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Abstract. In the present work, we propose generalized structure of the q-
Konhauser polynomial suggested by a generalized q-Mittag-Leffler function. For
this polynomial, we obtain its difference equation and several other properties
involving inequalities are also derived which yield as the particular cases, q-
analogues of the generating function relations and finite summation formulas.
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1. Introduction

In 1903, Mittag-Leffler [20] proposed a function Eα(z) defined by

Eα(z) =

∞∑
n=0

zn

Γ(αn+ 1)
,

where z is a complex variable and α ∈ C, <(α) > 0. Later on this function was referred
to as Mittag-Leffler function. The Mittag-Leffler function is direct generalization of
the exponential function to which it reduces for α = 1. This function has some inter-
esting properties which later became essential for the description of many problems
arising in applications. Nowadays the Mittag-Leffler function and its numerous gener-
alizations have acquired a new life. The recent notable increased interest in the study
of their relevant properties is due to the close connection to the Fractional Calculus
and its application to the study of Differential and Integral Equations. Many modern
models of fractional type have recently been proposed in Probability Theory, Mechan-
ics, Mathematical Physics, Chemistry, Biology, Mathematical Economics, Engineering
and Applied Sciences etc. There are many applications of Mittag-Leffler function and
its generalizations in Astrophysics problems (see [17]). One application of Mittag-
Leffler function is described below.
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In a reaction-diffusion process if N(t) is the number density at a time t and if the
production rate is proportional to original number, then

d

dt
N(t) = λN(t), λ > 0 (1.1)

where λ is the rate of production. If the consumption or destruction rate is also
proportional to the original number then

d

dt
N(t) = −µN(t), µ > 0 (1.2)

where µ is the destruction rate. Then the residual part is given by

d

dt
N(t) = −cN(t), c = µ− λ. (1.3)

If c is free of t then the solution is exponential model

N(t) = N0e
−ct, N0 = N(t) at t = t0 (1.4)

where t0 is the starting time. Instead of total derivative in (1.1) to (1.3) if the fractional
derivative or fractional nature of reactions is considered, that is, an equation of the
form

N(t)−N0 = −cv 0D
−v
t N(t) (1.5)

is considered where 0D
−v
t is the standard Riemann-Liouville fractional integral oper-

ator, then the solution

N(t) = N0

∞∑
n=0

(−1)k (ct)vk

Γ(vk + 1)
= N0 Ev(−(ct)v), (1.6)

involves Ev(.) which is nothing but the Mittag-Leffler function.
The well known Mittag-Leffler function [20]

Eα(z) =

∞∑
n=0

zn

Γ(αn+ 1)
, (1.7)

where z is a complex variable and α ∈ C, <(α) > 0 was generalized by Wiman [37]
in 1905 in the form:

Eα,β(z) =

∞∑
n=0

zn

Γ(αn+ β)
, <(α, β) > 0, (1.8)

which is known as Wiman’s function or generalized Mittag-Leffler function.

Note 1.1. Eα,1(z) = Eα(z).

In 1971, Prabhakar [25] introduced its extension:

Eγα,β(z) =

∞∑
n=0

(γ)n
Γ(αn+ β)

zn

n!
, (1.9)

wherein <(α, β, γ) > 0.

Note 1.2. E1
α,β(z) = Eα,β(z).
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In 2007, Shukla and Prajapati [34] introduced the function:

Eγ,qα,β(z) =

∞∑
n=0

(γ)qn
Γ(αn+ β)

zn

n!
, (1.10)

in which α, β, γ ∈ C; <(α, β, γ) > 0 and q ∈ (0, 1) ∪ N.

Note 1.3. Eγ,1α,β(z) = Eγα,β(z).

As a continuation of these studies, Nathwani, Dave and Prajapati [27, 28, 29, 23, 22,
24] introduced the following function:

Definition 1.4. For α, β, γ, λ ∈ C, <(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0} ∪ N, s ∈
N ∪ {0}

Eγ,δα,β,λ,µ(z; s, r) =

∞∑
n=0

[(γ)δn]s

Γ(αn+ β) [(λ)µn]r n!
zn. (1.11)

Note 1.5. Eγ,qα,β,λ,µ(z; 1, 0) = Eγ,qα,β(z).

The objective of constructing this function is to
(i) include certain existing generalizations of Mittag-Leffler function,
(ii) also include the functions such as Bessel Maitland function, Dotsenko function,
Bessel function, generalized Bessel Maitland function, Lommel function etc. especially
by means of parameters r, γ, λ (Table-1 below)
(iii) obtain inverse inequality relations and some other inequalities by means of the
integer ′s′.
Since the time of Wiman (1905), many researchers have proposed and studied various
generalizations of the Mittag-Leffler function [20] (see [38], [25], [34], [14], [15], [18],
[21], [27], [29], [32], [33], [10]).
The q-analogue of the above generalized Mittag-Leffler function (1.11) is given by
Nathwani and Dave [22, 24]:

