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Inequalities involving Mittag-Lefller type
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Abstract. In the present work, we propose generalized structure of the g¢-
Konhauser polynomial suggested by a generalized g-Mittag-Leffler function. For
this polynomial, we obtain its difference equation and several other properties
involving inequalities are also derived which yield as the particular cases, g-
analogues of the generating function relations and finite summation formulas.
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1. Introduction

In 1903, Mittag-Leffler [20] proposed a function F,(z) defined by

Eo(z) = ; Tlan 1)’

where z is a complex variable and o € C, R(«) > 0. Later on this function was referred
to as Mittag-Leffler function. The Mittag-Leffler function is direct generalization of
the exponential function to which it reduces for a = 1. This function has some inter-
esting properties which later became essential for the description of many problems
arising in applications. Nowadays the Mittag-Leffler function and its numerous gener-
alizations have acquired a new life. The recent notable increased interest in the study
of their relevant properties is due to the close connection to the Fractional Calculus
and its application to the study of Differential and Integral Equations. Many modern
models of fractional type have recently been proposed in Probability Theory, Mechan-
ics, Mathematical Physics, Chemistry, Biology, Mathematical Economics, Engineering
and Applied Sciences etc. There are many applications of Mittag-Leffler function and
its generalizations in Astrophysics problems (see [17]). One application of Mittag-
Leffler function is described below.
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In a reaction-diffusion process if N(t) is the number density at a time ¢ and if the
production rate is proportional to original number, then

d
%N(t) = AN(t), A>0 (1.1)
where A is the rate of production. If the consumption or destruction rate is also

proportional to the original number then

d
EN() = —uN@), p>0 (1.2)
where p is the destruction rate. Then the residual part is given by
d
dtN( ) = —eN({), c=p—A (1.3)
If ¢ is free of ¢t then the solution is exponential model
N(t) = Noe , No=N(t)att=tg (1.4)

where 1 is the starting time. Instead of total derivative in (1.1) to (1.3) if the fractional
derivative or fractional nature of reactions is considered, that is, an equation of the
form

N(t) =Ny = —coD;" N(t) (1.5)

is considered where ¢D; " is the standard Riemann-Liouville fractional integral oper-
ator, then the solution

c vk
NOZ CUE B, (16)

involves E,(.) which is nothing but the Mittag-Leffler function.
The well known Mittag-Leffler function [20]

oo n

Eo(2) :;_:Ol“(oz:z—i—l)’ (1.7)

where z is a complex variable and a € C, $(«) > 0 was generalized by Wiman [37]
in 1905 in the form:

oo n
(2) = HZ:% m, R(a, B) > 0, (1.8)
which is known as Wiman’s function or generalized Mittag-Leffler function.
Note 1.1. E, 1(z) = Eqo ().
In 1971, Prabhakar [25] introduced its extension:

Z’I’L

EV -
Zfarm-ﬁ) nl’

(1.9)

wherein R(«, 5,v) > 0
Note 1.2. Eéﬁ(z) = E, 5(2).
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In 2007, Shukla and Prajapati [34] introduced the function:

q - (Vgn 2"

in which a, 8,7 € C; R(,3,7) >0 and ¢ € (0,1) UN.
Note 1.3. E)';(2) = E] 4(2).

As a continuation of these studies, Nathwani, Dave and Prajapati [27, 28, 29, 23, 22,
24] introduced the following function:

Definition 1.4. For o, 5,7, A € C, R(«, 8,7,A) > 0, ,u > 0, r € {—1,0}UN, s €
Nu {0}

B on’ n, 1.11
aﬁ)\uzsr ZI‘om—f—ﬁ (A)n]” .Z ( )

Note 1.5. E)'% , (21,0) = E]%(2).

The objective of constructing this function is to
(i) include certain existing generalizations of Mittag-Leffler function,
(ii) also include the functions such as Bessel Maitland function, Dotsenko function,
Bessel function, generalized Bessel Maitland function, Lommel function etc. especially
by means of parameters r,v, A (Table-1 below)
(iii) obtain inverse inequality relations and some other inequalities by means of the
integer ’s’
Since the time of Wiman (1905), many researchers have proposed and studied various
generalizations of the Mittag-Leffler function [20] (see [38], [25], [34], [14], [15], [18],
21], [27), [29], [32], [33], [10]).
The g-analogue of the above generalized Mittag-Leffler function (1.11) is given by
Nathwani and Dave [22, 24]:

oo

Z )7 gD Dy (v + om))°
o q,BJrom Lo+ pn)]" (G @)n

where «, 8,7, A € C with R(«, 8,7, ) >0,0,u>0re{-1,00UN, s € NU{0},
p=a?+ru?—s6% +1 with R(p) >
The aim of the present work is to extend the well known ¢g-Konhauser Polynomial [6]

