.9)-
(2.10). Then, there exist three constants C, C and C" independents of ¢ such that

: i | ANk
S { et 120 + / Hl<s> ds+ / LU A
P ’ 0z ox; 0.9
. . 0, (4.3)
P ous
%85 Ol + [ |52 ) - 8% as<e
0 s 1,j= 1
S5 22 ) + €532 () < C (4.4)

i=1,2
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oug ~
> ||€ ot ||L2 )+ 1le? 3||L2 <. (4.5)

1=1,2

Proof. From [8], we recall the following inequalities (Poincaré, Korn and Young res-

pectively)
w1115 - < 2072 [Vuf (£)]5 o + 2P /F lu® (#) s d (4.6)
1
PV g < a0, 0) + 1O [ IOl ear, @)
1
a? b?
ab < 92? + 9—25, VY (a,b) € R?, VO € R*.
Integrating (2.9) over [0,¢] and choosing ¢ = 0, we have
. t t
3 I O+ [atu(e)u(@)ds + 1 [ o (o) ds
0 0 (4.8)

t

1 2
<5 lla+ [ (.0 ds.
0
Hence, by using Holder, Poincaré and Young inequalities for 6 = /1 /2,

a=Vu (s)]lgq- and b= eh|f(s)lloqe
then 6 = \/I5/2, a = |[u(s)|[§ e and b= Vhe || f*(s)[[§ -, respectively, we get

2 2h
2 fnfe

‘:

(4.9)

W

Of(f%s),m(s))ds B 9 (5)|2 g ds +

0
2he
JF f||u ||0F£der Ie J”f8 ||OQE

Ignoring the first term of (4.8) and combining (4.1), (4.7) and (4.9) we infer
ot
- Of IV ()3 e s+ /||u G s ds

2¢2h Qhe
(/i >f||fE )i o- d

multiplying the last inequality by 4e? and passing to the fixed domain in the right

—_

[\]

hand, we get
t t
2 [ IV ) g s+ [ 10 (6) g ds < © (4.10)
0

where C' does not depend on ¢.
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We change again to the fixed domain in the first term of inequality (4.10), we find

(4.3). From (4.6) and (4.10), it is easy to obtain a constant C' = max(QEZ, 2h)C, such
that

t
g-l/uua(s)ug,ﬂg ds < C

In fact, the last estimate is equivalent to (4.4).

Now, from (3.15) and as
8 >4
(00" () gy ) 20

we have
t
ous ous ous
C /a ( < C ) ds + ¢ / H ds
250, [ (G 5
(4.11)
ous afE ous
cafsgol, Il 15l
2 ot || g
. . . 0 :
By applying the inequality (4.6) for auz and the Young successively, we get
/ 8f’5 8u<( / au< 2 45% / afe s
) - 8
3l5 / 3% 2h5 / 8f5
315 ds.
(4.12)
From (4.11), (4.12) and using (4.7) we obtain
3, /H i la”‘<>2 s
(s) s+ — S
ot 0, QE at 0.00 ot
, (4.13)
1 8u4( ) 4227 / 8f€ 2/16/ afE ds
21 ot 0 3le

ous
We must estimate —>(0). Starting from the equation (3.17) and taking into account

the assumptions (3.1), (3.3), then applying lemma 3.2, we conclude
H 3uc

< IOl + Ao 0r + || (JE) @5)

0,Q° 0,Q°

IN

175 (O)llg,0e +2V3p [ugllg 0- + e 1uflo - -
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We recall that € € 0, 1[, by multiplying the last inequality by 5 and the fact that

& [|u5ll3. - < Iloll3,q we deduce

ous
¢

—(0

50|

[N

<o (4.14)

€

with
co = |0, +2V3ulollog +7 ol

Consequently, it follows from (4.13)-(4.14) and passing to the limit when ¢ — 0, we
find (after multiplying by 2¢°)
t
2 L,
) ds+ ¢
0,0 8 / 0.

t
oo
0
o+ 518

C" = (c)?
in the estimate (4.15), that implies that there

ous

B (s) ds < C' (4.15)

(s

with )
8h

is a constant independent of e.
€

0
We apply the inequality (4.6) for ;t

exists a constant C independent of ¢ such that

t
/ ou® () 2
) o
0

Finally, passing this estimate to the fixed domain ) to get (4.5). O

ds < C'.