Eγ,δα, β, λ, µ(z; s, r|q) =

∞∑
n=0

(−1)pn qpn(n−1)/2 [Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r (q; q)n
zn, (1.12)

where α, β, γ, λ ∈ C with <(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0} ∪ N, s ∈ N ∪ {0},
p = α2 + rµ2 − sδ2 + 1 with <(p) > 0.
The aim of the present work is to extend the well known q-Konhauser Polynomial [6]

Zβm(x; k|q) =
[qβ+1]km
(qk; qk)m

m∑
n=0

qkn(kn−1)/2+kn(m+β+1)(q−mk; qk)n x
kn

[qβ+1]kn (qk; qk)n
,

and hence the generalized q-Laguerre polynomial [30]:

L(β)
m (x|q) =

[qβ+1]m
(q; q)m

m∑
n=0

qn(n+1)/2+n(m+β)(q−m; q)n x
n

[qβ+1]n (q; q)n
, (1.13)

where <(β) > −1 suggested by the generalized q-Mittag-Leffler function (1.12).
The following definitions and formulas will be used in this work.
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For a ∈ C, and 0 < |q| < 1, the q-shifted factorial is defined by [13, Eq.(1.2.15), p.3
and Eq.(1.2.30), p.6]

(a; q)n =


1 if n = 0
(1− a)(1− aq) · · · (1− aqn−1) if n ∈ N

(q; q)∞
(aqn; q)∞

if n ∈ C,
(1.14)

where

(a; q)∞ =

∞∏
k=0

(1− aqk) , |q| < 1.

A well-known extension of the q-shifted factorial is given by [12]

[t− |a]n = (t− a)(t− aq)(t− aq2) · · · (t− aqn−1). (1.15)

A finite series-product identity [12]
n∑
k=0

qk(k−1)/2
[
n

k

]
xk =

n∏
k=1

(1 + xqk−1). (1.16)

The q-derivative of a function f(x) is defined by [13, Ex.1.12, p.22]

Dqf(x) =
f(x)− f(xq)

x(1− q)
(1.17)

Definition 1.6. A q-Gamma function is defined as ([16], [35]):

Γq(α) =
(q; q)∞ (1− q)1−α

(qα; q)∞
, (1.18)

where α 6= 0,−1,−2, ..., and 0 < q < 1.
The q-analogue of Stirling’s asymptotic formula [19, Eq.(2.25), p.482] for the q-
Gamma function is

Γq(x) ∼ (1 + q)
1
2 Γq2

(
1

2

)
(1− q) 1

2−x eµq(x), (1.19)

where µq(x) =
θ qx

1− q − qx
, 0 < θ < 1.

A q-Beta function Bq(x, y) is expressible in different ways [13].

Bq(x, y) =

1∫
0

tx−1(tq)y−1 dqt, (1.20)

Bq(x, y) =
(1− q) (q)∞ (qx+y)∞

(qx)∞ (qy)∞
, (1.21)

and

Bq(x, y) =

1∫
0

tx−1
(tq; q)∞
(tqy; q)∞

dqt (1.22)
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in which y 6= 0,−1,−2, ..., <(x) > 0.
The q-Euler (Beta) transform is [13]:

B{f(z) : a, b|q} =

1∫
0

uβ−1
(uq; q)∞
(uqη; q)∞

f(z) dqu. (1.23)

The q-Laplace transform.
Hahn [16] defined the q-analogues of the well known classical Laplace transform:

F (S) = φ(S) =

∞∫
0

e−St f(t) dt,

by means of the following two integral equations.

Lq{f(t)} =
1

(1− q)

S−1∫
0

Eq(qSt) f(t) dqt, (1.24)

and

Lq{f(t)} =
1

(1− q)

∞∫
0

eq(−St) f(t) dqt, (1.25)

where <(S) > 0.
The q-analogue of Riemann-Liouville fractional integral operator ([4], [39], [31]) is
given by

qI
µ
a+f(x) =

1

Γq(µ)

x∫
a

(x− |yq)µ−1 f(y) dqy, (1.26)

where µ is an arbitrary order of integration with <(µ) > 0.
In particular, for f(x) = xν−1, the equation (1.26) reduces to

qI
µ
0+f(x)[xν−1] =

Γq(ν)

Γq(ν + µ)
xν+µ−1. (1.27)

The fractional q-differential operator of arbitrary order α, is defined as ([5], [31]):

(
qD

α
0+f

)
(x) =

1

Γq(−α)

x∫
0

(x− |yq)−α−1 f(y) dqy, (1.28)

in which <(α) < 0, 0 < |q| < 1.
It is to be noted that

(
qD

α
0+f

)
(x) = Dα

x,qf(x). In this context, we have(
qD

α
a+f

)
(x) =

(
dq
dqx

)n (
qI
n−α
a+ f

)
(x). (1.29)

If f(x) = xµ−1, then (1.28) reduces to

qD
α
0+[xµ−1] =

Γq(µ)

Γq(µ− α)
xµ−α−1. (1.30)
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The generalized Konhauser polynomial due to Prajapati, Ajudia and Agarwal is given
by [26]:

L
(k,σ)
m∗ (xk) = Zσm∗(x; k) =

Γ(km+ σ + 1)

Γ(m+ 1)

m∗∑
n=0

(−m)δn
Γ(kn+ σ + 1)

xkn

n!
. (1.31)

We propose here generalization of q-Konhauser polynomial.

