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The size of some vanishing and critical sets

Cornel Pintea

Abstract. We prove that the vanishing sets of all top forms on a non-orientable
manifold are at least 1-dimensional in the general case and at most 1-codimen-
sional in the compact case. We apply these facts to show that the critical sets
of some differentiable maps are at least 1-dimensional in the general case and at
most 1-codimensional when the source manifold is compact.
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1. Introduction

It is well-known that the orientability of a manifold is characterized by the
existence of a top differential form which never vanishes. Therefore it is natural to
investigate the size of the vanishing sets V(6) := {p € M : 6, = 0} of the top forms
0 € Q™ (M) towards a measure of the deviation from orientability of the involved non-
orientable manifold M. Indeed, the complement of every vanishing set of a top form
is orientable and the smallest such vanishing sets are good candidates to measure this
deviation. In this paper we show that the top forms of non-orientable manifolds cannot
have arbitrarily small vanishing sets and apply this fact to show that some maps
cannot have arbitrarily small critical sets. For instance the zero dimensional subsets
of the non-orientable manifolds are neither vanishing sets of the top differentiable
forms, nor critical sets of any differentiable function with orientable regular set, for
the orientable option of the target manifold. Similar lower bounds for the size of the
branch locus arise due to Church and Timourian [5, 6] in the codimension cases 0,
—1 and —2. On the other hand, the critical set of a zero codimensional differentiable
map was treated before in [17], where the critical set is realised as the vanishing set
of the pull-back of a volume form on the oriented target manifold.

Note that the other extreme is well represented in the recent years, as quite some
effort oriented towards the maps with finite critical sets has been done, not only for
one dimensional, but also for higher dimensional target manifolds [1, 2, 3, 8, 9, 10].
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The paper is organized as follows: In the second and third sections we quickly
review the tools and emphasize the preparatory results needed to prove the main
results of the paper, which are also stated here. In the fourth section we prove the
main results of the paper, the first of which concerns the surjectivity of the group
homomorphism induced, at the level of fundamental groups, by the inclusion M\ A —
M, where M™ (m > 2) is a manifold and A C M is a closed zero dimensional set.
As a consequence we observe that the dimension of the critical set of a zero or lower
codimensional map, whose target manifold is orientable and the source manifold is
non-orientable, is at least 1-dimensional. Relying, all over this paper, on the inductive
definition of the ’dimension’ [7, 13], we prove that the dimension of the critical set of a
zero or lower codimensional map, whose target manifold is compact orientable and the
source manifold M™ is compact non-orientable, is at least (n — 1)-dimensional. Recall
however that the small and large inductive dimensions are equal to each other and
both are equal with the covering dimension whenever the evaluated space is separable
[7, p. 65]. Since differential manifolds are metrizable metric spaces, it follows that the
inductive dimensions of a certain subset of a given manifold are equal to each other
and both are equal with the covering dimension of that subset.

2. Main results

In order to achieve such results we rely on the characterization of orientability
of a connected differential manifold M by means of the orientation character, i.e. the
group homomorphism w,, : 71 (M) — Cs := {—1,1} defined by

_ 1 ify(1) =&
wM([’Y]) - { -1 lf ,3,(1) — j—h
where 7 : [0,1] — M is the lift of the loop 7 : [0,1] — M, v(0) = v(1) = z, with
7(0) = &1, p: M — M is the orientable double cover of M and p~!(z) = {#1,7_1}.
Indeed, M is orientable if and only if the orientation character is trivial. Equivalently,
M is non-orientable if and only if w,, is onto. Taking into account that the orientation

double cover of O is p|p,1(o) :p~1(O) — O, we deduce that the orientation character
of a connected open set O C M can be decomposed as

w, = w,, om(i,), where m1(i,): 71 (0) — w1 (M)

is the group homomorphism induced by the inclusion map i, : O < M. Consequently
the open connected subset O of a non-orientable manifold M remains non-orientable
whenever 71 (i,,) is surjective. Note that the orientation character w,, of M coincides
with wy (M) o p, where p : m (M) — Hy1(M,Z) stands for the Hurewicz homomor-
phism and w (M) for the first Stiefel-Whitney class regarded as a homomorphism via
the homomorphism of the universal coefficient Theorem

H'(M; Zy) — Hom(Hy(M; Z), Zs)
and (5 is identified with Zo.