Theorem 4.2. Under the hypotheses of theorem 4.1 there exists a constant C' indepen-
dent of € such that

O

<C,i=1,2and
<C,1 ,2 an 92

L2(0,T,H-1(Q))

< Ce. (4.16)
L2(0,T,H-1(Q))

H ox;

Proof. Let £ in L2(0,T, H} (Q)), putting in (4.2) ¢ = @° + &, where £ = (£,0,0) or
& =1(0,¢,0) and integrating over [0,¢] we find for i = 1, 2,
t

/(ﬁ?wagywsj (%2 .06))

0

ous  ou; o€ /
+u Z // (5‘:@ 3sz> (s) 87% (s)da'dzds

1,7=1,2

+\fa// ‘D ( ‘DAE

) dz'dzds
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¢ ¢
+u Z O//Q (85: + &2 gzz;’) (s) % (s)dx'dzds — O/ (ﬁ (s),€ (s)) ds.

i=1,2

The Holder inequality and estimates (4.3)-(4.5) show the continuity of the linear

functional
t
e [
0

which proves (4.16) for ¢ = 1,2. In addition, case ¢ = 3 follows from the choice
¢ =uc(t) £ & with £ = (0,0,¢). O

o
T (0).600)) .

4.3. Convergence u° and p°

To establish a limit solution of the problem, we introduce the following space,

0
V, = {v = (v1,v2) € L*()*: a—v € L*(Q)* v=0on FL} .
z
From [6], L?(0,T,V,) is a Banach space. We show the following result:

Theorem 4.3. Under the hypotheses of theorem 4.1, for any solution {u®,p®}, there
ezist u* = (uf,u3) € L*(0,T,V,) and p* € L?(0,T, L3(2)) such that when € tends to
0 we have the following convergences in L*(0,T,V,) :

0 0
(@as,a5) — (uj,us), &° (ﬂi, ag) -0 (4.17)

the following convergences in L?(Q) :

2 OUS ous oug ous
~c 3 3 % 2 3 3
EUg O, 9 O, 3 i;(;J 0, 3 ij 0, 3 » 0 ( 8)

(1<i,j <2), and the convergence p* — p* in L*(0,T, L3(Q)).
Moreover, p* depends only on z'.

Proof. In particular (4.3), (4.4) we have

2
4

0z

< Cand [[@f][72(g) < C,

H oug
L2(Q)

for i = 1,2, we deduce the first convergence of (4.17). Similarly, from (4.15) and (4.5)
we find the second. For the rest of the proof, we use the same steps in the stationary
case as in [1, 5]. O
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5. On the limit model

By a classical semi continuity argument and using the convergence results of the

theorem 4.3, we deduce that (4.2) leads to the system
2

ou? 8 ~
Z'“ o auzl (t) 87(@ —ur (¢))dx'dz

— z
by O
_ * / L “ra /
/Qp (', t) o + D dx'dz

— [ @) (B me) 2+ G ) 2 !
w 0x1 0xo

W (t) ((?si - u;(t)) dr (5.1)

i <t>D aw'dz + [ k(3= (1)

zz<ﬁ<t>,$i—uz<t>> Vo e IL(K), ¥t €]0,T7,

ur(a’,2,0) =qp,, i=1,2

where

II(K) = {($1»$2> GHI(Q)ZIQ?: <$1,$27¢A53) GK}.

Theorem 5.1. Under the assumptions of theorem 4.1, the limit solution {u*, p*} sat-
isfies:

—% of ()= Ji(t) - aip* (t), i=1,2, in L*(Q), (5.2)

(0) =79, i=1,2 (5.3)
for a.e. t €10,T|, where c* = (ai*)i:L2 checks the constitutive law of Bingham fluid,
as follows

*
Uy

ou* ou* 0z ou*

,o_ o 2 0

= T ew e a7 gy (5.4)
u* )
z

Proof. Let 1) = (¢1,42) € HE ()%, putting in (5.1) ¢ =u* (t) £ A (A > 0) and
dividing the inequality obtained by A, as A tends to zero, for any ¢ it follows that

2
* (0 31111 81;[}2) /
) (== + == ) da'd
;#/Q P )(8:1:1 Ba, ) 074
2
+) «
e

ou} 0 ,

52 (t) Ewdx dz — /Q
ou*
5, ()

—1
’ dur

0 CIR
o (t)} 5 Yida'dz = ; /Q Fi () ¥yda’ dz
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when
ou*

0z

(t)] 40

By Green’s formula, we obtain

*Z/ Hgs () ida +Z/ (@ )da’dz
—Z /82{ 88u ()}¢zdxdz—2/fz ) hida’ dz.

Therefore, from this equality and fact that f € L2 (Q) we get (5.2). Similarly, the
second case of (5.4) can be recovered by [7]. The condition (5.3) is a consequence
directly of (4.17), (4.18) and the condition u®(0) = u§. O

Now we are in a position to deduce the equations corresponding for problem
(5.1)-(5.4).
Remark 5.1. Note that the term related to inertia effects does not exist in the limit
equation in (5.2), means that the limit problem (5.2) - (5.4) is in equilibrium at each
time instant. Therefore, the Reynolds equation is obtained in a manner similar to the
stationary case as in [1], and from [2] the Tresca boundary condition can be recovered.
Indeed, the case o = 0 corresponds to the Stokes flow, and has been studied in [8].
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