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1. Introduction

The so-called sweeping process is a particular differential inclusion of the general form

—2'(t) € Now(z(t)) a,e.t € [0,T] (1.1)

2(0) € C(0) (1.2)

where C(t) is a convex time dependance set,and N¢(t)(z(t)) is the normal cone to
C(t) at z(t).The sweeping process, introduced by Moreau in the early 1970s, and
extensively studied by himself and other authors (see, e.g., [2, 7, 8, 5]).These models
prove to be quite useful in elastoplasticity, non smooth mechanics, convex optimiza-
tion, mathematical economics, queuing theory, etc. In this paper, we propose a simple
extension of the sweeping process. More precisely, We consider the problem formally
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expressed by
—dxz(t) € Neyu(x(t))dt + GHt, x4y, y:)dB a,e.t € J :=[0,T]

—dy(t) € Ny (y(t))dt + G2(t, x4, y:)dB?2 a,e.t € J :=[0,T]

x(t) = ¢(t),t € [-r,0], 2(0) € C1(0)

y(t) = a(t)at € [7T7 0]7 y(O) € 02(0)

where C1(t), C2(t) is convex for all ¢, X is a real separable Hilbert space with inner
product (-, -) induced by norm |||, G : Ma([—r,0], X)x Ma([-r,0], X) — L%HJ_ (Y, X)
are given functions. Here, L%H (Y, X) denotes the space of all Qp;-Hilbert-Schmidt

operators from Y into X ,BHi is]sequence of mutually independent fractional Brownian
motions with H; # H, i.e (Bt # BH2) for each j = 1,2 , with Hurst parameter
H; > L. Here y(-,-) : [-r,T] x Q — X, then for any ¢t > 0, y;(-,") : [-7,0] x Q = X is
given by:

ye(0,w) = y(t + 0,w), for 6 € [-r,0], w e Q.
Here y;(-) represents the history of the state from time ¢ — r, up to the present time
t. Let M?([—r,0], X) be the following space defined by

M?([-r,0],X) = {$,¢: [-1,0] x Q@ = X, ¢, € C([-r,0], L*(Q, X))},

endowed with the norm
0

lo(t)lag, = [ loto)Pa

-7

Now, for a given T' > 0, we define
M2 ([-r,T),X)=y: [-r,T]x Q= X, ¢,¢€ C([-r,T],L*(, X)) and
0

sup E(ly(t)[*) < oo, [ o(t)]*dt < co.
te[0,T] —r

Endowed with the norm

lyllz, = sup_(Ely(s)]*)?.
—r<s<T

Random differential and integral equations play an important role in characterizing
many social, physical, biological and engineering problems; see for instance the mono-
graphs by Da Prato and Zabczyk [3], Gard [4],Sobzyk [10] and Tsokos and Padgett
[11]. For example, a stochastic model for drug distribution in a biological system was
described by Tsokos and Padgett [11] to a closed system with a simplified heat, one
organ or capillary bed, and re-circulation of a blood with a constant rate of flow, where
the heart is considered as a mixing chamber of constant volume. For the basic theory
concerning stochastic differential equations see the monographs by Bharucha-Reid [1],
Mao[6], Oksendal[9], Tsokos and Padgett [11].

This paper is organized as follows. In Section 2 and 3, we recall some definitions
and results that will be used in all the sequel. Section 4 is devoted to the study of the
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existence problem of (1.3).In Section 5, we restrict our attention to the case when the
perturbation with F'.

2. Basic definitions of stochastic calculus

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper.Actually we will borrow them from [?].Let (2, F,P)
be a complete probability space with a filtration (F = F;);>0 satisfying the usual
conditions (i.e. right continuous and Fy containing all P-null sets).

For a stochastic process x(-,-) : [0,T] x Q — X we will write x(¢) (or simply x
when no confusion is possible) instead of z(¢,w).

Definition 2.1. Given H;, Hy € (0,1),H; # Hj a continuous centered Gaussian process
B is said to be a two-sided one-dimensional fractional Brownian motion (fBm) with
Hurst parameter Hj,j = 1,2 if its covariance function Ry, (t, s) = E[BHi(t))B"i(s)]
satisfies

RHJ’ (t,S) = (|t|2Hj + |s|2Hj - ‘t - S|2Hj) l,s € [O,T].

— N =

It is known that B (t) with H; > 3 admits the following Volterra representation

t
BHi(t) = / K, (t,s)dW(s) (2.1)
0
where W is a standard Brownian motion given by
W(t) = B ((K3,) " €0.),
and the Volterra kernel the kernel K (¢, s) is given by

veem, [ H—3 (w\Tiz
KHj(t,s):chs/_ J/(u—s) iT2 <g> du, t>s,
S

(20, 1)

Al o - and S(-,-) denotes the Beta function, K(t,s) = 0 if
J K} 2

v AN ;
o =en (1) -,

and the kernel K};j is defined as follows. Denote by £ the set of step functions on
[0,T]. Let H be the Hilbert space defined as the closure of £ with respect to the scalar
product

(X[0,6> X[0,s])# = Rm;(t,s),
and consider the linear operator K7 from & to L2([0,T7]) defined by,

T
(K7, 6)(t) = / ) 5T (1

Notice that,
(Kt x(0,0)(s) = Kg, (&, $)X[0,(5)-
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The operator Kj; is an isometry between £ and L2([0,T]) which can be extended to
the Hilbert space H. In fact, for any s,t € [0, 7] we have

(KT, X0, Kz, X(0.6) L2 0.17) = (X[0.4): X[0,5))% = R, (E, 5).-
In addition, for any ¢/ € H,

/ &9 (s)dB™ (s) = / (K7, 67)(5)dWV (s),
0 0

if and only if Kj; ¢ € L?([0,T)). Next we are interested in considering an fBm with
values in a Hilbert space and giving the definition of the corresponding stochastic
integral.