0
E; 5 u(238:7]q) (1.12)

[qﬁ—l—l]km m qkn(kn—l)/2+kn(m+ﬁ+1)(q—mk. kn

aqk)n xz
(@%:¢%)m "0 (4P kn (4F54%)n 7

and hence the generalized g-Laguerre polynomial [30]:

Z8 (x;klq) =

n

[q[ﬂ+1]m m qn(n+1)/2+n(m+ﬁ)(q—m.;q)n T
(@ D)m = [¢° ] (43 9)n

where () > —1 suggested by the generalized g-Mittag-Leffler function (1.12).
The following definitions and formulas will be used in this work.

L (xlg) = : (1.13)
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For a € C, and 0 < |g| < 1, the g¢-shifted factorial is defined by [13, Eq.(1.2.15), p.3
and Eq.(1.2.30), p.6]

1 if n=0
- — oo (1 = g™ 1 ;
(a;q)n = (1(q. ;))(1 ag):--(L—aq"™) if neN (1.14)
21 4/00 if necC,
(ag™; @)oo
where
oo
(@ @)oo = [[(1—ad®), ol <1,
k=0
A well-known extension of the g-shifted factorial is given by [12]
[t — laln = (t = a)(t — aq)(t — ag®) -+~ (t — ag"™"). (1.15)
A finite series-product identity [12]
> gt m o =T+ g, (1.16)
k=0 k=1
The g-derivative of a function f(z) is defined by [13, Ex.1.12, p.22]
f(x) = f(zq)
D,f(z) = —F——— 1.17
Definition 1.6. A ¢-Gamma function is defined as ([16], [35]):
. 1— l-«
Ty(a) = 2= U-0) (1.18)

(4°39)oo
where  # 0,—1,—2,...,and 0 < ¢ < 1.

The g¢-analogue of Stirling’s asymptotic formula [19, Eq.(2.25), p.482] for the ¢-
Gamma function is

1
Lo~ (1) T (5 ) (=) o), (119)
where p (x):97q” 0<0<1.
! 1—q—q’
A ¢-Beta function B,(z,y) is expressible in different ways [13].
1
B,(z,y) = /t"c_l(tq)y,l dqt, (1.20)
0
(1 — q) (Q)oo (qw+y)oo
B,(z,y) = , 1.21
and
[ s (150
—1 (443 9)oo
B,(z,y :/tl R LA A I 1.22
oY) (tq¥; q)os * (1-22)
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in which y # 0,—1,-2,..., R(z) > 0.
The ¢-Euler (Beta) transform is [13]:

BU/() 0, ) = [0/ 0D ) g (1.23)
0

The g-Laplace transform.
Hahn [16] defined the g-analogues of the well known classical Laplace transform:

F(S) = 6(8) = [ (o) e
0
by means of the following two integral equations.
s-1

CAF(D) = ﬁ | Edtaso 50 ae (1.24)
0
and
LSO} = o [ eal=50 £0) dit (1.25)
0

where R(S) > 0.
The ¢-analogue of Riemann-Liouville fractional integral operator ([4], [39], [31]) is
given by

x

/ (& — @)oo F(y) gy, (1.26)

a

q15+f($) = thu)

where p is an arbitrary order of integration with ®(u) > 0.
In particular, for f(x) = 2”71, the equation (1.26) reduces to

_ Ly(v) _
IF f(a)a" ™) = ot 1.27
JE S = s (1.27)
The fractional ¢-differential operator of arbitrary order «, is defined as ([5], [31]):
1 xT
DS f) (x :7/:5— . doy, 1.28
(¢D5Lf) () F‘Z(_a)o( [q)—a1 f(y) dgy (1.28)

in which R(a) <0, 0 < |¢| < 1.
It is to be noted that ( ¢Dg, f)(x) = DZ , f(x). In this context, we have

(oDay f) (@) = (dci(;) (oLa57f) (). (1.29)
If f(z) =21, then (1.28) reduces to

D8 2471 = mxﬂ—a—l. (1.30)
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The generalized Konhauser polynomial due to Prajapati, Ajudia and Agarwal is given
by [26]:

Fkn+a+1) n!’