Remark 2.1. Let M™ is a connected non-orientable manifold.
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1. If the 1-skeleton M* of a certain C'W-decomposition of M is a strong deformation
retract of some of its open neighbourhood U, then the complement M \ U cannot
be the vanishing set of any top form on M, as the group homomorphism

ﬂ-l(i}\/l\U) : 771(M \ U) — 7T1(M)

is onto [11, p. 39].
2. The m — 2 and lower dimensional submanifolds of M™ cannot be the vanishing
sets of any top forms on M, as the group homomorphism

Wl(iM\X) cm(M\X) — m (M)

is an isomorphism for m > 3 and an epimorphism for m = 2, whenever X is
such a submanifold of M. In particular the discrete subsets of M cannot be the
vanishing sets of any top forms on M [16, Proposition 2.3]. By using the same
type of arguments one can actually show that no countable subset of M can
be the vanishing sets of any top form on M. In other words the vanishing set
of every top form on M is uncountable. In fact the zero dimensional subsets of
M cannot be the vanishing sets of any top forms on M, as we shall see in the
Theorem 2.1 and Corollary 2.2.

Theorem 2.1. If M™ is a smooth connected manifold (m > 2) and A C M is a closed
zero dimensional set, then M \ A is also connected and the group homomorphism

m (i) :m(M\ A) — 7 (M),
induced by the inclusion i : M\ A — M, is onto, i.e. m (M, M\ A) = 0.

Corollary 2.2. If M™ is a non-orientable manifold, then dimV(w) > 1 for every
differentiable form w € Q™ (M).

Proof. Assume that dim V(w) = 0 for some differentiable form w € Q™ (M). Accord-
ing to Theorem 2.1, the complement M \ V(6) of the vanishing set is also connected
and the group homomorphism

m (1) :m(M\V(0)) — 7 (M)

is onto. The non-orientability of M shows that the orientation character w,, is onto.
Consequently the orientaion character =w,, om (i ,of M\ 'V (8), is also
onto, due to Theorem 2.1.

On the other hand the restriction 6[y/\v(g) is a nowhere vanishing top form of
M \ V(0), which shows that M \ V() is an orientable open submanifold of M. In
other words, the orientation character w,, ., = Wy, © T1(iy, ) is trivial, which
implies that either the orientation character w,, is not onto or the induced group
homomorphism 71 (¢ ) : m (M\V(0)) — m1 (M) is not onto, which is absurd. O

Whrv (o) M\V(s))

M\V (0)

In the compact non-orientable case we can provide, by using some different type
of arguments, a much larger lower bound for the vanishing sets of all top forms.

Theorem 2.3. If M™ is a compact connected mon-orientable manifold, then
dimV(w) > m — 1 for every differentiable form w € Q™(M).
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Remark 2.2. The estimate, provided by Corollary 2.2 is sometimes sharp. Indeed, by
removing a suitable circle out of Klein bottle we obtain a cylinder, which is orientable.
Also by removing a suitable copy of the (2n — 1)-dimensional real projective space,
out of the 2n-dimensional real projective space we obtain a 2n-disc, which is also
orientable. In both casses the removed submanifolds have, due to Corollary 2.2 and
Theorem 2.3, the smallest possible dimension in order to get orientability on their
complements.

3. Preliminary results

3.1. Vanishing sets of differentiable forms

If wis a k-differential on M, recall that the vanishing set V(w) of w is the
collection of points z € U at which w vanishes, i.e.

V(w) ={z€ M :wy(vy,...,v,) =0 for all v; € T,(M)}.

We shall only use in this paper the vanishing sets of the top differential forms of M.

In this subsection we investigate the size of critical sets of maps between two
manifolds with the same dimension via the vanishing set of the pull-back form of a
volume form on the target manifold.

Remark 3.1. If f : M™ — N™ is alocal diffeomorphism and § € Q¥ (), then V (f*0) =
f~H(V(0)). If f is additionally surjective, then this equality can be rewritten as
fF(V(f*0)) = V(0), which shows, by means of Hodel [12],

dim (V(f*6)) = dim V(6) (3.1)
whenever V(f*#) is compact.