Definition 2.2. An F;-adapted process ¢’ on [0, T] xQ — X is an elementary or simple
process if for a partition ¢ = {tp =0 < t; < ... < t, = T} and (F;,)-measurable
X-valued random variables (qﬁg—,)lgign, ¢, satisfies

n

¢§(w) = Z ¢g(w)X(ﬂ,f1,f¢](t)= for 0<t<T, wel.

i=1

The It6 integral of the simple process ¢’ is defined as
T n
I, (@) = [ @B () = Y @B E) - B ), (22
0 i=1

whenever ¢§— € L?(Q, F;,, P, X) for all i <n.
Let (X, {-,-),|1x), (Y, (-, -),]-]y) be separable Hilbert spaces. Let L(Y, X) denote

the space of all linear bounded operators from Y into X. Let e,,n = 1,2,... be a
complete orthonormal basis in Y and Qn; € L(Y,X) be an operator defined by
Qu,en = M,e, with finite trace trQu, = > o ; M, < oo where M, n =1,2,..., are

non-negative real numbers. Let (Bf N nen be a sequence of two-sided one-dimensional
standard fractional Brownian motions mutually independent on (2, 7, P). If we define
the infinite dimensional fBm on Y with covariance Qp; as

B (1) = 3" VBl (ten, (23)
n=1

then it is well defined as an Y-valued @ g, -cylindrical fractional Brownian motion (see
[?]) and we have

IE</8lHJ (t),:c><ﬂf?(5),y> = RHlk (t’5)<QHj (x),y), z,yey ands7t € [OvT]
such that

1 ) ‘ ‘
Ry = ([t s P+ [t s PYon t.s€[0,7],
where

s {1 k=L
B0, k#£L
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In order to define Wiener integrals with respect to a Qu; — fBm, we introduce the
space Lg?m = L%Hj (Y, X) of all Qp,—Hilbert-Schmidt operators 0 Y — X. We
recall that ¢/ € L(Y, X) is called a @ ; —Hilbert-Schmidt operator, if

1 1/2
171, = lleQu, s = tr(e;Qp}) < oo

Definition 2.3. Let ¢/(s),s € [0,7], be a function with values in L%Hj (Y, X). The
Wiener integral of ¢/ with respect to fBm given by (2.3) is defined by

/ ¢J dBH Z/ \/7¢J endﬁH
= [ VA e 61 0.4

Notice that if
Z ||¢Q1/2en||L1/Hj([O,T];X) < 00, (2.5)

the next result ensures the convergence of the series in the previous definition. It can
be proved by similar arguments to those used to prove Lemma 2.4 in Caraballo et al.

7).
Lemma 2.4. For any ¢’ : [0,T] — L%m (Y, X) such that (2.5) holds, and for any
a,f €[0,T] with a > B, for each j = 1,2

2
5)dB™i(s) (5)QY%e, N ds.

< co(H,)Hy (2H; — 1) (a — B)21 —12/

(2.6)
where ca(Hj) is a constant depending on H;. If, in addition,

Z |7 QY 2e,|x is uniformly convergent for t € [0,T],

n=1

then,
8 2

E|[ ¢(s)aB" (s)
I X

3. Nonsmooth analysis

B
< a(H)H,CH; - Da- 3P [ 65, ds )

Let x,y € X; the projection of x,y into C; C X is the set
Proj(y,C;) ={z € C; :d(z,Cj) = ||z —yl[}-

This set is nonempty if, for example, C; is weakly closed.Let C; be a closed
subset of space X;and let x,y € C;: We say that a vector v € X is a proximal normal
to C; at z if v = y — 2 for some y € X with z € Proj(y, C;). We denote by N?(z,C}).
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the normal cone. One can show that n € N?(y, C;) if and only if there exists M such
that the following proximal normal inequality holds,

(n,z—y) < Ml|z =yl
for all z € C;. (In general, M will depend on z). On the other hand

[|v]]

Np(z,Cj)znf_jl{veX : d(y—i—%): n}

This cone is convex, but in general not closed . An useful characterization of the
proximal normal cone is the following (see,e.g., [?], Proposition 1.1.5(a)):

N?(z,Cj) = U, so{v € X @ (v,a—2z) < pl|z — y||?, a € C;}.
If C; is closed and convex then we have
z € NP(2,C)) <=y € Cj and (z,y) = 0(2,C;) <=y € Cj,x € 0pc, (y)

where o is the support function of a subset C; of X, Opc, is the subdifferential in
the sense of convex analysis and C; is the indicator function of a subset C; of X

0, if yGC’j,

Opc,(y) =
0, ifye Cj.

We define the Bouligand cone by
Te, (x) = {v €X : lim ian} -NN U (Ojf;Z +e§(o,1)).

h—0
e>06>00<h<d

For more informations about nonsmooth analysis we see the monographs of Clarke
and Ledyaev et al [?] and Clarke [?].

3.1. Multi-valued analysis

Pu(X)={y € P(X) : y closed },
Py(X) ={y € P(X) : y bounded },
P(X)={y € P(X) : y convex },
Pep(X) ={y € P(X) : y compact }.
Consider Hy : P(X) x P(X) — R’} U {co} defined by

Hd1 (A7 B)
Hd(A, B) =
Hg, (A, B)

Let (X, d) be a generalized metric space with
dl ($7 y)

d(z,y) =
dn(,y)
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Notice that d is a generalized metric space on X if and only if d;, ¢ = 1,..,n are
metrics on X,
H,(A, B) = max {sup d(a,B),sup d(A, b)} ,
a€A beB
where d(A,b) = inf,ec 4 d(a,b),d(a, B) = infye g d(a,b). Then, (Py(X), Hy) is a met-
ric space and (P.(X), Hy) is a generalized metric space.