LED (k) = 29 (01 k) = (1.31)

We propose here generalization of ¢g-Konhauser polynomial.

Definition 1.7. For a, 3,A >0, m,0,u,k,s € N, r € NU{0}, m* =[], the integral
part of &, define

ks 7“|Q) = q yq)am i q5k5"(m+(5nk71)/2) qén(a(ﬁJrl)Jrr#)\)
[(0%; %) m]* (P D an (@5 0) un]”

X[(q‘m’“,Q) ] . (1.32)

(q%; ¢")n

B(a*n@;)vﬂ)(

The polynomial in (1.32) will be referred to as ¢-GKP.

2. Generalized ¢g-Konhauser polynomial

If a=keN,s=1r=0 then (1.32) reduces to g-analogue of another general-
ization of the Konhauser polynomial (1.31) in the form considered by [26]:

BB ,\,u)( K1,0lq) = (0P Q) o gFOn(RIn=1)/2+6nm gonk(5+1)
m ] (qk.qk) — (q,@—i-l Q)an
X (q mk qk)én kn
(¢%;q%)n

A g-analogue of the classical Konhauser polynomial (1.13) is obtained from (2.1) by
taking 6 = 1, that is

(q5+ q)km m qkn(kn—l)/2+kn(m+3+l)(q—mk;qk)n xk:n
(@ 54" m = (@ Qen (0%6)n
= Zp(a;klg). (2.2)

B (a1, 00) =

Further, with £ =1,
(qﬁ+1;q)m m qn(n+1)/2+n(m+5) (q—m;q)n n
(G D)m = (@ Dn (@3 Dn
= LY (alq) (2.3)

BiAA (231,01q) =

is a g-analogue of the generalized Laguerre polynomial.
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Theorem 2.1. Let

(@Y Qam m” o (Ron(kon—1)/2+kénm) oSn(a(B+1)+rud)

BS;B’A’”) sl =
( | ) [(q q )m] 0 (qﬁ+l;Q)an [(qA;Q)un]r
—mk. k s .kn
(@*;¢*)n
Then as limit m — oo, B,(,?;ﬁ A “)( 1 8,7|q) approaches to the entire function
YRR Vet N G il ottt
> [(¢"; 4%)oo)® = (@5 @)an [(@750) )"
on(a(B4+1)+ruX) .kn
g . (2.5)
(4% ¢")n

m any bounded domain.

Proof. Tt will be shown first that the series in (2.5) has an infinite radius of conver-
gence.
Taking

(_1)s§n qs(kén(kénf1)/2+k6n(5n71)/2) q5n(a(ﬂ+1)+rp,)\)
(@ @)an [(0*30) un]” (4% ¢")n
(_1)8671 s(kdn(kén— 1)/2+k6n(5n71)/2) qﬁn(a(5+1)+ru/\)
("5 @)oo [(4%5@)oc]”
(”H_'B—H; Q)oo [(qun-l-)\’ q)oo]r )
(¢%:¢")n
Then using D’Albert’s Ratio test, the radius of convergence R is given by

. la

R = lim Un

n—oo

Un+1
(_1)s6n qs(kén(kénf1)/2+k5n(5n71)/2) qén(a(ﬁJrl)Jrr,u)\)

(@5 0)o0 (@ 0)00]” (dF54F)n

(@0 (50" (@) (6 @) ]
(_l)sé(n—l-l) q(9k5(n+1)(6(n+1)—1)/2+(k6(n+1)—1)/2

= lim
n— o0

X

(qk; qk)n+1

PG (et DTEH ) (gD ) ]

qsk§75k262 (1 _ q(n+1)k)

= lim qns9 (kA1) gd(a(B+1)+rud)

n—oo

(L= g™ PH) (1 —qomt042) . (1 — g Hie)
1— pun+A+1 1— pun+A+2 (1= pun+A+p\]—r
(1-q ) q ) q

= OQ.
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Here it suffices to show that for m sufficiently large,

m qs(k§n(k5n—1)/2+k6nm) qén(a(B-‘rl)-‘rTu/\) [(q—mk; qk)én]s zkn (2 6)
v (@ @an (€% Q)pn]” (¢*;4%)n
tends to
00 (_1)s§n qs(k5n(k5n—1)/2+k6n(5n—1)/2) q5n(a(B+1)+ruA) rkn (2 7)
— (@ @an (0730 un]" (a*:6")n '
In fact,

i (_1)55n qs(kén(k(;nfl)/2+k§n((5n71)/2) qén(a(5+1)+ruk) Lk
= (@ @an (0% 0)n]” (¢*;4")n