Definition 1.7. For α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [mδ ], the integral
part of m

δ , define

B
(α,β,λ,µ)
m∗ (xk; s, r|q) =

(qβ+1; q)αm
[(qk; qk)m]s

m∗∑
n=0

qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]s xkn

(qk; qk)n
. (1.32)

The polynomial in (1.32) will be referred to as q-GKP.

2. Generalized q-Konhauser polynomial

If α = k ∈ N, s = 1, r = 0 then (1.32) reduces to q-analogue of another general-
ization of the Konhauser polynomial (1.31) in the form considered by [26]:

B
(k,β,λ,µ)
m∗ (xk; 1, 0|q) =

(qβ+1; q)km
(qk; qk)m

m∗∑
n=0

qkδn(kδn−1)/2+δnm qδnk(β+1)

(qβ+1; q)αn

× (q−mk; qk)δn x
kn

(qk; qk)n

= Zβm∗(x; k|q). (2.1)

A q-analogue of the classical Konhauser polynomial (1.13) is obtained from (2.1) by
taking δ = 1, that is

B(k,β,λ,µ)
m (xk; 1, 0|q) =

(qβ+1; q)km
(qk; qk)m

m∑
n=0

qkn(kn−1)/2+kn(m+β+1)(q−mk; qk)n x
kn

(qβ+1; q)kn (qk; qk)n

= Zβm(x; k|q). (2.2)

Further, with k = 1,

B(1,β,λ,µ)
m (x; 1, 0|q) =

(qβ+1; q)m
(q; q)m

m∑
n=0

qn(n+1)/2+n(m+β)(q−m; q)n x
n

(qβ+1; q)n (q; q)n

= L(β)
m (x|q) (2.3)

is a q-analogue of the generalized Laguerre polynomial.
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Theorem 2.1. Let

B
(α,β,λ,µ)
m∗ (xk; s, r|q) =

(qβ+1; q)αm
[(qk; qk)m]s

m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× [(q−mk; qk)δn]s xkn

(qk; qk)n
. (2.4)

Then as limit m→∞, B(α,β,λ,µ)
m∗ (xk; s, r|q) approaches to the entire function

B(α,β,λ,µ)
∞ (xk; s, r|q) =

(qβ+1; q)∞
[(qk; qk)∞]s

∞∑
n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r

×q
δn(α(β+1)+rµλ) xkn

(qk; qk)n
(2.5)

in any bounded domain.

Proof. It will be shown first that the series in (2.5) has an infinite radius of conver-
gence.

Taking

υn =
(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ)

(qk; qk)n

=
(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2) qδn(α(β+1)+rµλ)

(qβ+1; q)∞ [(qλ; q)∞]r

× (qαn+β+1; q)∞ [(qµn+λ; q)∞]r

(qk; qk)n
.

Then using D’Albert’s Ratio test, the radius of convergence R is given by

R = lim
n→∞

∣∣∣∣ υnυn+1

∣∣∣∣
= lim

n→∞

∣∣∣∣∣ (−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2) qδn(α(β+1)+rµλ)

(qβ+1; q)∞ [(qλ; q)∞]r (qk; qk)n

× (qβ+1; q)∞ [(qλ; q)∞]r (qαn+β+1; q)∞ [(qµn+λ; q)∞]r

(−1)sδ(n+1) qskδ(n+1)(δ(n+1)−1)/2+(kδ(n+1)−1)/2

× (qk; qk)n+1

qδ(n+1)(α(β+1)+rµλ) (qα(n+1)+β+1; q)∞ [(qµ(n+1)+λ; q)∞]r

∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣ qskδ−sk
2δ2 (1− q(n+1)k)

qnsδ2(k(k+1)) qδ(α(β+1)+rµλ)

× (1− qαn+β+1) (1− qαn+β+2) . . . (1− qαn+β+α)

[(1− qµn+λ+1) (1− qµn+λ+2) . . . (1− qµn+λ+µ)]−r

∣∣∣∣∣
= ∞.
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Here it suffices to show that for m sufficiently large,

m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]s xkn

(qk; qk)n
(2.6)

tends to

∞∑
n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ) xkn

(qk; qk)n
. (2.7)

In fact,

∣∣∣∣∣
∞∑
n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ) xkn

(qk; qk)n

−
m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]s xkn

(qk; qk)n

∣∣∣∣∣
=

∣∣∣∣∣
m∗∑
n=0

{
qskδn(δn−1)/2 − [(q−mk; qk)δn]s qskδnm (−1)sδn

}
×q

skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣∣∣∣∣
=

∣∣∣∣∣
m∗∑
n=0

{
qskδn(δn−1)/2 −

[
(1− q−mk) (1− q−mk+k) (1− q−mk+2k) . . .

×(1− q−mk+(δn−1)k)
]s
qskδnm (−1)sδn

}
×q

skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣∣∣∣∣
=

∣∣∣∣∣
m∗∑
n=0

{
qskδn(δn−1)/2 −

[
(q−mk − 1) (q−mk+k − 1) (q−mk+2k − 1) . . .