A multivalued map F : X — P(X) is convex (closed) valued if F(y) is convex
(closed) for all y € X, F is bounded on bounded sets if F'(B) =, p F(y) is bounded
in X for all B € Pp(X). F is called upper semi-continuous (u.s.c. for short) on X if
for each yg € X the set F(yo) is a nonempty, closed subset of X, and for each open
set U of X containing F'(yo), there exists an open neighborhood V of yo such that
F(V) € U. F is said to be completely continuous if F(B) is relatively compact for
every B € Pp(X).

If the multivalued map F' is completely continuous with nonempty compact
valued, then F' is u.s.c. if and only if F' has a closed graph, i.e., x, — Ty, Yn — Yx,
Yn € F(zn) imply y, € F(z.).

A multi-valued map F : J — Pgp . is said to be measurable if for each y € X,
the mean-square distance between y and F'(t) is measurable.

Definition 3.1. The set-valued map F : J x X x X — P(X x X) is said to be L*-
Carathéodory if

(i). t— F(t,v) is measurable for each v € X x X;
(ii). v +— F(t,v) is u.s.c. for almost all ¢t € J;
(iii). for each g > 0, there exists h, € L'(J,RT) such that

| F(t,v)|]? = ; sup : | £]I? < hy(t), for all ||v||* < q and for a.e. t € J.
€ )

t,1

We denote the graph of G to be the set gr(G) = {(z,y) € X xY, ye€ G(z)}.

Lemma 3.2. [?] If G : X — P,(Y) is w.s.c., then gr(G) is a closed subset of X X Y.
Conversely, if G is locally compact and has nonempty compact values and a closed
graph, then it is u.s.c.

Lemma 3.3. [?] If G : X — P,,(Y) is quasicompact and has a closed graph, then G is
u.S.C.

Definition 3.4. A set-valued operator G : J — P.(X) is said to be a contraction if
there exists 0 < v < 1 such that

Hq(G(x),G(y)) < vd(w,y), for all z,y € X,
The following two results are easily deduced from the limit properties.

Lemma 3.5. (See e.g. [?], Theorem 1.4.13) If G : X — P.p(X) is u.s.c., then for any
rg € X,
limsup G(z) = G(zo).

Tr—rTo
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Lemma 3.6. (Sce e.g. [?], Lemma 1.1.9) If Let (Kp)nen C K C X be a sequence of
subsets where K is compact in the separable Banach space X. Then

@(lim sup Kn) = mN>O@(Un2NKn)
n—oo

where c0A refers to the closure of the convex hull of A.
The second one is due to Mazur, 1933:

Lemma 3.7. (Mazur’s Lemma, ([?] [Theorem 21.4])) Let X be a normed space and
{zp} ren C X be a sequence weakly converging to a limit x € X. Then there exists a

sequence of conver combinations Y, = Zamkxk with apy >0 for k=1,2,..,m and

k=1
m

Zamk = 1, which converges strongly to x.
k=1

Lemma 3.8. [?] C': [0,T] = Pu(X) such that

(i). C is Hausdorff lower semicontinuous at t = 0;
(ii). OC is Hausdorff upper semicontinuous at t = 0;
(iii). there exist x € X and ro > 0 such that B(z,rg) C C(0)

Then for every r € (0,1¢) there exists § > 0 such that B(xz,r) C C(r) for allt € [0,4].

4. Statement of the main results

Definition 4.1. A function z,y € M?([—r,T], X), is said to be a solution of (1.3) if
x,y satisfies the equation

dz(t) € NP(z(t),Cy(t))dt + G (t, z¢,y:)dBH a,e.t € [0,T]

dy(t) € NP(y(t),Ca(t))dt + G*(t, 24,y )dB™2 a,e.t € [0,T]
and the conditions (z(t),y(t)) € (C1(t), Ca(t)), for all ¢ € [0,T].

First, we will list the following hypotheses which will be imposed in our main
theorem. In this section,

(Hy) Cj(t) is convex for every t € [0,T] and there exists A > 0 such that
de (C](t)v CJ(S)) < /\|t - S|a

for all ¢,s € [0,T],
H>) there exists a positive constant «;, 3; for each j = 1,2 such that
3> Pj J

BIGH (ta.9) — O (1.2.9)] < ayllo — Flarg, + Bylly — Tl
for all t € [0,7] and z,y,7,y € M?([-r,0], X)

Theorem 4.2. Assume that (Hy) and (Hz) hold. Then, problem (1.3) possesses a
unique solution on [0,T].
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Proof. The existence part. Therefore, we pass immediately to uniqueness. We shall
obtain the solution by a well-establish discretization procedure.

The following discretization scheme lies at the heart of many proofs for sweeping
processes. Consider for every n € N, the following partition of [0, T,

T
ti = ;—L 0<i<2%and ;= (tyistnipa], F0<i<2"—1, n>0.

¢(t), te [*Ta 0]7
Tn,0 =

(b(O), te [Ovtmo]’
for any I,.0 = (tn,0,tn,1], we have
xn,O(t)a te [773 tn,O}a
Tp,1 = { Proj (¢(0) + G (tn,0, (2,000 Y(1,0) 100 ) (BT (1) — B (tn0), Ch (fn,1)),
te [tn,O; tml]
for any I, 1 = (tn,1,tn 2], we have
xn,l(t)a t S [_7", t’ﬂ,l}?
proj (mn,1(tn,1) + G tn, 1, 2(n 1)t 1 Y (01 )t ) (B (tn,2)
*BHI (tn,l)a Cl(tn,Q)),
t e [tn,l,tnyg].

