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Abstract. In this paper we study some approximation properties of a sequence of
positive linear operators defined by means of the squared Szasz-Mirakyan basis
and prove that these operators behave better than the classical Szész-Mirakyan
operators.
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1. Introduction

The operators defined by
- k
Sn ) = n ) Oa ) = 1) 27 R
(£0) =3 onst)f (3) . w000

where s, ; are
nax)k
k'
were introduced and studied independently by Mirakyan [14], Favard [3] and Szdsz
[17]. They usually are referred to as Szdsz-Mirakyan operators and the functions s,,
form the Szész-Mirakyan basis or the Poisson distribution.

Motivated by the article of Gavrea and Ivan [4] we study the following operators

Ap(f,z) = =2 ., x>0, n=12... (1.1)
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Herzog [5] introduced and studied the following sequence of positive linear operators

(nx>2k:+l/
1 o 2k

Ay(f.x) = Iu(m)kz_or(kﬂ)r(kﬂw)'f<n>’ v>0
£(0), =0

where I, is the modified Bessel function defined by

nt 2k+v
2

Mk+1)(k+1+v)

L(t) =)
k=

0

For v = 0 the operators AY can be written in terms of the operators (1.1) by

Al (f.x) = An(fog™t,g(2)),

where g is the function defined by g(x) = z/2, > 0.

The author of [5] studied the operators A” in polynomial and exponential weight
spaces (see also [6]), but did not point out how well behave these operators compared
to the Szasz-Mirakyan operators.

In this paper, we show that A, are King-type operators [12] preserving the
functions ey and e; and so extending the class of Szasz-Mirakyan type operators
which preserve some polynomial functions [2, 18]. We also prove that the error of
approximation of a function f by A, f is smaller than the error of approximation
by the classical Szasz-Mirakyan operators. In the final part of the paper, we present
some approximation properties of (A,), showing what functions can be uniformly
approximated by these operators and what is the order of the convergence by giving
a quantitative Voronovskaya theorem. A similar study for Bernstein operators was
done recently in [4, 9] and for Baskakov operators in [10].

2. Some properties of the operators

Let us notice first that the operators A, preserve the functions ey and ey (we
denote as usual e(x) = 2¥). From the relation (1.1) we can easily see that

Ay (eg,x) =eo(z) = 1.

From the following relation

© k2 © (nx)% k2 © (nx)Qk—2
2 _ _—2nx .2 —2nx
snk(@) 5 =e E:(k!)g T E:W
k=0 k=0 k=1
= ple 2T E (?T))Z =2 E s2 .(z).
i! ’
i=0 =0

we deduce that A, (e2,x) = ea(x) = 22, for every x > 0. In fact, only for v = 0, the
general operators A” do preserve the function ey. This can be seen from the following
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relation obtained in [5]

Iio(nx)  2x I,41(nx)
AV — p2, v+2\h) | ah Judl VR
n(ez,w) =@ I,(nx) n  I,(nz)

and the recurrence relation (9.6.26) of [1]

]ufl(t> - IV+1(t) = 711/(75)'

We have
200 Iy (n2)

A% (eg,2) = 2 — .
n(e2,) =z n I,(nx)

So, A¥(es) = ey if and only if v = 0.
Let us denote

:un,k(z) :An((elfx)k’x)’ k:OaLQa"'

the central moments of the operators A,,, which will be very important in our study.
Next let us observe that

Hn2(T) = =22 1 (). (2.1)
Indeed,
tno(z) = Ap(e2, ) — 224, (e1, ) + 22 A, (eg, ) = 22% — 22 A, (e1, ) = —2x 1 ().

Lemma 2.1. For every = € (0,00) we have

lim 4n - pp1(z) = —1 (2.2)
n— oo
lim 2n - pp2(z) = . (2.3)
n— oo

Proof. Because of the relation (2.1) it suffices to prove (2.2).
Let us denote

Kn(x) =Y s (). (2.4)
k=0
The function K,, was expressed [15] in terms of the modified Bessel function I by
K, (x) = e 2" Iy(2nx). (2.5)

Using the well-known relation

k —nzx

11 (@) = 50 () - S
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we have

S sale)- 2352, (@)(k — na)
— o | #=0 | = k=0
2 (@) = 2| Ko@)

2z snk(x)s;lk(sc)
B ;;0 K (x)  2nz[I)(2nz) — Io(2n)]
Kn(x) - Ku(z) Ip(2n)
We have obtained a formula expressing the central moment of order 1 in terms of the
modified Bessel function Ij:

(o) = (T2 1), (2.0

For every x € (0,00) the quantity ¢ = 2nz grows to infinity when n tends to infinity.
Using the asymptotic relations (9.7.1) and (9.7.3) from Abramowitz and Stegun [1]

e 1 9
Io(t) ~ 14— t— 2.7
o0~ = (1t gt gt ) € 0) (2.7
¢ 3 15
I(t) ~ c l—-—————=—... t—
0~ = (1= g =) @)
we obtain
() ~ =3 = 33~ Topiams — - ()
Hn 112 dn  32n%2z  1024n3z? nee
which proves (2.2). O

Lemma 2.2. The sequence (n - jui,, 1(x)) converges to zero for every x > 0.

Proof. Computing the derivative of p,,,; we obtain

/ % / 2
() = ﬁzgzz; 14 one I (an)lﬁﬁigxgxﬂy{)@nx)] .
Using the relation ¢tI{/ () + I (t) — tIp(t) = 0 (see (9.6.1) from [1]), we have
/ 2

fy a1 (T) =202 — 1 — anm.

The asymptotic relations (2.7) show that
, 29 31
(@) ~ ~T5g 0% T Tooanayp T (M)

and this proves the assertion stated in the lemma. O

Lemma 2.3. For every x > 0 we have

:un,Q(x) <s-

S8

, (2.8)
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where S is defined by

.172

S=sup|xr— ——F— | =0.67038...
v>0 1 + 2 + g
2 TV T
Proof. Using (2.6) and (2.1) the central moment of order 2 can be expressed by
(2
(o) =202 (1= 28

Iy (2nz)
To prove (2.8) it is enough to prove that

!
t(l—IO(t)> <S, t>0.

Io(t)
Using inequality (73) of [16] we have
t1(t) . t2 .
b))~ 1 + 9 + ¢
2 4
But this proves that
I 2
t(l— O(t)><t—tgs. O
Io(t) 1 N 9 L
2 4

Remark 2.4. Because the second central moment of the usual Szasz-Mirakyan opera-
tors is —, inequality (2.8) proves that the central moment of order 2 of the operators
n

(1.1) is smaller than the classical Szdsz-Mirakyan operators. In addition, we use the
estimation

La(f.2) — F@)] < (14 npima(a)) - (f, \/lﬁ> ,

which is valid for every sequence of positive linear operators (L,,) preserving constants
functions and for every uniformly continuous function f. This estimation proves that
the error by approximating f with A, f is smaller than the error of approximation by
the classical Szasz-Mirakyan operators.

We prove in the next Lemma that A,, satisfy a differential equation. This equa-
tion is similar to the relation satisfied by the so called exponential type operators (see
[13, 11]).

Lemma 2.5. For every f € C[0,1] and x € (0,1) we have
(An(f,2))

Proof. Using again

= A - (o1 — we0),7) — Anler — w0, ) Au(fi)]. (29)

k —nzx
S (T) = sn k() -

T
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we get
' n
252, (z Sn.i(z)s) ;(x
s2 @) | 2s0k(@)s) k(@ nk ); i(@)sh i (x)
B - a n 2
= =0 =0 ’
smale)
22,0) | k- :
Zsiﬂ(l‘) Si’z(x)
1=0 =0
S s
QSi,k(x) k Pt ’ T
PREC) PRERC)
=0 i=0
52,4(a)~
_ 2£ s?z,k(‘r) E 3 ; e n
X n
ZSZ)Z‘(-/E) Sfl,z(‘r)
i=0 i=0
We obtain
2n
(An(f7 .’E))/ = — An(f . (61 — An(el,fﬂ)) iC)

which is equivalent with (2.9).

Lemma 2.6. We have for every x > 0

lim (2n)? - i, 4(2) = 322

n— oo

Proof. Using Lemma 2.2 and (2.1) the following limit holds true for every x > 0

. ’ RT . . ’ _
nILH;OQn “nﬂ(x)*nlggo Angiy, 1 (7) — dnap, (z) = 1.

In relation (2.9) we take f = (eq; — zeg)* and we obtain the recurrence relation

(i b @)+ E o (2) = 2 e () — s () - i ()],

which is similar to the relation (2.7) of Ismail and May [11]. Using (2.10) we get

2npp 1 (z) = gy, (1) + kxpin k-1 () + 200 1 (2) i (z), k=1,2,...