×(q−mk+(δn−1)k − 1)
]s
qskδnm

}
×q

skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣∣∣∣∣
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=

∣∣∣∣∣
m∗∑
n=0

{
qskδn(δn−1)/2 −

[
(1− qmk) (1− qmk−k) (1− qmk−2k) . . .

×(1− qmk−(δn−1)k)
]s
qskδnm qskδn(δn−1)/2−skδnm

}
×q

skδn(kδn−1)/2 qδn(α(β+1)+rµλ) (−1)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

∣∣∣∣∣
≤

m∗∑
n=0

∣∣∣∣∣qskδn(δn−1)/2 − [(1− qmk) (1− qmk−k) (1− qmk−2k) . . .

×(1− qmk−(δn−1)k)
]s
qskδn(δn−1)/2

∣∣∣∣∣
×q

skδn(kδn−1)/2 qδn(α(β+1)+rµλ) |x|kn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
. (2.8)

The absolute difference may be simplified with the aid of the inequality

k∏
j=1

(1− xj) ≥ 1−
k∑
j=1

xj , 0 ≤ xj ≤ 1, j = 1, 2, . . . , k,

to get

∣∣∣∣∣qskδn(δn−1)/2 − [(1− qmk) (1− qmk−k) (1− qmk−2k) . . .

×(1− qmk−(δn−1)k)
]s
qskδn(δn−1)/2

∣∣∣∣∣
= qskδn(δn−1)/2

×

∣∣∣∣∣1− [(1− qmk) (1− qmk−k) (1− qmk−2k) . . . (1− qmk−(δn−1)k)
]s∣∣∣∣∣

= qskδn(δn−1)/2

∣∣∣∣∣∣1−
 δn∏
j=1

(1− qmk−jk+k)

s∣∣∣∣∣∣
≤ qskδn(δn−1)/2

∣∣∣∣∣∣1−
1−

δn∑
j=1

qmk−jk+k

s∣∣∣∣∣∣
≤ qskδn(δn−1)/2

∣∣∣∣∣∣
δn∑
j=1

qmk−jk+k

∣∣∣∣∣∣
s
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= qskδn(δn−1)/2

 δn∑
j=1

qmk−jk+k

s

= qskδn(δn−1)/2+skm

δn−1∑
j=0

q−jk

s

= qskδn(δn−1)/2+skm
(1− q−δnk)s

(1− q−k)s

= qskδn(δn−1)/2−skδn+smk+sk
(1− qδnk)s

(1− qk)s

≤ qskδn(δn−1)/2−skδn+smk+sk

(1− qk)s
,

because δn ≤ m. Therefore,∣∣∣∣∣qskδn(δn−1)/2 − [(1− qmk) (1− qmk−k) (1− qmk−2k) . . .

×(1− qmk−(δn−1)k)
]s
qskδn(δn−1)/2

∣∣∣∣∣
≤ qskδn(δn−1)/2−snδk+smk+sk

(1− qk)s
. (2.9)

This last inequality is valid for all non negative values of δn. Substituting this into
(2.8), one gets∣∣∣∣∣

∞∑
n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

(qβ+1; q)αn [(qλ; q)µn]r
qδn(α(β+1)+rµλ) xkn

(qk; qk)n

−
m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r
[(q−mk; qk)δn]s xkn

(qk; qk)n

∣∣∣∣∣
≤ qsmk+sk

(1− qk)s

∞∑
n=0

qskδn(δn−1)/2−snδkqskδn(kδn−1)/2 qδn(α(β+1)+rµλ) |x|kn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
.(2.10)

Thus the last series (2.10) has an infinite radius of convergence and is therefore
bounded in every bounded domain. It follows that the left hand side in (2.8) → 0
as n → ∞ uniformly in any bounded domain. Hence the series (2.6) converges to
(2.7) uniformly on any bounded domain. �

3. Difference equations

The operators considered in this section are listed below.

Λqf(x) = f(x)− f(xq−1), Θf(x) = f(x)− f(xq),
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Dq f(x) = (1− q) Dqf(x) := (1− q) f(x)− f(xq)

x− xq
=
f(x)− f(xq)

x
,

{
a−1∏
u=0

a−1∏
v=0

[Θ + c−uq1−(b+v)/a − 1]m
}

{
a−1∏
u=0

a−1∏
v=0

[c−uq1−(b+v)/a]m

} = Φ(a,b,c;m)
u,v

and {
a−1∏
u=0

a−1∏
v=0

[Θ + c−uq(b+v)/a − 1]m
}

{
a−1∏
u=0

a−1∏
v=0

[c−uq−(b+v)/a]m
} = Ψ(a,b,c;m)

u,v .

In the notations of these operators, the difference equation satisfied by the polynomial

B
(α,β,λ,µ)
m∗ (xk; s, r|q) is derived in the following theorem.