Tn,2 =

With the same argument we can define recursively
xn,i(t)vt S [_Ta tn,i]a
p’I"Oj (xmi (tn,i)
€T : =
it +G1(tn7iv x(n,i)tn,uy(n,i)tn,1)(BHl (tn,i-&-l)
—BH (tn,i);cl(tn,i+1)); t € [tnistn,it1)-

Estimate (z,,, ¥, ) by norm M?([—r, T, X)x M?([—r,T], X ), since (x,, y,) is piecewise
affine, by direct calculations,

T
sup{y/ Eln, i1 (t) — 2na(t)?  : t€ [T} < s (4.1)
Observe that (zy,;(t), Yn,i(t)) € (Ci(tn,:), Co(tn,)),and
T
Elzn,iv1(t) — 20:()] < EHa, (Cr(tni), Cr(tn,it1)) < Ao (4.2)
and
T
Elyn,it1(t) = yn,i(t)] < EHg,(Ca(tni), Ca(tniv1)) < Agm (4.3)

for all t € (¢p,i—1,tn.], for every 0 < i < 2™,
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By affine interpolation we define a corresponding sequence of approximate solutions
Ty Yn € M2([—r,T],X); for t € I,,; the explicit formula is

l’n,i(t), t e [—’I“, tn,i]

Tn(t) = Tniltng) + 2 (@01 (D) — 20 (1)

+G (b ®(nyi),,) (BT (t) — BH1(tn 1)), t € [tnistn,it]

)

and
Yn,i (t)7 te [_Ta tn,i]
Yn(t) = ¢ niltn) + tj:'i (Yn,i+1(t) = Yni(t))
+G? (tnis ®(ni)tn 1> Y (i), ) (B2 (t) = B2 (801)), € € [tnistniva]
where €, = an and for every 0 <4 < 2™ — 1.

From the definition of normal proximal cone, we have
dx,(t) € —=N(zpn,it1, C1(tn,iv1))dt
G (b 2w 1+ Ui VB (1) = B (11). (4.4)
and
dyn(t) € =N (Yn,i+1, C2(tn,iv1))dt
+ G (tni €(n,i) 00,0 Y(n,i)e, ) (B2 () = B2 (tn,1)). (4.5)

Now we prove that {z,,y,, n € N} is compact in M?([-r,T],X), for each
2n = (Tn,yn) in M2([—r,T], X) x M?([-r,T], X).
Step 1. {(2n,yn) n € N} are bounded sets in M?([—r,T], X) x M?([-r,T], X).
We obtain
2 ()] < |2ni(0)] + 20,01 () — 20 (t)]
HbIG (tniy (i)t Y (i) e (BT () = BT (t,0)))
i+1
< |zno @]+ D lenp-1(t) = 2n(t)]
k=1

TG (s @nis Y e s Yo (B () = B (t,0))]
<911+ 27 + T (1G (s 2t Yo )i )
~GM(tn,5,0,0)] + G (13, 0,0)] ) (B (2) = B™ (t0,0))|

< llgll + 27 + Tl (@ni)en il sz,

FBul1(Yni)enillarz, + |G1(tn,i,0,0)|>|(BH1 (t) = BT (tn,1))]-
By definition (x,, ;,yn.i) we can prove that there exist M, M > 0 such that
sup{E|z,;(t)| : te[-rT]} <M
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and o
sup{Ely,:(t)| : t e [-r,T]} <M.
Hence, by using (4.2) and (4.3), we have

2

>+ BLE|(Yn,i)t, s

+ sup [G(£,0,0))E|(B™ (t) = B (t.1))?
te[0,b]

<2E[|g]|* + 4T% + 272 ( nEl|(zn,i)t,, .. [I* + B1E|(Yn,i)e, .|

n,i

Elzn ()] <2E||6]|* + 4T + 272 (o1 B[ (w0.1);

te[0,T]

<2E||||? + 472 + 272 (@M + B0 + sup_|G*(£,0,0)[2) [t — 1 [
te[0,T]

(

+ sup |G(t,0,0) |2)|t—tn |21
(
(

<2E[[|[* +4T% + 272 (a1 M + B M + sup |G (£,0,0)] )TQHI::h.
te[0,T]

Similarly, we have

Ely, (t)|* <2E|[¢||? 4+ 472 + 27> (aQMJr BoM + sup |G2(t,0,0)\2)T2H2 =I,.
t€[0,T]

Blan @ \ _ (&
Elyn(O)FF ) =\ L
Step 2. {(z,yn) n € N} are equicontinuous sets in M?([—r, T], X) x M?([-r,T], X).

Let T1, T2 € [tn,i;tn,i—&-l}yTl < To. Thus
Elz,(12) — JUn(Tl)lz

which implies that

2T H1 H1 2
= E|=——(@nis1 = 2ni) + G iy (i)t Y(ni)tn, ) (B (72) = BT (1))
n
< - 2@ M+ B+ sup [GH(E0,0)P ) e - mif2.
tefo.7]
Similarly

Elyn(72) = yn(m1)[> < 2|70 — 7
+2(azM + &M+ sup |G(t,0,0))|ro — 7[>
t€[0,T]

The right-hand side tends to zero as 72 — 7, — 0, and e sufficiently small. From
Steps 1, 2. By the Arzela-Ascoli theorem, we conclude that there is a subsequence of
(Tn,yn), again denoted (xn,y,) which converges to (z,y) € M?([-r,T], X).