Theorem 3.1. ([17]) If M™,N"™,m > n are differential manifolds with N orientable
and f : M — N is a differential map, then C(f) = V(f*voly), where voly is a
volume form on N.

Corollary 3.2. Let M™, N™ be differential manifolds. If N is orientable and M 1is
non-orientable then dim C(f) > 1 for every differentiable function f: M — N.

Proof. Let voly be a volume form on N. Combining Theorem 3.1 with Corollary 2.2
we deduce that dim C(f) = dim V(f*voly) > 1. O

In addition to the usefulness of the vanishing sets of differentiable forms in
evaluating the size of the critical sets, they are also useful in evaluating the size of
the tangency sets [4].

3.2. Zero dimensional subsets of manifolds

Lemma 3.3. If C is a closed subset of a smooth manifold M™, then there exists a
smooth nonnegative function f : M — R such that f~(0) = C.



The size of some vanishing and critical sets 655

Proof. We first consider an embedding j : M < R?"*1 whose existence is ensured
by Whitney’s embedding theorem.

If K C R**H! is a closed subset such that j(C) = K N j(M), ie. j~4K) = C,
then the required function is f = g o j, where g : R?"*! — R is a smooth positive
function such that ¢g=1(0) = K, whose existence is ensured by the Whitney theorem
([18, Théoreme 1, p. 17]). O

Proposition 3.4. If A is a closed zero dimensional subset of a smooth manifold M™,
then for each x € M and every neighbourhood U of x, there exists an open neighbour-
hood V' of x such that V C U, OVNA =10 and OV is smooth.

Proof. If x ¢ A, then the existence of V' is immediate. Assume now that a € A and
consider an open and relatively compact neighbourhood V' of a such that V' C U and
OV’ N A = (). We may assume that V' is actually connected, as otherwise we reduce
V' to its connected component containing a. If ¢ : M — R is a smooth nonnegative
function such that p=1(0) = A, whose existence is ensured by Lemma 3.3, observe
that m := min{p(x) |z € IV'} > 0, since the compact set A Ncl(V') = ANV’ has
no common points with the compact boundary V’. If y € (0, m) is a regular value of
olv : V! = R, then (¢|y/) "' (y) is a compact hypersurface in V', as (¢|v/) " (y) =
© 1(y) N cl(V'). Indeed, the inclusion (¢|y/)~" (y) € ¢ (y) N cl(V') is obvious. If
x € pL(y)Nel(V'), then p(x) =y and = € (V') = V' UIV’. But since y > 0, it
follows that = & OV’ which shows that z € V' and z € (¢|y/) ™" (y) as well. Because
y < m, it follows that (¢|y) " (y) N A= 0.

Finally, we consider a regular value y € (0,m) of ¢|ys : V! — R and observe

that the inverse image (<p|v,)71 (—o0,y) C V' is an open neighbourhood of A and
—1 —1
d [(@IV/) (—oo,y)} = (¢elv.) @),

which shows that 0 {(cp|v,)_1 (—o0, y)} NA=0.If Vis the connected component of

the inverse image ((p|v,)_1 (—o0,y) containing a, then its boundary is a collection of

connected components of (g0|v,)71 (y) and therefore 9V N A = (). O

Remark 3.2. If A is a closed zero dimensional subset of a smooth surface X, then
for each z € ¥ and every neighbourhood U of x, there exists an open disk D such
that z € D C U, DN A = () and 9D is a smooth circle. Indeed, we consider, via
Proposition 3.4, a local chart (W, ) of ¥ at = as well as a connected neighbourhood
V of x with smooth boundary such that = € V, cl(V) C W C U, (W) = D?
and 9V N A = (. Note that the boundary of ¥ (V) is a union of pairwise disjoint
circles, as the circle is the only compact boundaryless one dimensional manifold. One
of these circles, say C, is the boundary of the unbounded component of R? \ (V).
The bounded component of R? \ C' is completely contained in D?, contains ¢ (V') and
we may choose its inverse image through 1 to play the role of D.