Theorem 3.1. Let α, β, λ, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [mδ ] then

B
(α,β,λ,µ)
m∗ (xk; s, r|q) satisfies the equation[

Φ
(µ,λ,η;r)
`,κ Φ

(α,β+1,σ;1)
h,g Θ

]
B

(α,β,λ,µ)
m∗ (xk; s, r|q)

−xk qs(kδ(kδ−1)/2)+skδm Ψ
(δk,−mk,χ;s)
j,i B

(α,β,λ,µ)
m∗ (xkqs(kδ)

2

; s, r|q) = 0, (3.1)

where χ is (δk)th root of unity, η is µth root of unity, σ is αth root of unity.

Proof. The coefficient of xnk in (1.32) will be first expressed in q-factorial notation
with the aid of the formulas [13, Appendix I]:

(a; q)kn = (a, aq, . . . , aqk−1; qk)n,

(ak; qk)n = (a, aωk, . . . , aω
k−1
k ; qk)n ;ωk = e(2πi)/k,

(A; qn)νk = (A1/n; q)νk(A1/nω; q)νk . . . (A
1/nωn−1; q)νk, ω

n = 1,

and

(qγ ; qδ)n = (qγ/δ; q)n ($qγ/δ; q)n . . . ($
δ−1qγ/δ; q)n =

δ−1∏
i=0

($iqγ/δ; q)n, $
δ = 1.

Now if

[n/δ]∑
n=0


δk−1∏
j=0

δk−1∏
i=0

[(χj q(−mk+i)/(δk); q)n]s


{
µ−1∏
`=0

µ−1∏
κ=0

[(η` q(λ+κ)/µ; q)n]r

}−1

×q
s(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ){

α−1∏
h=0

α−1∏
g=0

(σh q(β+g)/α; q)n

} xnk

(qk; qk)n
= Y, (3.2)
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δk−1∏
j=0

δk−1∏
i=0

[(χj q(−mk+i)/(δk); q)n]s = Hn,
µ−1∏
`=0

µ−1∏
k=0

[(η` q(λ+k)/µ; q)n]r = Bn,

α−1∏
h=0

α−1∏
g=0

(σh q(β+g)/α; q)n = Cn, qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ) = Gn,

then (3.2) will assume the elegant form:

Y =

[n/δ]∑
n=0

Hn Gn
Bn Cn (qk; qk)n

xnk.

Now

ΘY =

[n/δ]∑
n=0

Hn Gn
Bn Cn (qk; qk)n

Θxnk =

[n/δ]∑
n=1

Hn Gn
Bn Cn

xnk

(qk; qk)n−1
.

Next operating by Φ
(α,β,σ;1)
h,g , one gets

Φ
(α,β,σ;1)
h,g ΘY =

[n/δ]∑
n=1

Hn Gn
Bn (qk; qk)n−1

{
α−1∏
h=0

α−1∏
g=0

(Θ + σ−hq1−(β+g)/α − 1)

}
{
α−1∏
h=0

α−1∏
g=0

(σ−hq1−(β+g)/α)

}

×

{
α−1∏
h=0

α−1∏
g=0

(σhq(β+g)/α; q)n

}−1
xnk

=

[n/δ]∑
n=1

Hn Gn
Bn (qk; qk)n−1

{
α−1∏
h=0

α−1∏
g=0

(1− σhqn−1+(β+g)/α)

}
{
α−1∏
h=0

α−1∏
g=0

(σhq(β+g)/α; q)n

} xnk

=

[n/δ]∑
n=1

Hn Gn
Bn Cn−1 (qk; qk)n−1

xnk.

Finally,

Φ
(µ,λ,η;r)
`,κ Φ

(α,β,σ;1)
h,g ΘY

=

[n/δ]∑
n=1

Hn Gn
Cn−1 (qk; qk)n−1

{
µ−1∏
`=0

µ−1∏
κ=0

[(Θ + η−`q1−(λ+κ)/µ − 1)]r

}
{
µ−1∏
`=0

µ−1∏
κ=0

[(η−`q1−(λ+κ)/µ)]r

}

×

{
µ−1∏
`=0

µ−1∏
κ=0

[(η` q(λ+κ)/µ; q)n]r

}−1
xnk
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=

[n/δ]∑
n=1

Hn Gn
Cn−1 (qk; qk)n−1

{
µ−1∏
`=0

µ−1∏
κ=0

[(−qn + η−`q1−(λ+κ)/µ)]r

}
{
µ−1∏
`=0

µ−1∏
κ=0

[(η−`q1−(λ+κ)/µ)]r

}

×

{
µ−1∏
`=0

µ−1∏
κ=0

[(η` q(λ+κ)/µ; q)n]r

}−1
xnk

=

[n/δ]∑
n=1

Hn Gn
Bn−1 Cn−1 (qk; qk)n−1

xnk.