Now, we prove that (z(t),y(t)) € (Ci(t),Ca(t)). Let pp(t) ,un(t) be two functions
from [0, T into [0, 7] defined by

pn(t) = tnﬂ', if te [tn,iatn,i—i-l)a pn(O) =0
Mn(t) = tn,iJrl if te [tn,iatn,i+1)7 Mn(()) = Oa
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for all ¢ € [0, T]. From (4.4) and (4.5) we have
dan(t) € =N (zn(pn(t)), Cr(pa(t)))dt
G (o (1) T (1) Y (1)) ABT (pu (1)), ace. t € [0, T] (4.6)

and
dyn(t) € =N (zn(n(t)), Ca(pa(t)))dt
—|—G2(tpn(t),xp”(t),yp”(t))dBH"’ (pn(t)), a.e. t €0,T7. (4.7)
Moreover, for all n large enough,we have
pn(t) — ¢, pn(t) = t uniformly on [0, b]
Since |p,(t) — t| < & and |pn(t) — t| < £ . Thus
yn(pn (1)) = yn(t)] < Ha, (C1(pn(t)), C1(t)) < Alpn(t) — 1],
which immediately yields
Sup{v/Elgn (pn() — gD © ¢ € [0.T]} < AV/Elpu(t) — I = Das n— .
Let ¢ € [0, T).From (4.1) for each n € N,t,, ; € I,, ; for some 4,
[zn(t) = C1()] < |z (t) — 2n(tni)| + d(zn(tn.), Cr(F))

T
< Mgy Hay (Ca(tn ), Cr(1)).

Thus
T

[2a(t) = C1(8)] < Agy

Since (2, yn) is defined by linear interpolation, we obtain
1
|20, ()] < — sup [@n,it1(t) — 2 ()],
€n i
and

1
[ ()] < — 5P [yni41(8) = yni(t)].

n 1

By letting n — oo in(4.8) for all ¢ € [0, T],we obtain that
(x(), y(t)) € (C1, Ca).

Now, we prove that the sequences of composition mappings (2, o fn,y © p,) and
(@, © P,y 0 pp) converge uniforms to (zy,y;) in M?([—r,0], X)

Elzn(pn(t) +7) —z(t+7)° < 3E[zn(pn(t) +7) — 2n(t + 1)
+ 3E|zn(pn(t) +7) = zn(pn(t) + 1)
+ 3Bz (pn(t) +7) — 2t + 7).

Thus
w E|(zn)p, ) = x> < 3NE|pn(t) — t* + 3E|pn(t) — pa (1)
TE[—T,

+ 3 sup Elz,(un(t) —z(t)]* -0 as n— oo.
TE[—r,T)
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Since |(p,(t) —7) = (t = 7)| < & and |pn(t) — pu(t)| < 52. We can pass to the limit
when n — oo, we deduce from

(T (8 Ypu (1) = (T, 91) € MZ([_rv 0], X)
and,the fact that G%(.,.,.) is a continuous function then we have
G (pn(t)s Tp, (1), Ypn(ty) = G [t 24, ys)-
Now, we show that
dz(t) € —N(z(t),Cy(t))dt + G (t, z¢,y;)dBP* (1), a.e. t € [0,T). (4.9)
and
dy(t) € —N(y(t), Co(t))dt + G2(t, z¢,y:)dB™2(t), ae. t €[0,T). (4.10)

Since (zn, yn) is bounded in X x X there exists a subsequence of (z,, y,)converge to
(z,y). Then

T
| o (= a0+ 6" )i () 0aB™ (). (1) )

T
< [ (=04 G e ))dB 0.l ) )it (411)

Using the fact that o(.,C;(t)) is lower semicontinuous [?],then

T
lim inf / o (= #0(0) + G (e, () VB (1) C (1 (1) )

n—oo

- / ' (= 2'(t) + G (b, y)aB™ (8), €1 (1)) dt. (4.12)
0
By (5.16) and (5.18),we obtain

/OT ( — ' (t) + Gl(t7xtvyt)dBHl(t),Cl(t)>dt

T
z/ U(—x’(t) + GM(t, x4,y )dB™ (t),Cl(t))dt. (4.13)
Thus, ’
dx(t) € =N (z(t), C1(t))dt + G (t, 24, y:)dB* (t), ae. t € [0,T).
and
dy(t) € —=N(y(t),Ca(t))dt + G?(t, z¢,y;)dB™2(t), a.e. t €[0,T].
Finally, we prove the uniqueness of solutions of the problem (1.3).Let us assume that

(z,y) and (Z,7) are two solutions of (1.3).
dz(t) € —N(Z(t), C1(t))dt + G*(t, Ty, 7,)dB™1 (1), a.e. t € [0,T),

dy(t) € =N(g(t), Co(t))dt + G*(t, T, 7,)dB™2(t), a.e. t € [0, T).
Since C(t) = (C1(t), C2(t)) is a convex set, then

Ci(t)— =z
Te,(2) = Uh>0%7
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for all ¢ € [0,T],
To;(z) C{ve X (v,§) <0 forall e NP(z,8)},
which immediately yields

(a/(t) = () + (G (t. e, m) — G (,70,7,) ) AB™ (1), 2() — 7(1) ) < 0.
Thus, we deduce
(20 =7 @), 2(0) ~7(0) )+ ( (G (e, ) — G 6,7, 7,) ) B (), 2(2) - 7(1) ) < 0.
By assumptions (H;), (Hz) imply
1d

2
et —E(t)‘ < aulla; — Zillz,

5= () — I(t)‘dBHl (t)

+B1llye = Tllarg, |o(0) — T ()] dB™ (1) (4.14)

and

) =50 < aslle— Fllass, o) (1) |aB™ ()

2 dt‘y

B2l — Tl sz, [w(8) — B(0)|[dB(2), (4.15)

Integrating (4.14)and (4.15) over (0,t) we arrive at

2 t
w0 -2 < o [ e -7l
0 0

(s) — f(s)’dBHl (5)

t
0 [ =Tl [oo _m)‘dBHl @

< on [ s VTG - TGIPets) ~ 0|0 (o
+ [ s VR~ TOP () - f(s)\dBHl (5).