For k = 2 we have

2nps(x) = py, o(2) + 22 pin 1 (2) 4 200 in, 1 (2) fin,2 ().
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Multiplying this equality with 2n and using the relations (2.2) and (2.3), we have for
every

lim 4n? - p, 3(2) = -z

n—oo 3 2°

For k = 3, the recurrence (2.10) becomes

2n
N;L,S(x) + 3Mn>2(x) = o [NnA(x) - Nn71(m>ﬂn73($>] .
Multiplying with 2n and letting n tend to infinity we get

lim 4n? -y, 4(x) = 322,
n—oo

for every z > 0, if 2nu;, 5(x) — 0. We prove this convergence.
Applying the derivative to the relation (2.10) for k = 2 we get

2041y, 5 (%) = 2nptn 1 (%) 1, (@) + 20 2 (@) 11, 4 ()
+ i 0 () + Tty o () + 2wy, 1 () + 2,1 ()
It remains to prove that “/7272 converges to zero.
Applying the derivative twice to the relation (2.1), the sequence (y;, o) converges

to zero if and only if the sequence ,uZJ converges to zero. But applying the derivative
to the relation (2.10) for k£ = 1 we obtain

24ty (%) = Anpin 1 () 1 (%) + 41 (2) + 2pi 4 (2) + 1.
Using that 2nu;, o(z) — 1 we obtain that u;; ; — 0 and the lemma is proved. O

3. Some approximation results

In order to give some approximation results for the operators A,,, let us introduce
some notation.

For a > 0, we denote by Cjy , the space of all continuous functions defined on
the positive half-line f : (0,00) — R with the property that exists a constant M > 0
such that |f(z)| < Me®®) for every x > 0. We denote with Cp the union of all
spaces Cp q-

Let us observe that for 6(z) = x, the functions A, f exist for every f € Cp o. To
prove this, it is enough to prove that A, (e%) exist. We will prove more in the next
lemma.

Lemma 3.1. The sequence A, (e*,x) converges pointwise to the function e®*.

Proof. We have

Iy (ane%)
An at —

(e, 2) Iy(2nz)

For a fixed x € (0, 00) we use the asymtotic relation (2.7) and we obtain

[e3
2nze?2n
e ) V2T - 2nx -~ ean(eﬁil)
o 2
V27 - 2nxezn e=ne

A (et ) ~ ~ e (n— 00). O
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Remark 3.2. The Lemma 3.1 implies that for a fixed x > 0 we have
A, (max(e®, e™®), x) < M, (), (3.1)
for every n € N. Indeed, for x > 0, there is ng such that
|An(eat,z) - e‘”| <1, for every n > ng.

We obtain for every n > ng

A, (max(e®, e*®),x) < Ap(e® + e x) < 1+ 2e**.
The inequality (3.1) is true for

M, (z) = 1+ 2e** + max A, (max(e®, e*), z).

n<ng

Remark 3.3. As was pointed out in Remark 7.2.1 of [6], the function A, f does not
necessarily belong to the space Cy o when f belong to the space Cy o, for 6(z) = x.
We prove that for 6(z) = \/z, this condition is satisfied as in the case of the classical
Szdsz-Mirakyan operators (see [7]).

Lemma 3.4. There is a constant M, > 0 not depending on n or x such that
A (e 2) < Moe®V?, (3.2)
for every x >0, « >0 and n € N.

Proof. We need to prove that An(ea(ﬁ*ﬁ), x) is bounded.
Starting from the inequality

t—x t—x
\/i—\/izﬁ+ﬁg N x>0 (3.3)

we obtain that

ot Iy (2nae® e
a(t—z) An Ve, 0 < )
A (2D ) < A (5 ) = AnleTT) .
eV Io(2nx) - eov®
Using again (2.7) we deduce the existence of a constant ¢y > 0 such that
t 3 t
° < Ip(t) < ¢ for every t > to.

2/2rt 2v2rt’

So,forx>%andn€N

2nm62"0j/5
V2m -2
An(ea(ﬂiﬁhx) < 3 £ ol 2n: (XT\L/IE
V2r - 2nxernvE €7 €
< 3exp (2nm(e Ve — 1) — aﬁ) .