Thus,

Φ
(µ,λ,η;r)
`,κ Φ

(α,β,σ;1)
h,g ΘY =

[n/δ]∑
n=0

Hn+1 Gn+1

Bn Cn (qk; qk)n
xnk+k. (3.3)

Further,

Ψ
(δk,−mk,χ;s)
j,i B

(α,β,λ,µ)
m∗ (xkqs(kδ)

2

; s, r|q)

=

[n/δ]∑
n=0

Hn Gn qs(kδ)
2n

Bn Cn (qk; qk)n

{
δk−1∏
j=0

δk−1∏
i=0

[(Θ + χ−jq−(−mk+i)/(δk) − 1)]s

}
{
δk−1∏
j=0

δk−1∏
i=0

[(χ−jq−(−mk+i)/(δk))]s

} xnk

=

[n/δ]∑
n=0

Gn qs(kδ)
2

Bn Cn (qk; qk)n

{
δk−1∏
j=0

δk−1∏
i=0

[(χj q(−mk+i)/(δk); q)n]s

}

×

{
δk−1∏
j=0

δk−1∏
i=0

[(1− χjqn+(−mk+i)/(δk))]s

}
xnk,

and hence

xk qs(kδ(kδ−1)/2)+skδm Ψ
(δk,−mk,χ;s)
j,i B

(α,β,λ,µ)
m∗ (xkqs(kδ)

2

; s, r|q)

=

[n/δ]∑
n=0

Hn+1 Gn+1

Bn Cn (qk; qk)n
xnk+k. (3.4)

The equation (3.1) now follows by comparing (3.3) and (3.4). �

4. Generating function inequality

With the motivation of work done by ([36], [9], [7], [8], [1], [2], [3]) on inequalities,
in this section certain inequalities containing q-GKP are obtained.
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Theorem 4.1. If α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, 0 < st < 1 then the
following series inequality holds.

∞∑
m=0

B
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm
tms ≤

(
eqk (t)

)s [(qk; qk)∞]s

(qβ+1; q)∞

×B(α,β,λ,µ)
∞ (xk tsδ; s, r|q). (4.1)

Proof. From left hand side of (4.1),

∞∑
m=0

B
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm
tms

=

∞∑
m=0

1

(qβ+1; q)αm

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗∑
n=0

qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ) [(q−mk; qk)δn]s xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
tms

=

∞∑
m=0

m∗∑
n=0

qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ) xkn

[(qk; qk)m]s (qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

× (−1)sδn qskδn(δn−1)/2−skmδn [(qk; qk)m]s

[(qk; qk)(m−δn)]s
tms

=

∞∑
m=0

m∗∑
n=0

(−1)sδn qskδn(kδn−1)/2+skδn(δn−1)/2 qδn(α(β+1)+rµλ) xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

× tms

[(qk; qk)(m−δn)]s

=

∞∑
m=0

tms

[(qk; qk)m]s

∞∑
n=0

(−1)sδn qskδn(kδn−1)/2+skδn(δn−1)/2 qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

× t
sδn xkn

(qk; qk)n

Here the inner sum is obtained by making limit m→∞ in

B
(α,β,λ,µ)
m∗ (xk tsδ; s, r|q)

=
(qβ+1; q)αm
[(qk; qk)m]s

m∗∑
n=0

tsδnqskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ) [(q−mk; qk)δn]sxkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n
,

and since 0 < t < 1,
∞∑
m=0

B
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm
tms =

∞∑
m=0

tms

[(qk; qk)m]s
[(qk; qk)∞]s

(qβ+1; q)∞
B(α,β,λ,µ)
∞ (xk tsδ; s, r|q)

≤

( ∞∑
m=0

tm

(qk; qk)m

)s
[(qk; qk)∞]s

(qβ+1; q)∞
B(α,β,λ,µ)
∞ (xk tsδ; s, r|q)
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=
(
eqk (t)

)s [(qk; qk)∞]s

(qβ+1; q)∞
B(α,β,λ,µ)
∞ (xk tsδ; s, r|q). �

4.1. Special cases - Generating function relations

For s = 1, the series inequality relations in Theorem 4.1 will yield the generating
function relation. Their various specializations are deduced here.
(i) Taking α = k ∈ N, r = 0 in (4.1) leads to

∞∑
m=0

L
(k,β)
m∗ (xk|q)

(qβ+1; q)km
tm = eqk (t)

(qk; qk)∞
(qβ+1; q)∞

L(k,β)
∞ (xk tδ|q).

Further the case δ = 1, gives

∞∑
m=0

Zβm(x; k|q)
(qβ+1; q)km

tm = eqk (t)
(qk; qk)∞

(qβ+1; q)∞
Zβ∞(x t

1
k ; k|q).

Finally, for k = 1 this reduces to (cf. [30, Eq. (1), p. 201])

∞∑
m=0

L
(β)
m (x|q)

(qβ+1; q)m
tm = eq (t)

(q; q)∞
(qβ+1; q)∞

L(β)
∞ (xt|q).

4.2. Special cases-Inequalities

If α = k ∈ N in (4.1) then

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km
tms ≤

(
eqk (t)

)s [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)
∞ (xk tsδ; s, r|q).

This will be used in the next section.
Further for δ = 1, r = 0, this reduces to

∞∑
m=0

Zβm,s(x
k|q)

(qβ+1; q)km
tms ≤

(
eqk (t)

)s [(qk; qk)∞]s

(qβ+1; q)∞
Zβ∞(xk ts; |q).