Then, for each t € [0,T] and thanks to Lemma 2.4,

20[1][4]‘/0 sup \/W‘ (S)—E(S)’dBHl(S)r

s€[0,t]

25:8] [ s VEWG GO () - 76| a o)

s€[0,t]

IN

4
E‘x(t) _ E(t)’

_|_

IN

t
2¢o(Hy)Hy(2H, — 1)T2H171a1/ sup F|z(s) — %(s)|*ds
0 s€[0,t]

—+ 262(H1)H1(2H1 — 1)T2H17151

/0 sup Ela(s) — (s) 2Ely(s) — 5(s)ds.

s€10,t]
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Thus
4 t t
E‘x(t) — f(t)‘ < Al/ sup E|z(s) —T(s)|4ds + By / sup Ely(s) —y(s)|4ds7
0 s€[0,t] 0 s€[0,t]
where
A1 = 262(H1)H1(2H1 - 1)T2H171(20[1 + Bl)
and

By = co(Hy)H (2H, — 1)T?*"1 1 p,.
In the same way, we also have
4 t
‘ < 2co(Hy)Hy(2H, — 1)T2H2’1a2/ sup Ely(s) —7(s)|*ds
0

E|y(t) - 7() sup,

4+ 2c9(Hy)Hy(2H, — 1)T%H2713,
t
| su Elats) - os)Eluts) - () ds,
0 s€[0,t]
and, consequently,
t t
By0) -5 < Ax [ sw Biyls)~p(s)'ds+ By [ sup Bla(s) ~(s)|'ds,
0 s€[0,t] 0 s€[0,t]
where
Az = cp(Hy)Hy(2Hy — 1)T? 7271 (20 + ),
and
Ay = co(Hy)Hy(2H, — 1)T?H271 3,
Adding these we obtain

4 4 t
Elo(t) - 7(t)| +E|y(t) -5(1)] < A / sup Ela(s) — T(s)|ds
0 s€[0,t]
t
L+ B, / sup Ely(s) — (s)|'ds,
0 s€[0,t]

where A, = A1 + By, B, = Ay + By. Then

4 4 t
sup Ela(t) = 7(0)] +Ely(t) —7(0)| < Aw [ suwp (Bla(s) - 7(s)|*
s€[0,t] 0 s€0,t]

+Ely(s) — (s)|* ) ds,

where A.. = max{A,, B.}.
By a generalization of Gronwall inequality, we have

4 4
sup, E[2(0)=7(0)| +E[y(0)-3(0)] = 0= (=(0):4(0)) = (@(0). 7)), ae.t < 0.7
s€[0,t

The proof is therefore complete. O
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5. Perturbation Problem (1.3)

To prove the main result we will need the following auxiliary inclusion:

—dx(t) € Ne,)(2(t))dt + FY(t,a,y,)dt
+G(t, 24, y1)dBH ) ae. t € (0,7

—dy(t) € Neyo(y(t))dt + F2(t, 24, y,)dt

(5.1)
+G2(t, ¢, y;)dBH2 | ae. t €[0,T]
z(t) = ¢(t),t € [-r,0], z(0) € C1(0)
y(t)  =o(t),t € [-r,0], y(0) € C2(0)

Very recently in the case where G* = 0 the perturbation problem was studied by
Castaing et al . [?]. The aim in those works, is to study the existence of a solution of
the problem (5.1) and investigated the topological structure of the solution set. The
goal of this section is to study the existence result of the problem (5.1).

Theorem 5.1. Assume that (Hy1) and (Hs2) and the conditions .

(Hs) F7:[0,T) x M?([-7,0],X) x M?([-7,0], X) = Pep.cv(X) be a u.s.c. Carathe-
dory multimap, and for each t € [0,T), scalarly L([0,T]) ® B(M?([-r,0],X), X)
measurable, where L£([0,T]) is the o— algebra of Lebesgue measurable sets of
[0,T) and B(M?) is the Borel tribe of M?* and |F’(t,x,y)| < k; for all
(t,x,y) € [0,T] x M?*([-7,0],X) x M?([-r,0], X) or some constant k; > 0.

Then, problem (5.1) has at least one solution on [0,T).

Proof. Consider for every n € N, the following partition of [0, 7],

- |
tni = ’2—” 0<i<2%and s = (tnistuiga), F0<i <27 =1, n > 0.

¢(t)v te [_Ta 0]7
Tn,0 =

¢(O)’ te [Ovtn,o]a

for any I, 0 = (tn0,tn.1], we have
Tno(t), t € [=rtnols
- proj (#(0) + gb (tn.0)

+G* (tn,O» x(n70)tn,0 ) y(n,O)tn,o)(BHl (tn,l)
—BH1(tn,0), Cltn1) ) € [tn0, tu].
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Similarly,for any I, 1 = (tn,1,tn,2], we have
Tn1(t), t € =1 tnal,
B proy(:cm(tnl)Jrgo( )
2T G s )1 U)o ) (BT (2)
=B (t,1), Ctn2) )t € [tnt b,
With the same argument we can define recursively, for any I, ; = (tn.4, tn,it+1],
Tn,i(t),t € [—1, tnil,s
proj (mn i(tn,i) + 95 (tn -)
T T G iy (i) U ) (B (H i)
—BH (tn,i)v C(tn,z+1)) [ n,%) [28 l+1]

where

g (t,u) = minf{|z| :x € FI(t,u)}.
By construction, we have (2,4, Yn:) € (C1,Ca2), for all ¢ € [ty i—1,tn.4]-
Then for every 0 < i < 2™,