3.3. Deformations of punctured manifolds

Since the deformations of the punctured Euclidean space and the punctured
manifolds [16] will be repeatedly used in what follows, we shall review them shortly.
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For r > 0 and n € N* denote by D" and S”~! the open disk and the sphere respec-
tively, both of them having the center at the origin of the space R™ and radius r. D}
and S{l*l will be simply denoted by D" and S™~! respectively. For 2 € D", consider
the map hy, : R™\ {#} — R™\ {z} defined to be the identity outside the open disc
D" and h,(y) = S"'N]ay for every y € D™\ {z}, where |zy stands for the half line
{(1 —s)x+ sy : s> 0}. In particular h,(y) =y, Vy € S*~L.

Let N be an n-dimensional manifold and ¢ = (U, ) be a local chart of N
such that cl(D™) C ¢(U). Denote by D, and S, the sets ¢~ !(D") and ¢~ 1(S"™!)
respectively. For x € D, we define the continuous map he, : N\ {z} — N\ {z} by

_ Y ifye M \ D@
hea(y) = { ¢! (how@ (p(y))  ifyeU\{z}.

Note that he . (D,\{z}) =S, and h..(y) =y, Yy € S,,.
Remark 3.3. 1. hy(D"\{z}) = S" " and h, ~p, idgn\ {5} (relR"\D"), where
Hy : R"\{z} x [0,1] = R"\{z}, Ho(y,t) = (1 = t)y + tha(y).
2. hea ~p, , iy (2}, Where He o, 0 (M\{z}) x [0,1] = M \ {z},

B y if y € M\D,,
Hc,a:(yat) - { (p—l(Hw(w)(go(y),t)) lfy € U\{‘r}

If P is a given manifold and f : P — M is a continuous map whose image avoids
the point x, then f ~ h. ;o f and a homotopy between f and h¢ o f is Hez(-,t) o f.
We shall refere to each he, o f and H. (-, t) o f as the punctured deformation of f
from x onto S,.

4. The proofs of theorems 2.1 and 2.3

Proof of Theorem 2.1. Consider a homotopy class of curves in 71 (M, M \ A) repre-
sented by a continuous curve « : [0,1] — M, «(0),a(l) € M \ A and deform «
rel{0,1} to some differentiable curve 8 with non vanishing tangent vector field. The
immersion 8 might actually be chosen to be a geodesic from «(0) to (1) with respect
to some Riemannian metric on M (see e.g. [14, Theorem 1.4.6, p. 24]). Obviously
dim (ANIm(B)) < dim(A) = 0 and dimIm(5) = 1.

From this point we continue the proof by induction with respect to the dimension
m of the manifold M. First assume that m = 2 and observe that for each t € 371(A)
there exists, via Remark 3.2, a two dimensional disc D; C M with circular boundary,
neighbourhood of S(t), such that its circular boundary C; has no common points
with A. Since [ is locally an embedding, D; might be chosen inside the domain
U, of a coordinate chart ¢, = (U, ¢¢) in such a way that Dy = D, Cy = S,,,
a(0) = B(0), a(l) = B(1) € M\ cl(Dy), J; :== B~1(D;) is an open interval and
i (DeNIm(Bly,)) = ¢(Dy) NR. Since {D; | t € B71(A)} is an open covering of the
compact set Im(3) N A, we may extract a finite open cover, say D;,, ..., D;.. We may



The size of some vanishing and critical sets 657

assume that Dy, \ cl(Dy;) # 0 whenever i # j. Since dim(Im(3) = 1 it follows that
Im(B) cannot fill the open set

D\ | Jel(Dy)).
j=1
ji
For each ¢ € {1,...,7}, consider a point

i € Dy, \ (Im(B) ulJ cl(Dtj))
7
and the maps g, o, : M \{z1,..., 25} — M\ {x1,..., 25} given by

Ger, s (y) = he,, ., (y)
Note that id s\ (a;,....2.} = Ger, 21O " *OFey, x, (vl M\ (D, U---U Dy,)) as each of the
maps ge, .y« -1 Jey, x, 15 homotopic to idap (4, ,....e,} Telative to M\ (D, U---UDy,).
Thus
B~ (QCtl,m O 00c, @ © B)(rel{0,1})
and Im(gctl)x1 0--0ge x,00B) C M\ A, as

(galﬂhO"'OQCts,ws)<(Dt1U"'UDts)\{xlw--axs}) CCyU--- UG, QM\A

and §1 (M \ (Dy, U+ U D,,)) C B4 (M A).