Consequently, the generalized Laguerre polynomial case k = 1, is

∞∑
m=0

L
(β)
m,s(x|q)

(qβ+1; q)m
tms ≤ (eq (t))

s [(q; q)∞]s

(qβ+1; q)∞
L(β)
∞,s(x t

s|q).

Here

Zβm,s(x
k|q) =

(qβ+1; q)km
[(qk; qk)m]s

m∑
n=0

qs(kn(kn−1)/2+knm) qn(k(β+1))

(qβ+1; q)kn

× [(q−mk; qk)n]s xkn

(qk; qk)n
, <(β) > −1, (4.2)

is q-extended Konhauser polynomial. And

L(β)
m,s(x|q) = Zβm,s(x|q).

is q-extended Laguerre polynomial.
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5. Finite q-series inequality

In this section, the inequality below involves finite q-series and q-GKP.

Theorem 5.1. If β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, then

B
(k,β,λ,µ)
m∗ (xk; s, r|q) ≤ (qβ+1; q)km

(
x

y

) km
δ

m∑
j=0

(−1)j qkj(j−1)/2

(qk; qk)j

×
((y

x

) k
δ

qk(−j−s+1); qk
)
j

B
(k,β,λ,µ)
(m−j)∗ (yk; s, r|q)
(qβ+1; q)k(m−j)

. (5.1)

Proof. From the inequality (4.2), one gets

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km
tms ≤

(
eqk (t)

)s [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)
∞ (xk tsδ; s, r|q).

With t =
(
y
k

) k
sδ w, it gives

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y
k

) km
δ

wms

≤
(
eqk

((y
k

) k
sδ

w

))s
[(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)
∞

((xy
k

)k
wsδ; s, r|q

)
.

Hence,

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y
k

) km
δ

wms
(
eqk

((y
k

) k
sδ

w

))−s
≤ [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)
∞

((xy
k

)k
wsδ; s, r|q

)
. (5.2)

Now interchanging the role of x and y in (5.2), it yields

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
(
eqk

((x
k

) k
sδ

w

))−s
≤ [(qk; qk)∞]s

(qβ+1; q)∞
B(k,β,λ,µ)
∞

((xy
k

)k
wsδ; s, r|q

)
. (5.3)

Here from (5.2) and (5.3), either

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y
k

) km
δ

wms
(
eqk

((y
k

) k
sδ

w

))−s
≤

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
(
eqk

((x
k

) k
sδ

w

))−s
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or

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
(
eqk

((x
k

) k
sδ

w

))−s
≤

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y
k

) km
δ

wms
(
eqk

((y
k

) k
sδ

w

))−s
Now rewriting the inequality (5.4) in the form

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y
k

) km
δ

wms

≤
∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
(
eqk

((y
k

) k
sδ

w

))s
×
(
eqk

((x
k

) k
sδ

w

))−s
and using the easily verifiable identities and inequalities (sx, sy ∈ (0, 1), s ∈ N), ([11],
[13]):

eq(x)Eq(−x) = 1,

(Eq(−x))
s ≤ Eq(−xs),

(1 + x) Eq(qx) = Eq(x),

eq−1(x) = Eq(−xq),
(1− x) eq(x) = eq(qx),(

eq−1(−xq−1)
)−s ≤ eq(x

sq−s),

(eq(−x))
s ≤ eq(−xs),(

eq−1(−xq−1)
)s ≤ eq(−xsq−s),

the above inequality can easily be written as

∞∑
m=0

B
(k,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)km

(y
k

) km
δ

wms

≤
∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
(
Eqk

(
−
(x
k

) k
sδ

w

))s
×
(
Eqk

(
−
(y
k

) k
sδ

w

))−s
≤

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms Eqk

(
−
(x
k

) k
δ

ws
)

×
(
Eqk

(
−
(y
k

) k
sδ

w

))−s
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=

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms Eqk

(
−
(x
k

) k
δ

ws
)

×
(

1−
(y
k

) k
sδ

w

)−s (
Eqk

(
−qk

(y
k

) k
sδ

w

))−s
=

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms Eqk

(
−
(x
k

) k
δ

ws
)

×
(

1−
(y
k

) k
sδ

w

)−s (
eq−k

((y
k

) k
sδ

w

))−s
=

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms Eqk

(
−
(x
k

) k
δ

ws
)

×
(
eq−k

(
q−k

(y
k

) k
sδ

w

))−s
≤

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms Eqk

(
−
(x
k

) k
δ

ws
)

×eqk
(
q−sk

(y
k

) k
δ

ws
)

=

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
∞∑
j=0

(−1)j qkj(j−1)/2

(qk; qk)j

(x
k

) kj
δ

wsj

×
∞∑
i=0

(
y
k

) ki
δ q−ski wsi

(qk; qk)i

=
∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
∞∑
j=0

j∑
i=0

(−1)j−i qk(j−i)(j−i−1)/2

(qk; qk)j−i

×
(x
k

) k(j−i)
δ ws(j−i)