- m qs(kJn(kén—l)/Q—&-kénm) qén(a(ﬁ+1)+r,u)\) [(q—mk;qk)én]s zkn
— (@ @)an (0% 0)un]” (¢*;%)n
_ Z {qskén(én—l)/2 o [(q—mk; qk)gn]s qskénm (_1)3671}
n=0
qukén(kén—l)/Q qén(a(5+1)+7’u)\) (_1)8571 zkn
(@5 @)an (0% QDunl™ (0% 6%)n
m*
_ Z {qskﬁn(én—l)/Z _ [(1 —qTTR) (1 — gmERY (1 = gTmR2R)
n=0
X(]_ o q—mk+(5n—1)k):| qskénm (_1)55n}
qukén(k(Sn—l)/Q qén(a(ﬁ-‘rl)-&-ry)\) (_1)5677, Lk
(@ @an (@%@ pn]” (€%56%)n
— Z {qskﬁn(énl)/Z _ [(quk _ 1) (quk+k _ 1) (quk+2k _ 1) o
n=0

X(q—mk+(6vz—1)k _ 1)} qskénm}

skon(kén—1)/2 qén(a(B+1)+r/_L)\) (_1)5577, kn

q x
(qBJrl;‘I)an [(q/\W);m}r (quQk)n

X
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IN

*

m

n=0

X(l - quf(énfl)k):ls qsk(?nm qskén(énl)/Zsk&’Lm}

qsk6n(k6n—1)/2 qén(a(,@—l-l)-i-ru)\) (_1)3671 rkn

X
(@t @)an (6% @) un]™ (@F56%)n
Z qskén(én—l)/Q _ {(1 _ qu) (1 _ qu—k) (1 _ qu—Qk) o
n=0
X(l _ qu—(én—l)k)]s qskén(én—l)/2

skon(kon—1)/2 gon(a(8+1)+rud) || P
(P Qan (@D un]™ (0% ¢%)n

q

The absolute difference may be simplified with the aid of the inequality

to get

IN

IN

q

X

q

k
(l—z)>1-> @, 0<a;<1, j=12,.. .k

k
=1 j=1

J

qskén(én—l)/Q _ [(1 _ qu) (1 _ qu—k) (1 _ qu—2k) o

X(l _ q’mk—(én—l)k):| 8 qskén(&z—l)/Q
skdn(dn—1)/2
1— |:(1 _ qu) (1 _ qu—k) (1 _ qu—2k) o (1 _ qu—(én—l)k):|

s
on

qskén(énfl)/Z 1 — H(l _ qufjk%»k)

j=1

S

on
skén(dn—1)/2 1- 1= quk—jk+k
j=1

s
on

kén(dn—1)/2 mk—jk+k
q° > g

Jj=1

Z {qskén(én—l)/Q _ {(1 _ qu) (1- qu—k) 1- qu—Qk) o

387

(2.8)
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S

on
_ kén(én—1)/2 mk—jk+k
g > g

Jj=1
s
on—1
. skén(dn—1)/2+skm —7k
= gq ( )/ E g
Jj=0

-6
qskén(5n—1)/2+skm (1 —4q nk)s

(1—g7)
— qskz?n(énf1)/2fsk5n+smk+sk (1 — qénk)s
(1—g")>

skén(dn—1)/2—skdn+smk+sk
(1—q*)s ’

< q

because dn < m. Therefore,

qskén(5n—l)/2 _ [(1 _ qu) (1 _ qu—k) (1 _ qu—Qk) o

(1 — qu—(én—l)k)} oRon(en=1)/2

skon(dn—1)/2—snék+smk+sk
(1—q*)

This last inequality is valid for all non negative values of dn. Substituting this into

(2.8), one gets

q

< (2.9)

i (_1)86n qs(kén(k5n—1)/2+k5n(§n—1)/2) qén(a(ﬂ-i-l)-i-ru)\) zhn
—~ (@ @)an (073 0) un]” (¢*;4")n

m* s(kén(kén—1)/2+kénm) qdn(a(ﬁ+l)+r,u>\) [(quk;qk)én]s rkn

q
v (@ @an [(6%; @) pun]” (¢";4%)n

qsmk+sk 0 qskSn((Snf1)/27sn5kqsk5n(k5n71)/2 qdn(a(BJrl)Jrr,u)\) |1.|kn

= U=y — (@ @an (6% Qpn]” (0% ¢F)n

Thus the last series (2.10) has an infinite radius of convergence and is therefore
bounded in every bounded domain. It follows that the left hand side in (2.8) — 0
as n — oo uniformly in any bounded domain. Hence the series (2.6) converges to
(2.7) uniformly on any bounded domain. O

(2.10)

3. Difference equations

The operators considered in this section are listed below.