T

|Z0,it1(t) — 20 ()] < Ha, (Ci(tni), Ci(tn,it1)) < )‘27

and T
[Yn,it1(8) = Yn,s(B)] < Hay (Cr(tni), Ci(tn,it1)) < )\27

and, consequently,

T
sup { \/Eloni41(t) = wua(®) ¢ € [-r,TI} < Ao (5.2)
and T
sp { /Bl 1(6) = pua(®)? 1t € [=r, T} <A (5.3)
Put
LTn,i (t); te [77"7 tn,i]
Tn(t) = Tn,iltni) + tst%(xn i1(t) = ni(t) + (¢ — i) g5 (tni)
+G (tnis @1, Yt ) (BT(E) — BT (1)), t € [tnistnit1]-
and
yn,i(t)7 t e [_T7 tn,z]
yn(t> = yn,i(tn,i) + L tn - (yn z+1(t) - ymi(t)) + (t - tn,i)gg(tn,i)
+GQ(tn,i7wtn,”ytn,i)(BHz (t) — B™2(t,,1)), t € [tn,irtn,it1]-

Since (2, yn) is defined by linear interpolation, we have

1
o, ()] < —suplz, . (1) =@, (1))
2

n
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and

1
Y (t)] < = SuP[Y, i (8) =4, (D))

n 1

Using the fast that the projections are non-expansive, thus

|[Zn,i41(t) = proj(@ni(t), Ci(tn,is1))] < €nlgh(tn.i)| < enkr.

and
[Yn i1 () = proj(yn,i(t), Caoltn,is1))| < €nlgg(tn,i)] < enka.
Hence
|Zn,i+1(t) — Tn,i(t)] < enlky + A).
Thus

|2/ ()] < ki + XA and ig? lz! (1) < (k1 + N2

From the definition of normal proximal cone, we have

da:n (t) S —N(xn,,-_H, 4 (tn,i_:,_l))dt + gé (tn,,’)dt

+G1 (tn,ia m(n,i)tn,z‘vy(n,i)tn,i)(BHl (t) - BHI (tnyl))v a.e te [0’ T]
and
dyn(t) € =N (Yn.i+1, Coltn.it1))dt + g (tn.:)dt

+ G2 (tn,is (i)t Y (i)t ) (B2 () = B2 (ta0)), ace. t € [0, 7.

(5.7)

Now we prove that {(z,,yn) , n € N} iscompact in M?([—r, T], X)x M?([-r,T], X).

Step 1. {(xn,yn) n € N} are bounded sets in M?([—r,T], X) x M?([-r,T], X).

We have

|2 (O] <lan,i(0)] + [@ni1(8) = 20i (0] + Tgo (tnis 2(ni) b 0 Y (ni)e, )|

HIG (i @)t i Yo, BT (E) = BT (t,1))]
i+1

<lzno®)] +2 Jn-1(8) = 2un(t) + Thy
k=1

+ |Gl(tn,i7 x(n,iy y(n,i)t",i ) y(n,i)tn,i)
<lll| +2T + (|G1(tn,mx(n,i)tn,ia Y(ni)tn..) — G (tn,i,0,0)]
16" (bn,5,0,0)1 )[BT (8) = B (t,1))]
<||@|| + 2T + Tky

+ T (ll @il sz, + Bill(n ez,

+1G (b0, 0,0)]) (B (8) = B (t,1))1:

(BT (1) = B (tn,1))]
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Then,
E|zn(t)|? <2(|||]? + 2T + Thy)? + 272 (alM + B
+ sup |G (t,0,0))EI(B™ (t) — B (ta,1)?
te[0,7]
<2(||p||* + 2T + Tk1)?
42772 (alM + B+ sup |GL(t,0, 0)|2)T2H1 =Ty
t€[0,T]
Hence
sup{v/E|z,(¢)]? : -, T} < 1.
and

sup{v/El|y,(t)]? : —r,T]} < lo.

(1)<
Elyn () ) =\ 12

Step 2. {(zn,yn), n € N} are equicontinuous sets in M?([—r,T], X).
Let 7,1 € [tn,iytn7i+1]77—l < 79 . Thus

Which implies that

Elzn(r2) — 2 (m1)[?

T2 —T1
= E

; (Tnit1 — Tnyi) + (T2 = 70)90 (bnis (i)t s Y ) )
n

+ G tnis @ni)tn > Yt ) (BT (12) — BT (7))

3| — 7‘1|2 + 3(a1M + B M + sup |G1(t70,0)|2) |72 — 71 2Hy
t€[0,T)

‘ 2

IN

+ 3K — A
Similarly,
Elyn(72) — yn(11)|? < 3|72 — 71 |* + 3(a2M + B2 M + tes[l(j)pr] |G2(t, 0, o)|2> 7o — 71|22
+ 3k2|m — 11| |
The right-hand side tends to zero as 7o —7; — 0, and € sufficiently small. From Steps 1,
2, by the Arzela-Ascoli theorem, we conclude that there is a subsequence of (2., yx),