We next assume that the statement holds for (m — 1)-dimensional manifolds and
we shall prove it for the m-dimensional manifold M. In this respect we consider a
partition 0 =ty < t; < --- < t, = 1 of the interval [0, 1] with small enough norm such
that:

1. B([to, 1) VA = B(itr—1,]) N A =0 and B(11), .., Bltr—1) € M\ A.

2. there are small enough open discs Dy = D,,,,...,D,_3 = D, __, with spherical
boundaries S} = S,,,...,S—2 = S,,_,, for some charts ¢; = (U, ¢1),...,¢ =
(Ur—2, @r—2), with the following properties:

(a) B~Y(D;) is the open interval (t;,t;,1) and the restriction (t;,%;41) — Dj,
t — B(t) is an embedding, for every i = 1,7 — 2;
(b) CI(D,L) N Im(ﬁ) = Si N Im(ﬁ) = {6(t2)7ﬁ(tl+l)}’ and DZ N Di+1 = (Z) while
c(D;)Nel(Diy1) = SiNSip1 = {B(tit1)}, for every i = 1,r — 3.
Note that Im(8)NA C D1U---UD,_5. For every i € {1,...,r—2}, consider z; € D;\
Im(3) and observe that Bz, 2,,,] = ey, 208, i41] (tel({Zi; Tiy1})). By applying the
inductive hypothesis to the punctured deformation he, o, © Bz, z;,,](vel({@i, Tit1}))
of Bl(z;,2,,,) from z; onto S;, whose image is contained in the (m — 1)-dimensional
sphere S;, one can conclude that he, u; © B[, z,,,) I8 homotopic rel({z;,z;41}) to
some continuous curve 7; : [z;,x;41] — S; whose image avoids the set A, i.e.
Yi([%i, wit1]) € Si\ A. Thus he, ., o is homotopic rel({0,1}) to the continuous curve
v :[0,1] — M\ A defined by V|[zg,01] = Bliwe,21]» Viziszisy) = i for 1 <i < —2
and 7‘[w,~,17wr] = ﬁ‘[wr,hwr]' O
Proof of Theorem 2.3. We first observe that every top-form w € Q™(M) is exact, as
the top de Rham cohomology group HJj (M) is trivial [15, Th. 15.21, p. 405], i.e.
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w = df for some § € Q™1 (M). If p: M — M is the orientable double cover, then
p*w = p*(df) = d(p*0), which shows that /~ p*w = 0 and that dim (V (p*w)) > m—1
therefore. Thus "

dim (V(w)) = dim (p (V (p"))) = dim (V(p"w)) > m — 1,
as p(V(p'w)) = V(w). -

Corollary 4.1. Let M™, N™ be differential manifolds. If N is orientable and M 1is
compact and non-orientable then dim C(f) > n — 1 for every differentiable function
f:M— N.

Proof. Let voly be a volume form on N. Combining Theorem 3.1 with Theorem 2.3
we deduce that dim C(f) = dim V(f*voly) > n — 1, for every differentiable function
f: M — N. O

A proof of Corollary 4.1 of similar flavor appears in [17, Theorem 2.4.(b)].

Remark 4.1. Corollaries 3.2 and 4.1 rely on the orientability of the regular set
R(f) = M\ C(f) in the 0 = dim(N) — dim(M) codimension case which is a pri-
ori ensured by the nowhere vanishing restricted top form f*vol N| R(p) OO R(f). In the
lower codimension case dim(M) > dim(N), the lack of orientability of the regular set
is obvious, even for the orientable option of the target manifold N. We stress this by
the example of the projection of a product M = N x X on the first factor, when N
is orientable and X is non-orientable. The critical set of this projection is obviously
empty, but its regular set is the whole non-orientable product M = N x X.

However, the orientability of the regular set R(f) ensure similar lower bounds
even in the lower codimensional context. More precisely, if N" is orientable and M™
(m > n) is connected non-orientable and f : M — N is a differentiable function
with orientable regular set R(f), then dim(C(f)) > 1. The proof of this statement
works along the same lines with the one of Corollary 2.2, the role of the vanishing set
V() is played here by the critical set C(f).
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