Agf(z) = f(z) = flzq™"), Of(z) = f(z) — f(zq),
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D, f(x)=(1—¢q) Dyf(x) :=(1—q) f(z) — f(zq) _ f(x) —f(xq)7

T —xq x

a—1la—1
{TL Mo+ cvat-vrore -]
— Plab,em)

u=0v=0

a—la—1
{ H H [c—uql—(b—i-v)/a]m}
u=0v=0

a—la—1
{ H H [@ + Cfuq(bJrv)/a _ l]m}

u=0v=0

and

(abcm)

a—1 a—1 - Fu,v
{ H H [c—uq—(b+v)/a]m}
u=0 v=0

In the notations of these operators, the difference equation satisfied by the polynomial

B,(T?JB”\’“) (z%; 5,7|q) is derived in the following theorem.

Theorem 3.1. Let o, B, X\, m, 0, p, k, s € N, r € NU{0}, m* = [§] then
B(a757>\’#)($k

N ;8,7]q) satisfies the equation

(D(“’ 5T <I>( 7ﬂ+1 o;1) @] R (z%; 5,7q)
s — skom Sk,—mk,x;s a,B,A, s

gk q (k6 (k6 1)/2)+ kS ‘I’gz X )B,(n*ﬁ u)( k s(kd)? :s,7]q) = 0, (3.1)

where x is (6k)" root of unity, n is ut" root of unity, o is o' root of unity.

Proof. The coefficient of z"* in (1.32) will be first expressed in g-factorial notation
with the aid of the formulas [13, Appendix I]:

(a;@)kn = (a,aq,...,aq" ;¢"),,

(a*;¢")n = (a,awp, ... awf Y g8, swp = el

(A ¢k = (AY™ Q) (AY"w; @)k - . (AW ) g, W™ =1,

27i) [k

and
5—1
(@50 = (@% Q0 (@ .. (@ )0 = [[ (@05 )y &° =1.
1=0
Now if

n/8] [ 6k—1 6k—1 p—1p—1 -1
Z H H X q—mk+z)/(5k {HH n q>\+n /[L )]r}

n=0 =0 =0 =0 k=0

s(kén(kdn—1)/24+kénm) ,on(a(B+1)+ruX) nk
x 1 a L=y (3.2)

a—1a— k; k n ’
l_I1 [1 (o q#+9/e;q),, (5547)
=0 g=0
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ok—1 0k—1

H H X q —mk+i)/( 5k
a—1a— 12
I II" ¢+ q)n = Cu, g
h=0 g=0

then (3.2) will assume the elegant form:

Bharti Vishandas Nathwani

p—1p—1

Hm H H ! ()\+k /# )n]r = BTL)

£=0 k=0

s(kén(kén—1)/2+kdénm) 5n(a(ﬁ+l)+7“p)\) -G

[n/9]
Hrn Gn %
Y= —x”
nz:;) By Cn (¢%:¢")n
Now
n/é n/s
0y = [/]H”—g” nk _ [/]H gn xnk
— Bn Cn (¢%:¢%)n — By Cn (05 0")n1
Next operating by @ﬁ;ﬂ’ml), one gets
a—1la—1
[n/9] G 1 I1(© + o hg=(Bra/e _1)
(a,B8,031) Hn Gn h=0 g=0
q)h,,g @y Z B

a—1la—1

X{ I I e" a7
h=0 g=0

n(k; k)n—l -
d*;q {T_I

a—1a—1

11 (g*hqlf(ﬁJrg)/a) }

h=0 g=0

—1
q)n} z"k

a—1la—1
(n/5] [T II(1—ohgntTEra/e)
Z Hn gn h=0 g=0 :L,nk
B ) a—la—1
[T II (c"qBta)/e;q),
h=0 g=0
n/é
[i] ", gn -
By, Cot (4% %)y