again denoted (z,,,3,) which converges to (x,y) in M?([—r,T], X) x M?([-r,T], X).
It remains to prove that (z(t),y(t)) € (Ci(t),Ca(t)). Let ¢t € [0,T] ,from (5.5) ,we
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obtain
0<fon(t) = Ci()] = d(za(t),Cr(1))
< |on(t) = zn(tn)| + d(@n(tn,i), C1(t))
< (k1 4+ Nt = to] + Ha, (Ci(tn,i), C1 (1))
< St
Then
|zn () — C1(t)] < (1612:_77/1\” (5.8)
and
alt) — Ca)] < P2V (59)
By letting n — oo in (5.8) and (5.9) ,we obtain that
(z(t),y(t)) € (C1,Ch) (5.10)
Now, we define, for ¢ € [0, T]
pn(t) = tni, pn(t) =tniv1 i € [tnitnir1)
Hence, by using (4.4) and (4.5) we have
d () € =N (@ (n (1)), C1 (s (6))dE + g5 (tp, (s Tpra () Yo (1))
FG (1) Tpn (1)1 Y (1)) ABT (pn (1)) ae. t € [0, T1. (5.11)
and
dyn(t) € =N (23 (kn(2)), Ca(n (1))t + G5 (L., (1) Tpr () Ypu ()
+G2(tp (1) T (1) Ypu (1)) AB? (pn () t € ave. t € [0,T7. (5.12)
Hence

pn( ) — t, tn(t) =t uniformly on [0, b]
Since |p,(t) —t| < & and | (t) —t] < £

|20 (pn (1)) — 2n(t)] < Hay (Cr(pn(t)), C1L(E)) < Alpn(t) — 1.

Moreover,

Similarly,
[Yn (pn (1)) — yn(t)] < Ha,(C2(pn(t)), Ca(t)) < Alpn(t) — t|.

Therefore,

SUP{ V/E| 2 (pn () — 2 ()2 : t € [0,T]} < M/E|pn(t) — t]2 = 0as n — oo.

and

sy Elga(pn(6) — snOF : ¢ € [0,T]} < M/Elpn(t) — 1 — Oas n — oo.
In Theorem (4.2) was proved that (x,, (),¥,, ) converge to (z¢y:) in
M2([—r, T], X).
Let v7 (t) = g (pn(t), (Zn) p(t))s (Un) pr(1)))-From Hsz we have |[v7 (¢)] < k; for n € N
implies that v7 (t) € B(0,1), hence (v7),en which converges weakly to some limit
vl € L2(J,X). Since F(.,z,y) is u.s.c. with closed and convex values and F7(.,.,.)
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is bounded for each j = 1,2, then exists a sequence {Fy,, }men of globally u.s.c. set-
valued mappings on J x M?([—7,0], X) x M?([-r, 0], X) with convex compact values
in X x X satisfying the following conditions:

|F, (2, )| < Ky,
for all (t,z,y) € J x M?([-r,0], X) x M?([-r,0], X) and j = 1,2,
Fl i (tay) C F(ta,y), Ftz,y) =Nme1F(tz,y).

Now we need to prove that v/ (t) € FJ(t,xs,y;), for a.e. t € J. Lemma 3.7 yields the
k(n)

existence of constants o > 0,1 =1,2..,k(n) and j = 1,2 such that Z o =1 and
1=1

k(n)
the sequence of convex combinations 7 (.) = Z aj'vj (.) converges strongly to some
=1

limit v/ € L2(J, X). Since F/ takes convex values, using Lemma 3.6, we obtain that
vi(t) € ﬂ {(Wh(t)}, ae teJd
n>1

c (@f{vit), k>n}

n>1

< el U Fhloe(®), @r)pors @)}

n>1 k>n

= co{limsup FJ, (1 (t), (€)1 t)> Wk)pn () - (5.13)

k—oo

Since FJ, is u.s.c. and has compact values, then by Lemma 3.5, we have

limsup FY, (pn (), (2n) pr (815 Un)pn (1)) = Fl(t,24,y) for ae teJ.

n—oo

This and (5.13) imply that v7(¢) € eo(F7 (¢, z,y:). Since, for each j = 1,2, F7 (.,.,.)
has closed, convex values, we deduce that v/ (t) € FJ (t,x¢,v;) for a.e. t € J,then
’U‘j(t) S Fj<t,.’13t,yt).

We can pass to the limit when n — oo, we deduce from

(Tp, (1) Ypu(t)) = (T4, Ye) € M?*([-r,0],X)as n — oo.
Using the fact that G7(.,.,.) is a continuous function then we have
G (pn (), p, (), Ypn (1)) — G (t, 24, y1) as m — oo.
Now, we show that
da(t) € —N(z(t), Cy(t))dt +v' (t)dt + G (t, x¢,y,)dB71 (t) ae.t € [0,T).  (5.14)
and

dy(t) € =N (y(t), Ca(t))dt + v2(t)dt + G*(t, z1,y:)dB™2(t) ae.t € [0,T].  (5.15)
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Since (2, yn) is bounded in X x X there exists a subsequence of (x,,, y,)converge to
(z,y).Then

/0 o (= (1) + vh(8) + G (¢, (@), (y) ) dB™ (£), € (s (1)) )t

g/o (—x;(t) + o () + G, (@)1, (yn)1)d B (t)vw(un(t)))dt- (5.16)

Using the fact that o(., C1(t)) is lower semicontinuous ,then

n—oo

T
lim inf / o (= 2 (0) + 0 (6) + G (1, (@) (9) ) AB (1), Ca (i (1)) ) it

T
> / (= 2/(0) + ' (6) + G0, 20,y ) B (1), Cr (1)) (5.17)
By (5.16) and (5.18),we obtain

/OT ( — &/ (t) + 0 (t) + GL(t, x4, ) dBT (1), Cl(t))dt

> /T o—( — &/ (t) + 0 (t) + G (t, 24, ) ABH (1), Oy (t))dt. (5.18)
Thus, ’
da(t) € =N (x(t), C1(t))dt + F(t, xs,ys)dt + G (t, x4, y; ) dBH1 (1), ae. t €[0,T).
and
dy(t) € =N (y(t), Ca(t))dt + F(t,z¢, y;)dt + G*(t, xs,y:)dB?2(t), a.e. t € [0,T].
and the proof is finished. O
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