Using the inequality e* — 1 < u + u?e%, u > 0, we obtain

2
An(eo‘(ﬂfﬁ),m) < 3exp <2nx~ ﬁ + 2nx - 4;):23:@%\/5 — aﬁ)

2 2 _a
= 3exp a—e%ﬁ < 3exp a—evmo .
2n 2
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Consider now the case when x is smaller than 5—2 In this case, we need only prove that

A, (eVt x) is bounded. Because vk < k, for every k = 0,1,2,... and Iy(2nz) > 1
we obtain

10(271:562%5) _a_ a
— < [ (2 2ﬁ) <Iy(t .0
Iy(2nz) — 0 \“nwe <o (toe*)

We need the following general result.

A€Vl 2) < Ap(e'V7, z) =

Theorem 3.5 ([8]). Let m be a nonnegative integer and let f € Cp o such that f ism
times continuously differentiable with f(™) € Co,o. Then

< % <An,m(x) + (Sn> We.0,a (f 7671)

Nn,k(w)

k=0
where

Apm(z) =L, (max (60‘9(t), eaa(m)) [t —x|™, x)
B,m(z) =L, (max (eo‘g(t), eae(‘r)) [t —z|™ - |e(t) — p(z) ,x)

w%&a(fv 6) = sup |f(t) — f(m)|

otel max (eae(t), eae(r))
lo(t)—p(z)|<s

and o is a continuous and strictly increasing function on I such that 0 o p~! is

uniformly continuous on ¢(I).

Theorem 3.6. Let 0(z) = ¢(z) = /x. For every f € Cy, there is a constant M > 0
independent of n and x such that

|An(f733) - f(x)l < Meaﬁ'ww,e,a (f’ \/15) )

for every x > 0 and n € N.

Proof. We apply Theorem 3.5 for m = 0 and 4,, = ﬁ Using inequality (3.2) we

easily obtain that A, o(z) < Cy eV for every z > 0, for some constant C; > 0. Using
the Cauchy-Schwarz inequality for positive linear operators the quantity B, ¢(z) is
bounded by

By, o(z \/A (max(e2avt e20vT) \/A (l(t) )| , ).
Using inequalities (33) and (2.8) we have for x > 0

1
Using again (3.2), the inequality

\/’E : Bn,O(-r) S 02

is true for every = > 0 and n > 1, where C5 is some constant independent of n and
T. O
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Corollary 3.7. For every function f such that g(z) = e~ f(2?) is uniformly continu-
ous on (0,00) we have

lim sup e~ V¥ |A,(f,2) — f(z)| = 0.

n—oo >0

Proof. Because g is uniformly continuous, wy g,q(f,1/v/n) — 0 when n — oo (see
[8])- O

Theorem 3.8. For o > 0, 6(z) = x and ¢(z) =z let f € Cy o be a twice continuously
differentiable function such that f"" € Cy . Then

A(F) = £@) = @) (0) = 222 )

< 3 (it @Maa) + Vi /3@ o)) i (1772

for every x > 0 and n € N.

Proof. We use Theorem 3.5 for m = 2 and §,, = ﬁ We have

Apa(z) < \/An(max(eQ‘lt,GQM),x) A/ An(lt — x\4,x) < A/ pina(z) Moo ().

Using Holder inequality for p = 4 and ¢ = 4/3 we obtain
Bua(@) = An(max(e™, ™) [t — af* ,2)

< (An(1113L><(e40‘t,64”‘"’”),50))i . (An (|t - x\4,x))

< VM@ - s @)

Corollary 3.9. For every f € Cy o, with 8(x) = x such that " exists and
g(z) =e " f"(x)

is uniformly continuous on (0,00) and for every x >0

N

1 x

lim A, (f,2) - f(2)] = — - f(a) + 5

n— o0 4 4

().

1
Proof. Because g is uniformly continuous on (0, 00), the quantity wy g.q (f”, \/>>

n
tends to zero as m goes to infinity. We multiply with n the inequality proved in
Theorem 3.8 and we take the limit as n tends to infinity, using Lemma 2.6 and the

relations (2.2) and (2.3). The right-hand side of this inequality is 0. O

Problem 3.10. We propose the reader to study the general operators

> s(nusto) (1)

Ln(fv I) = = [e'e)
> 9(sni(@))
k=0

>0, n=12....

)
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For g(x) = x we obtain the classical Szdsz-Mirakyan operators. For g(x) = 22 we have
the operators studied in this paper. It would be interesting to study the operators for
g(x) = 2™, related to the Rényi entropy and for g(z) = 2 Inz, related to the Shannon
entropy.
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