Finally,

(s A,m5m) 5 (@0, B,031)
P <I>h(fg ey

s AL

[n/é)

- X

||:l\

(@ +n—ﬁq1 M r)/p _ 1)] }

SRe

—1p—1

it

¢=0 k=0

s

ﬁ (n—tqt—Or) /] }

H H ¢ ()\Jrn /[L ) ,]T 2"k
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[n/d]

g {:lj:ul:[ (=g +n7eq1 (>\+n)/p)]r}
— Z C n n

) -1 p—1lp—1
{ I1 II [(n—fql—““)/“)]’"}
£=0 k=0

1p—1 -1

{HH ' g+, w} 2"t
=0 k=0

[n/d]

Hgn n

n—1

Thus,

[n/d]
q)gfi’;)\v”l;r)(bzoféﬂ,o;l)@y _ Hn+1 gn+1 l,nkJrk'

k. 4k
Further,
GOl gUaB ) (ks k07 pg)

Sk—1 Sk— . ‘
[n/d] H,) G s(k6)2n { =0 11;[ [(@+X_]q_(_mk+l)/(5k) _ 1)]5}

k: .
) B, Cp (q 34 )n 61ﬁ1 Sk—1 }

l,nk:

H [(X*jq*(*mk+i)/(5k))]5
j=0 =0

[n/9]

g qs(k(g 0k—1 o0k—1
_ n ( mk-+i)/(5k).
- Y et {1 o o]
6k—1 0k—1
X{ H H [(1 _ qun—&-(—mk—i-i)/(&k))]s}xnk
j=0 =0

and hence

kg3 (kS(k6=1)/2)+skom %i&—mhx;s) B,Sf;B’A’“) (mkqs(ké)z;sﬂq)

[n/3]
_ Hn+1 gn+1 Ink+k (3 4)
—0 B Cy (a%;6%)n ' '

The equation (3.1) now follows by comparing (3.3) and (3.4). O

4. Generating function inequality

With the motivation of work done by ([36], [9], [7], [8], [1], [2], [3]) on inequalities,
in this section certain inequalities containing ¢-GKP are obtained.
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Theorem 4.1. If a, B, A > 0, m,0,u, k,s € N, r € NU{0}, 0 < st < 1 then the
following series inequality holds.

e B(({:ﬁv)‘»l‘) s k. k o s
- B+1(m 511D e < (eqe (1)) [(qﬁ-"rqli) |
w0 (@Thdam (@t @)oo
xBég"ﬁ’)"”) (2% t%%; s,7|q). (4.1)
Proof. From left hand side of (4.1),
B(QBA#)(:C ar s
= @ hd)am
_ i 1 (¢ ,q)am
A= (@M @)am (6% dF)m]®

skon(m+(dnk—1)/2) q5n(a(ﬁ+1)+rp)\) [(quk q )&J kn
ms

(@5 Qan (@ 0)un]™ (655 ¢%)n

0
_ i WZ qsk'én(m-l—(&nk—l)/Z) qén(a(ﬁ+1)+m¢)\) xkn
— [(@*:¢")m]* (@5 @)an [(0*50)n]” (0% ¢F)n
_1)55n qsk6n(5n—1)/2—skm5n [(

qk;qk)m]s tms
[(q"%; 4%) (m—sm))®
1)8671 qskrén(ktén—1)/2+sk5n(5n—1)/2 q6n(a(6+1)+7‘u)\) zkn

B co m* (_
- 7,;7;) (@t @)an [0 @) un]™ (0556%)n

th

>< B,
[(qk; qk)(m—tsn)}s

i tms i (71)5671 qskén(kénf1)/2+sk6n(5n71)/2 qﬁn(a(ﬁJrl)Jrr,u)\)
A (O O et (@ @)an (4% @)pnl”
ts6n xkn
Xi
(q":")n

Here the inner sum is obtained by making limit m — oo in

B(O"ﬁ)‘“)(x tsé S 7,|q)

qskﬁn(m+(5nk71)/2) qén(a(ﬁ+1)+m¢)\) [(quk;qk)én}sxkn

("5 q)
[(¢%;4%)m]* RZ:% (@ @)an (010 un]" (0% ¢%)n ’

and since 0 <t < 1,

>

m=0

tszin

ms

B(aﬂz\u)(x :5,7|q) tms—i
(" @) am

m:O

(4" 6")o0)® L a 55
S (P g)m BB (28 99 5, 7]q)