(
y
k

) ki
δ q−ski wsi

(qk; qk)i

=

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
∞∑
j=0

(−1)j qkj(j−1)/2 wsj

(qk; qk)j

(x
k

) kj
δ

×
j∑
i=0

(−1)i qki(i−1)/2
[
j

i

]
k

(y
x

) ki
δ

q(1−j−s)ki

=

∞∑
m=0

B
(k,β,λ,µ)
m∗ (yk; s, r|q)

(qβ+1; q)km

(x
k

) km
δ

wms
∞∑
j=0

(−1)j qkj(j−1)/2 wsj

(qk; qk)j

(x
k

) kj
δ

×
j∏
i=1

(
1−

(y
x

) k
δ

qk(i−j−s)
)
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=

∞∑
m=0

m∑
j=0

B
(k,β,λ,µ)
(m−j)∗ (yk; s, r|q)
(qβ+1; q)k(m−j)

(x
k

) k(m−j)
δ

w(m−j)s q
kj(j−1)/2 wsj

(qk; qk)j

(x
k

) kj
δ

×
j∏
i=1

(
1−

(y
x

) k
δ

qk(i−j)
)

=
∞∑
m=0

m∑
j=0

B
(k,β,λ,µ)
(m−j)∗ (yk; s, r|q)
(qβ+1; q)k(m−j)

qkj(j−1)/2

(qk; qk)j

(x
k

) km
δ

((y
x

) k
δ

qk(−j−s+1); qk
)
j

wms.

Now comparing the coefficients of wms both the sides, one arrives at (5.1). �

5.1. Special cases

(i) From (5.1), one gets finite summation formulas for s = 1:

B
(k,β,λ,µ)
m∗ (xk; 1, r|q) = (qβ+1; q)km

(
x

y

) km
δ

m∑
j=0

(−1)j qkj(j−1)/2

(qk; qk)j

×
((y

x

) k
δ

q−kj ; qk
)
j

B
(k,β,λ,µ)
(m−j)∗ (yk; 1, r|q)
(qβ+1; q)k(m−j)

(5.4)

From (5.4), with r = 0, the following summation formula involving the generalized
Laguerre polynomial (1.31) occurs.

L
(k,β)
m∗ (xk|q) = (qβ+1; q)km

(
x

y

) km
δ

m∑
j=0

(−1)j qkj(j−1)/2

(qk; qk)j

((y
x

) k
δ

q−kj ; qk
)
j

×
L
(k,β)
(m−j)∗(yk|q)

(qβ+1; q)k(m−j)
.

Further, δ = 1 in (5.5) provides

Zβm(x; k|q) = (qβ+1; q)km

(
x

y

)km m∑
j=0

(−1)j qkj(j−1)/2

(qk; qk)j

((y
x

)k
q−kj ; qk

)
j

×
Zβ(m−j)(y; k|q)
(qβ+1; q)k(m−j)

.

The Laguerre polynomial case follows immediately with k = 1 in the form:

L(β)
m (x|q) = (qβ+1; q)m

(
x

y

)m m∑
j=0

(−1)j qj(j−1)/2

(q; q)j

((y
x

)
q−j ; q

)
j

×
L
(β)
(m−j)(y|q)

(qβ+1; q)(m−j)
.
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6. Mixed relation

Theorem 6.1. For β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0} there hold the mixed
relations:

(1− qβ) B
(k,β,λ,µ)
m∗ (xk; s, r|q) + (1− q) qβ x DqB

(k,β,λ,µ)
m∗ (xk; s, r|q)

= (1− qβ+km)B
(k,β−1,λ,µ)
m∗ ((xqδ)k; s, r|q), (6.1)

where

Dqf(x) =
f(x)− f(xq)

x− xq
.

Proof. Here

l.h.s. = (1− qβ) B
(k,β,λ,µ)
m∗ (xk; s, r|q) + (1− q) qβ x DqB

(k,β,λ,µ)
m∗ (xk; s, r|q)

= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]s xkn

(qk; qk)n
+ (1− q) qβ x Dq

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]s xkn

(qk; qk)n

= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]s xkn

(qk; qk)n
+ (1− q) qβx (qβ+1; q)αm

[(qk; qk)m]s

×
m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]s

(qk; qk)n
Dq(x

kn)

= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]s xkn

(qk; qk)n
+ (1− q) qβx (qβ+1; q)αm

[(qk; qk)m]s

×
m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]s

(qk; qk)n

(1− qkn)

x(1− q)
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= (1− qβ)
(qβ+1; q)km
[(qk; qk)m]s

m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r

× [(q−mk; qk)δn]s xkn

(qk; qk)n
+ (qβ − qkn+β)

(qβ+1; q)αm
[(qk; qk)m]s

×
m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

(qβ+1; q)kn [(qλ; q)µn]r
[(q−mk; qk)δn]s

(qk; qk)n

(1− qβ+km)(qβ ; q)km
[(qk; qk)m]s

m∗∑
n=0

qs(kδn(kδn−1)/2+kδnm) qδn(k(β+1)+rµλ)

[qβ ]kn [(qλ; q)µn]r

× [(q−mk; qk)δn]s xkn

(qk; qk)n
.

= (1− qβ+km)B
(k,β−1,λ,µ)
m∗ ((xqδ)k; s, r|q)

= r.h.s.

�
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