S
B(a,ﬁ /\,u)( t‘;é s r|q)
B+1
(m 0 q q m (q
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= (e (t))s M B(aﬁw\,u)(xk‘ % 5,7)q) 0
B (@) P
4.1. Special cases - Generating function relations

For s = 1, the series inequality relations in Theorem 4.1 will yield the generating
function relation. Their various specializations are deduced here.
(i) Taking « =k € N, r =0 in (4.1) leads to

S e = ) (G 1
Further the Z;:sz 6 =1, gives
S e = 0 (R s
Finally, for £ = 1 this reduces to (cf. [30, Eq. (1), p. 201])
:0 Ll iy 0= @y

4.2. Special cases-Inequalities
If « =k € Nin (4.1) then
e B”(‘f;/@QMN) (

>

m=0

z*;s,7]q)
(qﬁ+1; Q)km

This will be used in the next section.
Further for § = 1,7 = 0, this reduces to

B (xF s k; k K
2 M £ < (eqe (1) M Z8, (2" % o).

m=0

k. k s
- O (t))s [((;Iﬁﬁ,zlzi

BESMD (199 5, r]g).

Consequently, the generalized Laguerre polynomial case k = 1, is

imtms < (e (LD 10 (o)

B+1. = B+1.
= (@ O (@ 0)s
Here
28 (mk|q) _ (q6+1;q)km i qs(kn(kn—l)/2+knm) qn(k(ﬁ-i-l))
ms ()] 2= @ Q)
(g5 q")n]® 2"
< L R(B) > 1, (4.2)
(¢*;%)n
is g-extended Konhauser polynomial. And
L (xlg) = 23, ().

is g-extended Laguerre polynomial.
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5. Finite ¢-series inequality

In this section, the inequality below involves finite g-series and ¢-GKP.

Theorem 5.1. If B, A >0, m,d, u, k,s € N, r € NU{0}, then

B 2\ 7 G (—1)F gkilG—1)/2
Br(r]f*ﬁ # (Jﬁk; s,7lq) < (QB+1§Q)km () Z %
y) = (dhdh);

(k8,2 1)

B (yFs s, rlq
% (<y> qk( j— S+1)7(] ) (m—j) ( | )
J

x ("5 QD(m—s)

Proof. From the inequality (4.2), one gets

oo B(’fﬁ/\u)(x :s,7|q)

(q5+1 Qkm

m=0
k.
With ¢ = (£)* w, it gives

o By (a5, rlg) () e
- w
k
)

(qﬂ+1 ; Q)km

m=0

Y\ ’ [(¢%; ¢")oe)® (k,8,\um) [ (TY .
< Z st ool gkBaam) (22 29, .
< (eqk <<k) w)) (P g B ( i ) w*; s,7|q

Hence,
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/\
/N
/N
ElRS
N—
5l

g
N———
~_
,

km

m=0
[(@":0")c)” pkson, (
By 2 ( ) ;8,7|q
[ |
Now interchanging the role of « and y in (5.2), it yields

B () e (o ()

m=0

m BB (( ) s 7°|q> .

Here from (5.2) and (5.3), either

> B(kﬂvh,u)(

Z (P,

m=0
) kﬁ)\p,)(

Z ﬂ+1

5
ms
w eqk (

E NS
N
g

g

> ()
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2 )7 o e (7)

=
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Yy

k.
q)
k.
D

(5.1)

k. k s
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or

i BEAM (ks r]q) (g)%” ™ (e (5)%10 -
(qﬁJrlaq)km k a* k
o kSR (4,

S Sl (1) e (2)0))

IN

Now rewriting the inequality (5.4) in the form

km

o k,B,A,

Z B( B u)( ko s,rlq) (g)T W™

m=0 (qﬂ+1aq km k
B(kﬁ)\ﬂ)(

& B O (e (7))
(o (7))

IN
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and using the easily verifiable identities and inequalities (sz, sy € (0,1), s € N), ([11],

[13]):
eq(x)Ey(—x) = 1,
(By(—2))® < Ey(—a*),
(14 ) Eq(qz) Eq(x),
€q—1(x) = Eq(—xq),
(1—x)eq(x) = eq4(qr),
(eg1(=2¢™)) " < eglatq™),
(eg(—2))" < eq(—2%),
(eg1(=2a™"))" < eq(=a*q™?),

the above inequality can easily be written as

s B(kﬁ/\ﬂ)(

z”; s,7q) (y)s o
(@5 @Q)km

0o pkBA\u) (k. km "N s
< 3 i) (0 F e (5, (< (7))
x( (7))
o0 kl”\) . km k
< 3 Bl (4 e (< (7))

X

w (-(0)")
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(k, 8,2, 1)

i i iy (y*s s, 7lq) (x)i’““’”{” ey 870D/ %0 (x)u
= Z w S
m=0 j=0 (qﬁ+1; Q)k(m—j) k (qk; qk)j k
J y k
1— (7> k(i—j)
I ( 'y
m kB o -
Z $- ((mﬂj 1 (y*;s,7lg) ghiG-1/2 (x)% <(y)’s Kg-atD), ) s
_ - Z) g w™?.

= @S ke (@464); Nk z i

Now comparing the coefficients of w™* both the sides, one arrives at (5.1). g

5.1. Special cases

(i) From (5.1), one gets finite summation formulas for s = 1:

km

oo kJ(J 1)/2
kBN, °
BEAMIGR 1 rlg) = (¢h0) () >

=0 J
(k.,B, A,M)(

L By (s Lrlg)
Y\o  —kj. k (m—j)
X (7) q J;q) 5.4
(x i (P Dk (54)

From (5.4), with » = 0, the following summation formula involving the generalized
Laguerre polynomial (1.31) occurs.

k

B (L) giG-1)/2 £
L@kl = (@) () Z((i)éq"”;qk)
=0 J

J

k,
L2 (")

(@ QDr(m—g)
Further, § =1 in (5.5) provides
km m gFiti=1)/2 k
x .
Zn(xikla) = (@™ 0)km (> Z —— <<y) q’”;q”“>
Yy iz )j z J
24y (i Kla) .
(P @k (m—y)
The Laguerre polynomial case follows immediately with £ = 1 in the form:

B = @ () SR (L) g0i).

Yy j=0

Ly (wla)

(qﬁJr 7q)(m—j) .
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6. Mixed relation

Theorem 6.1. For S, A > 0, m,d,pu,k,s € N, r € NU {0} there hold the mized
relations:

(1—¢%) BEPA (% s,00q) + (1 - q) ¢° & DB (2% 5, rq)
m k7 - 7>‘11‘
= (1 ¢PHEmBUITIM (wgd )R s v g), (6.1)

where

_ f(@) — f(zq)

T —xq

Proof. Here

Lhs. = (1—¢%) B2 (b5 rlg) + (1 q) ¢ @ DaBYP M (s s,7]g)
. s(kon(kdn—1)/24+kénm) on(k(B+1)+rur)
= (1 - qﬁ) k ’k s* Z d B+1 /\q T
; i (@ Dren (@73 0) an]
—mk kn B+1.
I ,q) n]® @ F-g) ¢ o q(qlc ,kq)am
(4" 4")n [(¢%; ¢*)m]®
qs(k5n(k5n71)/2+k6nm) q6n(0¢(ﬁ+1)+7‘/_t)\) [(quk;qk)én]s T
2 T T g (@ DT @54

m*

X

kn

_ (1 B qﬂ) (q,8+1; Q)km WZ qs(kén(kén—l)/2+k6nm) qén(k(ﬁ+1)+ru)\)
il 22 @ g (@l

[(q*mk,q) n® @k (@Y @) am

(4% ¢%)n N ) ml?
y Z qs(kén(kénfl)/2+k:5nm) qén(a(ﬁJrl)Jr’ru)\) [(quk’qk)(;n] D (xkn)
s (@Y Q)kn (0% 0) ] (@*: g5 1

+(1-q) ¢’

( ﬁ) Z qs(kén(k5n—1)/2+kénm) qén(k(ﬁ+1)+rp>\)
= 1 — q !
E Nl 2 (@ Q) (@ Dl
—mk kn 5+1
% [(q 3 q ) ] €z 4 (1 o q) qﬁ (q )ow’r;,
U [(a%; ¢%)m]’
qs(kén(kén—l)/2+k5nm) qén(oc(,@+1)+7"u)\) [(q—mk;qk)én]s (1 _ qkn)

— (@ @k [(0%50)un]” (@*5%)n  2(1-q)




Inequalities involving Mittag-LefHler type g-Konhauser polynomial 399

(q6+1§q)km m” qs(kén(kén—l)/Q—i-kénm) q(5n(k(ﬂ+1)+ru)\)
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